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Some methods for solving boundary value problems for polyharmonic
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This article consists of three sections. In the first section the concept of Vekua space is introduced, where
for elliptic systems of the first order, the theorem on the representation of the solution of a homogeneous
equation and the theorem on the continuity of the solution of an inhomogeneous equation are valid. In
the second section the Vekua method for solving boundary value problems for a polyharmonic equation is
described. In the third section the Otelbaev method describes the correct boundary value problems for a
polyharmonic equation in a multidimensional sphere.
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1 Vekua space for analytic functions

The question of the existence of solutions in the classical sense and of methods for finding these
solutions has not lost interest. It is particularly interesting to consider equations of order higher than
two using the method of potential theory.

Recently, the theory of boundary value problems for polyharmonic equations and elliptic systems
has attracted the attention of mathematicians, due to their great theoretical and practical importance.
For example, hydrodynamic and elasticity problems can be formulated using these equations.

The object of our research is polyharmonic equations. Vekua’s method is applicable for fixed
boundary conditions on the surface of the domain, and the equation itself can change, i.e. minor terms
can be added to the main equation. Otelbaev’s method is used for fixed equations, but the boundary
conditions can vary.

The problem is that in these methods under what conditions both methods are applicable. This
article is devoted to this problem of the applicability of the Vekua and Otelbaev methods.

In [1] I.N. Vekua proved that for a first-order elliptic system

Lu=0u+a(z)ut+bz)u=f, z€Q, (1.1)

when a,b, f € L,(2), p > 2, any solution from W3 () is continuous in €2, and any solution of the
corresponding homogeneous system is representable in the form

u(z) = ®(z)e?), (1.2)
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where ®(z) is analytic in ©Q and w(z) are continuous functions in €. Here € is any open set,
Oz = %(Gx +i0y), 2 = —1.

It is not possible to transfer this result to the case 1 < p < 2. Therefore, the problem naturally
arises: What should be the Banach space B of a function that is continuously embedded in L;, such
that a) any solution of equation (1.1) from L jo., when a,b, f € B, is continuous in € and b) any
solution of the corresponding homogeneous system can be represented in the form (1.2), where w(z) is
continuous in 27?

This problem was first posed by M.O. Otelbaev in his works [2,3] and in the same article gave
a comprehensive answer to this problem. To solve this problem, the paper introduces the concept of
Vekua spaces (V-spaces), namely: a Banach function space B is a Vekua space if for any a(z), b(z) and
f(2), the theorem on the continuity of the solution of an inhomogeneous equation and the theorem on
the representation of solutions of a homogeneous equation are valid.

Let C be the complex plane of points z = z+iy, and let @ be the square {—7 < z <7, —7 <y < 7}.
Let us assume that a certain norm || - || is defined on the set of trigonometric polynomials F. Let
B(Q) denote the Banach space obtained by completing F with respect to the || - || g norm.

Let us give the exact definition of Vekua space (V-space). Throughout what follows we will assume
that B(Q) satisfies the following three properties:

1°. A multiplication operator is defined in the space B(Q). The operator of multiplication by
the characteristic function of any rectangle located in ), and the operator of multiplication by any
function ¢ € C2°(Q) are bounded, where C°(Q) is the space of infinitely smooth periodic functions
with period 27 in each variable z,y.

2 1f f € B(Q) and a € C, then f(z+a), || € B(Q) and || (z+a)|l5 < C {5, | Ifl 15 < C I flls
Here and below, C' will denote, generally speaking, various positive constants.

3°. B(Q) is continuously embedded in L1(Q) (B(Q) — L1(Q)).

Let P1(Q) denote the completion of F with respect to norm

(g =sup / Pz — ) |£(O)]dQc.
zEQQ

where P(-) is periodic function, with period 27 in each variable, such that

_ e at 2 <1 z€Q,
P(z) = { 1, at [z >1, z€eQ. (1.3)

We will denote the integral operator with kernel P(z — &) by P. Let’s introduce one more operator

Tf = / T(z — ) £(C) dQe.
Q

where T'(+) is a continuous function for |z| > 0, z € @, and 27-periodic function for each variable, such
that
Clz| '+ Ki(2),at |2| <1, z€Q,
T(z) =
Ks(z), at |z|>1, ze€Q.

