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In this paper, several results concerning graded J4--prime submodules over a commutative graded ring
were obtained. For example, we give characterization of graded Jgr-prime submodules and results related
to residual of graded Jg4--prime submodules. Also, the relations between graded Jg,-prime submodules and
graded prime submodules of ® were studied. In addition, we present the necessary and sufficient condition
for graded submodules to be graded Jg4--prime submodules.
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Introduction

The study of graded rings and modules has attracted the attentions of many researchers for a
long time due to their important applications in many fields in such as geometry and physics. For
example, graded Lie algebra plays a significant role in differential geometry such as Frolicher-Nijenhuis
as well as Nijenhuis-Richardson bracket [1]. In addition, they solve many physical problems related to
supermanifolds, supersymmetries and quantizations of systems with symmetry [2, 3].

In recent years, graded prime submodules have attracted the attention of many mathematicians,
for example [4-8]. In addition, many other generalizations of graded prime have been investigated.
For example, in [9], the authors introduce the concept of graded weakly prime submodules of graded
modules as a generalization of graded prime submodule. In [10] Al-Zoubi and Alghueiri mentioned the
concept of graded Jg,-prime submodules. Here, we discuss the concept of graded Jg,-prime submodule
and we study several results concerning it. For example, we characterize graded {J4,-prime submodules.
Also, the relations between graded Jg-prime submodules and graded prime submodules were studied.
In addition, the necessary and sufficient condition for graded submodules to be graded Jg-prime
submodules were investigated.
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1 Preliminaries

Throughout this article, we assume that 2 is a commutative &-graded ring with identity and © is
a unitary graded A-module. A left A-module ® is called a graded 2A-module if there exists a family
of additive subgroups {Da}ace of ® such that D = P g Do and Ay Dy C Dyp for all a, 3 € &.
Also if an element of D belongs to Upee Do = (D), then it is called a homogeneous. Let A = @
2, be a G-graded ring. A submodule V of ® is said to be a graded submodule of ® if V = @ e
(VNDy) := Pyep Voo In this case, V, is called the a-component of V [11,12]. Let 2 be a &-graded
ring and © — a graded 2A-module. A graded submodule V of D is said to be a graded maximal (briefly,
Gr-maximal) submodule if V # © and if there is a graded submodule L of ® such that V C L C D,
then V = L or L = [13]. The graded Jacobson radical of a graded module ®, denoted by J,-(D), is
defined to be the intersection of all Gr-maximal submodules of ®, if © has no Gr-maximal submodule
then we shall take, by definition, J4, (D) = © [12|. A proper graded submodule V of © is called a graded
prime submodule if whenever rm € V where r € h(2) and m € h(D), then r € (V 1 D) or m € V [6].
A proper graded submodule V of © is called a graded Jg,-prime submodule of ® if whenever r, € h(2A)
and my € h(®) with ry my € V, then either my € V434 (D) or rg € (V+Jgr (D) 190 D), where Jq- (D)
is the graded Jacobson radical of ® [10].

2  Results

Theorem 1. If V is a graded prime submodule of ®, then V is a graded J,,-prime submodule of ®.

Proof. Let rm € V, where r € h(2() and m € h(D), since V is a graded prime submodule of ©, then
re(Vwg®)ormeV. Ifre (VD) thenrM CV, but V CV+ J, (D), thus rM CV + J4 (D),
it follows that 7 € (V + Jgr (D) :a D). If m € V, since V C V + J4r (D), then m € V + J4-(D). Hence
V is a graded Jg,-prime submodule of D.

In the following example, it is shown that the converse of Theorem 1 is not necessarily true.

Example 1. Let ® = Zo, A = Z be a B-graded ring with 2y = Z, 2; = {0}. Let ® = Zj3 be
a graded A-module with ¢ = Zj3 and ©; = {0}. Now, consider ¥V = {0,4,8} = (4) be a graded
submodule of Zj3. Then V is not graded prime submodule of D, since there exist 2 € h(2() and
2 € h(®)such that 2-2=4€V, but 2¢ V and 2 ¢ (V :q ©) = 4Z. However, an easy computation
shows that V is a graded J4.-prime submodule of .

Ezxample 2. Let & = Zy, A = Z be a B-graded ring with %y = Z, %y = {0}, and ® = Z x Z be a
graded 2A-module with D9 =Z x Z, ®1 = {(0,0)}. The graded submodule V = 2Z x (0) is not graded
Jgr-prime submodule of ®. Since (6,0) =2(3,0) € V, but (3,0) ¢ V + J4 (D) =V + {(0,0)} =V and
2¢ (V+35r(®) 9 @)= (VD) = (2Z x (0) :9q0 Z x Z) = (0), hence V = 27Z x (0) is not graded
Jgr-prime submodule of D.

Remark 1. Let A be a B-graded ring and © a graded 2A-module.

1) If 34 (D) = 0, then every graded Jg,-prime submodule of ® is a graded prime submodule of D.

2) If 34, (D) is contained in every graded submodule of ®, then every graded Jg,-prime submodule
of © is a graded prime submodule of ®.

A graded 2-module © is called a Gr-torsion free if whenever r € h(2() and m € h(D) with rm = 0,
then either » = 0 or m =0 [5].
The following theorem characterizes graded Jg.-prime submodules.