Here, K;(z) and K(2) are continuous functions for |z| > 0, in addition, |K;(2)| < C |z|71F%0, g5 > 0,
j=1,2.

Let us recall the definition of Lorentz spaces.

Let 1 < p, ¢ < oo. The completion of F by the norm

(1.4)

1
q

recal = ([ e il 2 pn )"
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where p(-) is the Lebesgue measure, will be called the Lorentz space L(p, q).

The main result of the work [2] is the following statement.

Theorem 1.1. A function space B with properties 1° — 3° is a Vekua space if and only if B < Py.

This result implies that a symmetric space is a V space if and only if it is continuously embedded
in the Lorentz space £(2;1).

Thus, we can say that the widest space to which Vekua’s theory can be extended is Py(-), and
among all symmetric spaces, this is £(2;1).

In the prove of the main result, we used information about the complete continuity of some integral
operators, in particular the operators introduced in (1.3) and (1.4). Such statements play a very
important role in Vekua’s theory [1].

Theorem 1.2. Let B}y be completion of F according to the Besov norm

1/6

s w2(f(n),t) 0
HfHB;’O(Q) = Hf”%/n,p(Q)Jr/ (thz )

0

where wf)(f(”), t) = |§Ll|1£5 |AZ f||, is continuity modulus, A, f = f(x + h) — f(z).

If s > % —1,0=10r s> % —1and p > 1, then B;ﬁ(Q) is V-space.

Remark 1.1. It can be shown that if the relations on s, p, @ specified in the theorem are violated,
then BJ (Q) is not a Vekua space.

Remark 1.2. We will say that ¢(-) € By, in a neighborhood of the point zj if ¥(2)p(2) € B(Q) for
YP(z) € C3°(Q),¥(z) =1 in the neighborhood of z.

The theory constructed in [2] is also applicable in local Vekua spaces.

Corollary of Theorem 1.2. Let W;(Q) be completion of C§°(Q) by the norm

1/p

N(=A)2ul g (ny = / [P Fulda |

where [¢]* = &7 + &5 4 ... + &2, F is Fourier transform. It can be shown that W3(Q) is a Vekua space
if and only if s > % — 1. In particular, for s = 0, the space L,(Q) is a Vekua space if and only if p > 2.

2 On one Vekua method for solving boundary value problems for polyharmonic equations

Now we turn to the study of similar problems for polyharmonic equations in an arbitrary multidi-
mensional domain.

In the monograph by I.N.Vekua [1], the calculus theory of the simplest problems for polyharmonic
equations is given, namely: it is required to solve the equation

A"+ a A"+ A" 2u 4 apu =0 (2.1)
under boundary conditions
u|s = 0, Au|s = ¥1, A2u|s = @2, ..., Amil“’s = Pm-1, (22)

where g, . .., Ym—1 are given functions on the boundary S = 9 of a bounded domain 2 C R", a; € R,
1 =1,m.
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The solution of this problem (2.1), (2.2) is decomposed into the solution of m Dirichlet problems
for equations of the form
Av—Fkv=0,i=12,...,m,

where k‘? are the roots of the characteristic equation

2

P+ ap™ ! Fagp™ P+ ay, =0,
Similarly, the boundary value problem
8nu|s = ¢07 anAu’s = ¢17 8TLA2U|S = 77/}27 ceey 8nAm_lu|s = ¢m—1

reduces to m Neumann problems for equations (2.1). Here, 0,, = % is outward normal to boundary

S = 01.

For the case of two independent variables I.N. Vekua gave a general theory of linear boundary value
problems based on the methods of the theory of analytic functions and on the theory of singular integral
equations with Cauchy kernels. The main works in this area are the monographs of I.N. Vekua [1],
N.I. Muskhelishvili [4].

Let us briefly outline the idea of the method proposed by I.N. Vekua. Let us assume that the
problem of finding a function u(x), x = (z1, ..., z,), that satisfies the equation

A"y = f(x), z € Q (2.3)

and homogeneous boundary conditions
Ri(u) =0, ..., Rp(u) =0, (2.4)
in a simply connected domain 2, admits a solution for any function f(z) € L,(€2), p > 1, and the

solution of this problem (2.3), (2.4) is represented in the form

u(x) = Lof = / G(a,9)f(y)dy, dy = dyr...dyn. (2.5)
Q

It is important to note that for the case when € is a multidimensional ball and Rj, = 9%~!/9n*~1
(k-th outer normal to the boundary surface), function G is constructed explicitly (see, for example,
[5-8]).

Considering now the problem of finding a solution to the more general equation
n
F(z,u, Du, ..., D*™u) = 0, DPu = 8Pu/dz" ... 0zkn Z ki=p
j=1

with the same boundary conditions
Ri(u) =0, ..., Rp(u) =0,

we can look for its solution in the form (2.5). This will lead us for f(x) to the functional equation
F(z,Lof, ..., Loy, f) = 0 with operators Ly f = DFLof, k=0,1,...,2m.

The operators Ly f are linear and completely continuous for k& < 2m —1. As for the operators Lo, f,
their boundedness in L,, p > 1, is proved by using Zygmund-Calderon equality [9], which generalizes of
the well-known Riesz inequality for the singular operator with a Cauchy type kernel. In this way, the
problem with unbounded operators D*u is reduced to the equivalent problem of studying the functional
equation F'(x, Lof, ..., Loy f) = 0 with bounded operators Ly f. Using the basic principles of functional
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analysis, it is possible to prove the solvability of this equation for a very wide range of problems
for linear and quasilinear differential equations of elliptic type. It should be noted that this method
allows the study of boundary value problems with minimal assumptions regarding the coefficients of
the equation and the domain. In addition, by using the embedding theorems of S.L. Sobolev [10] and
using formula (2.5), it is possible to prove almost extremely accurate theorems on the nature of the
smoothness of the generalized solution depending on the degree of smoothness of the coeflicients.

8 Description of correct boundary value problems for polyharmonic equations in a ball

Let m be a natural number and in an n-dimensional ball Q = {x : |z| < r } consider Dirichlet
problem for a polyharmonic equation

A™u(x) = f(z), x€Q, (3.1)
M u(x)
371?6

The classical solution u(x) € C?*™(2) N C™ 1(Q) of the Dirichlet problem (3.1), (3.2) exists, is
unique, and it represented using the Green’s function Gop, (,y) in the following form [10]

=pj(z), 0<j<m-—1, z €. (3.2)

m—1
U(ﬂf)Z/QGm,n(ﬂs,y)f(y)der ]Zo/m [8A{}G2m,n(ﬂf7y)’%”_1_j<ﬁ(y)—

Ony

0

j m—1—j
—A%szm(l', y) : %Ay J@(y):| dSyu

0 .
where —— is outer normal to boundary 0f2.

Ony
The Green’s function of the Dirichlet problem (3.1), (3.2) is defined as follows

A"Gomp(z,y) =0(z —y), z,y €L, (3.3)
& Gomn(x,y)
ané

where §(z — y) is the Dirac delta function.
In further studies we will use the following notation

=0,2€d ye, 0<j<m—1, (3.4)

2 2
X2 = X(wy) =le —oP, V2 =V(y) = |1 ]e - o
r Yy

7% = Z%(z,y) = <1 - “Z{f) (1 - ’”:’2) r2.

Theorem 3.1. [5] a) In the case of odd n, as well as for even n, if 2m < n the Green’s function of
the Dirichlet problem (3.3), (3.4) can be represented as

G2m,n (,17’ y) = d2m7n |:X2m—n _ Y2m—n_

m—1
(_1)k n n m—n—
-3 (7n—§)...(m—§—kz+1)Y2 2k 72k]. (3.5)
k=1 )
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and
1 I'(n/2)

(m—1)I2m—n)2(m—1)—n)...(d—n)(2—n) 2mgn/2’
where I'(+) is gamma function;

b) In the case of even n and 2m > n, the Green’s function of the Dirichlet problem (3.3), (3.4) can
be represented as

d2m,n =

G2m,n (SU, y) = d2m,n |:X2m—n InX — Y2m—n InY—

m—n/2 m—n/2

1
_ -1 VCm—n/Z {1 Y 7} Z2vy2m—2v—n
2;( e n +_ > o +
v= p=m—n/2+1—v
9 n/2-1 22m+2y—n 9 5
s S T ] a
v=1 v+n/2
and
(_1)n/2—1

domn = .
2T P m)D(m — n/2 + 1) - 22m—Lgn/2

In this case, @ = {z € R" : |z[ <r} or Q is simply connected domains homeomorphic to the ball.
Let us choose the domain of definition of the maximal operator L
D(L) = W3™(9).
On the domain D(E) we define the operator L by the formula
Lu= A™u, Yu € D(f)

Recall that the domain of the maximal operator

~

R(L) = La(9),

and KerL its kernel is not trivial.
The Dirichlet boundary value problem for the polyharmonic equation

AFu(z) = f(z), zeQ={z:|z|<r},
_ j
Lou : au(@:(),ogjgm—l,xe‘?g?
on

has a unique solution u(z) for any f € La(2), which has an integral representation

L5 = u(z) = /Q R (2, 9) F(y)dy, 3.7)

where G2Dm?n(x, y) = Gomn(z,y) is Green’s function of the Dirichlet problem from (3.5) or (3.6).
Note that the zero Dirichlet boundary conditions for a polyharmonic equation are equivalent to the
following boundary conditions for the same equation.
Theorem 3.2. a) For any f € Lo(£2), the function u(x), given by formula (3.7) with m = 2p, is a

solution to the boundary value problem:

o )
w(@) |pn =0, TTLIU(Q;) o0 =0, Azu(z)[yn =0, 377135 .
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......... AP~ () ‘BQ =0, %Aﬁ_lu(x)

b) For any f € Ly(Q2), the function u(x), given by formula (3.7) with m = 2p + 1, is a solution to
the boundary value problem:

= 0.
o0

9 0
u(z) g =0, p) IU(x) 0 =0, Azu(z)|y =0, T%AML(%) o =0,
92 AP ly(z) | =0, APu(z)|,q =0
......... o O o , AP 00

Based on the representation of the solution (3.7) of the Dirichlet problem, we present other well-
posed boundary value problems for an inhomogeneous polyharmonic equation. To do this, we apply
Otelbaev’s theorem [5] to describe correct restrictions of the maximal operator L.

Now we can describe the domain of the maximal operator L in terms of the Green’s function Gomn-

Lemma 3.1. |5] The domain of the maximal operator L has the representation

D(E) = {w: w(x) = /Q Gomn () f (9) dy+

m—1 . e
- > /BQ 8A{,Gg:;:($’ y) AT h(y) = A Gomn(2,y) - W is,,
Vf € Ly(Q), Vh € W™ (Q).
In particular, if
AYTh)lyeon =0, %A?”h@)\yea@ S0, =0, m—1,

then we obtain that the D(Lg) is domain of the operator L.

Now the next question arises: how to describe the domains of other possible correct restrictions of
the maximal operator L?

Let K be an operator putting each function f(x) € L2(2) into correspondence to a unique function
h(x) € WEm(Q), such that | K fll1,0) < Cllfll1y 0.

Using the chosen operator K, we construct the set

~

D ={w(z) e D(L): h=Kf}.
On the set D we define the operator

Dk

From Otelbaev’s theorem [5] it follows that Ly is a correct restriction of the maximal operator L.
In conclusion, we give another description of the operator Lx in terms of boundary conditions.

Theorem 3.3. [5] Let K be an arbitrary continuous operator acting from Ly(€2) to D(L). Then the
inhomogeneous operator equation Lxw = f is equivalent to the following boundary value problem

a) for m =2p

Al'w(x) = f(x), x€Q,
w50 = K(A'w)| iw = 0 JqUANETI | I
o0 x o Ong 00 Ong T aQ’
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0 0

—1 o —1 m —1 _ -1 m .
b) for m =2p+1
0 0
W50 = K(AT'w )| 5q, =——w = K(ATw)| oo,
0% o0 ong o0 ong o0
9 prty | = DA kAT AP = AP(KATW)] 0.
67’Lz T . anx T x aQ’ T o0 x T o

In [11,12] the Fredholm property and index of the generalized Neumann problem containing powers
of normal derivatives in the boundary conditions are investigated. The problems of solvability of
various boundary value problems for differential-operator equations are studied in the works [13-19].
Applications of the Green function to problems in mechanics and physics can be found, in [20-24].

4 Ezample. General presentation of solutions of boundary value problems for biharmonic equations
As an example, we consider the following biharmonic equation
Au=f z=xz+iyecqQ, (4.1)

where f is a given function. This equation is often encountered in the study of two-dimensional
problems of linear elasticity theory. Let us construct regular solutions of equation (4.1) in the two-
dimensional region €2 of the plane of the complex variable z = z = iy. To find a particular solution
ui(x,y) of equation (4.1), we adopt the notation v = Awuj. The function u; will be a solution of
equation (4.1) if v(z,y) is a solution of the Poisson equation Av = f.

The solution to this equation is given by the formula [25]

o 32u1
- 48282

v

1
z/f(t)loglt—Z!dfdn, t=¢&+n.
2 9]

Using the following obvious equality

82
020%

[(t—2)(t—2)log(t —2)(t—2)] — 2 =2log |t — 2|,

equation (4.1) can be written as

0* 1 5 1 B
azﬁf[ul - &r/Qf(t)|t — z|"log |t — z|d&dn] = ~%x /Q f(t)dédn = C = const.

Therefore,
1
wy — / FOIt — 2| log [t — 2]dedn + B(2,7),
81 Jo

where
D(2,2) = CzzZ + v1(2) + p2(2),

and ¢; and g are arbitrary analytic functions of the variables z and Z, respectively. Since ® is a
biharmonic function, the function

1
w =g /Q F(O)[t— 2/ log |t — z|dgdn (4.2)
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can be taken as one of the particular solutions of equation (4.1).
If u(z,y) is the desired solution of equation (4.1), then the function w = v —w; will be biharmonic,
ie.
Aw = 0. (4.3)

According to formula (85) from [25] the solution of equation (4.3) can be written in the form

w = Z2p(2) + 29(2) + ¢(2) + ¥ (2). (4.4)

In the representation (4.4) of real biharmonic functions, the imaginary parts of the functions zZy(z)
1 (z) are not present. Therefore, without loss of generality, we can assume that the analytic functions
©(z) and 9 (z) included in formula (4.4) at some point z; of the domain (2 satisfy the conditions

(1) = 0,Imy'(21) =0 (4.5)

and
Ime)’(21) = 0. (4.6)

Thus we have proved the following theorem.

Theorem 4.1. a) To each pair of analytic functions ¢(z), ¥ (z) formula (4.4) associates a well-defined
biharmonic function w(z,y). The converse statement is also true.

b) For each biharmonic function w(zx,y) there is a well-defined pair of analytic functions ¢(z), ¥(z)
satisfying conditions (4.5), (4.6) and w(z,y) is represented by formula (4.4).

From this theorem we conclude that formula (4.4) gives a general representation of real biharmonic
functions. Further, in view of the fact that

U =w-+u,

on the basis of formulas (4.2) and (4.4) we arrive at the general complex representation of real solutions
of equations (4.1):

) = g [ 1Ol = =g |t = sldgn + 3p(2) + (2) +6:) + D(E). (4.7)

where ¢(z) and v(z) are arbitrary analytic functions of a complex variable z satisfying conditions (4.5),
(4.6). Formula (4.7) allows any linear problem for equation (4.1) to be reduced to the corresponding
problem for biharmonic functions.

Conclusion

The studies carried out in this article are of significant importance in the theory of boundary
value problems of linear and nonlinear partial differential equations, spectral theory, and the theory
of numerical methods for approximate solutions of individual classes of boundary value problems for
differential equations.

Thus, the object of our research was polyharmonic equations. Vekua’s method is applicable for
fixed boundary conditions on the surface of the domain, and the equation itself can change, i.e. minor
terms can be added to the main equation. Otelbaev’s method is applied for fixed equations, and the
boundary conditions can change.

The problem is to determine the conditions under which both methods are applicable. This article
is devoted to this problem and the applicability of the Vekua and Otelbaev methods. As an example,
a biharmonic equation is given, which has an applied character in the theory of elasticity. A general
complex representation of real solutions of the biharmonic equation is given in the form of formula (4.7).
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