Theorem 2. Let V be a proper graded submodule of ® and P = (V + J4 (D) o ©). Then the
following statements are equivalent:
1) V is a graded Jg,-prime submodule.
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2) For every graded submodule K of © and for every graded ideal U of 2 such that YK C V implies
that either L CV + 35 (D) or Y CP = (V+ Jgr (D) 10 D).

3) D/(V+ Jgr(D)) is a Gr-torsion free A/ P-module.

4) The graded submodule (V + 34 (D) 1 (1)) =V + Jgr (D), for each r € h(A) — P.

5) The graded ideal (V + Jgr (D) :9 (x)) = P, for each z € h(D) — (V + J4r (D)).

Proof. (1)=(2) Let K be a graded submodule of ® and U/ be a graded ideal of 2 such that UK C V.
Suppose K € V434, (D), then there exists k € KNA(D)— (V+Jgr(D)). Let i € UNA(A). Since k € K,
then ik € UKL C V), soik € V. But Vis a graded J,,-prime submodule, then either ¢ € (V434 (D) 19 D)
ork € V+J3g (D). But bk ¢ V+34.(D), thusi € (V434 (D) :q D). Henced € (V+Jgr(D) 190 D) =P

(2)=(3) Assume that (r+P)(m+V+Jg (D)) = V+Jgr(D) and r+ P # P, where 7+ P € h(2(/P)
and m+V+Jgr (D) € h(D/(V+Jgr(D))). Then rm+V+Jgr (D) = V+Jgr (D), thus rm € V+ 34 (D)
it follows that (r ><m) C V + Jgr(D), by hypothesis, we get either (m) C V + Jgr (D) + Jgr (D) or
(ry C (V+3gr( )+ Jgr (D) 0 D). That is either (m) C V + Jg (D) or (r) C (V + Jgr(D) 90 D).
If (r) C (V+3,0® ) ®) = P, then r € P, thus r + P = P as a contradiction. So we have
(m) €V + Jgr(D) 1mphes m €V + Jgr(®). Hence m +V + Jgr (D) = V + Jgr (D). Therefore,
D/(V+ Jgr(D)) is a Gr-torsion free A/P-module.

(3)=(4) Let r € h(A)—P and let m € (V+Jgr (D) 2 (r))NA(D). Then (r)m C V+J4 (D) it follows
that rm € V434, (D). Thus (r+P)(m+V +Jgr (D)) =V + Jgr (D), since r ¢ P and D/(V + Jg- (D))
is a Gr-torsion free A/P-module we get m +V + Jgr (D) =V + Jgr (D), thus m € V + J4- (D). Hence
V+J3gr(®D) 2 (r) SV + Jgr(D) for each r € h(A) — P. Now, let m € (V + J4 (D)) N A(D) and
r € h(A) — P, then rm € V + J4, (D) it follows that (r)m C V4 Jgr (D), thus m € (V+Jgr (D) 0 (7).
Hence V 4 Jgr (D) € (V + Jgr (D) 1p (1)) for each r € h(A) — P.

(4)=(5) Let z € h(D) = (V + Jgr(D)). Let r € (V + Jgr (D) w9 (z)) N h(A). Suppose the con-
trary, r ¢ P. Since 7 € (V + Jg5r(D) 0 (x)) N A(A), then r(z) C V + Jg40 (D) it follows that
re € V+ Jgr(D), thus (r)z C V + Jg (D). That is z € (V + Jgr (D) 2 (r)) but by hypothesis
V+Ipr(®D) 2 (1) =V + Jgr (D), for each 7 € h(A) — P, so we get € V + J4(D) a contradic-
tion. Hence, r € P. Therefore, (V + Jgr (D) w9 (x)) € P. Now, let 7 € PNAA) = (V + Jgr (D) 1
D) NA(A). Then rM CV + Jgr (D). In particular, rz € V + Jgr (D), thus r(z) CV + Jgr (D) implies
re(V+Jgp (@) (x)). Hence P C (V + Jgr (D) 19 (z)). Therefore (V + Jgr(D) 1o (z)) = P.

(5)=(1) Let rm € V, where r € h(2() and m € h(®). Suppose m ¢ V + J4r (D), we need to prove
that r € P. Sincerm € V C V434 (D), then r(m) C V+J4 (D) it follows that r € (V+Jg (D) 1 (m)),
apply hypothesis, we have (V + Jgr (D) o (m)) = (V + Jgr (D) 10 D) = P, hence r € P. Therefore, V
is a graded Jg,-prime submodule of D.

Theorem 3. If V is a graded Jg,-prime submodule of ©, then (V+J4,(D) 9 D) is a graded Jg,-prime
ideal of 2.

Proof. We show that P is a graded prime ideal of A, where P = (V + Jg, (D) :q ©). Let ab € P,
where a,b € h(2(). Suppose a ¢ P, then there exists x € h(®D) such that ax ¢ V+J4- (D). Since ab € P,
then abM C V + J4r (D). In particular, b(az) € V + Jgr (D). Thus blaz) +V + Jgr (D) =V + J¢r (D),
it follows that (b + P)(ax +V + Jgr(D)) = V + Jgr (D). Since V is a graded Jg-prime submodule,
by Theorem 2, we get ©/(V + Jgr(D)) is a Gr-torsion free A/P-module. But az ¢ V + J4r (D), then
b+ P = P, so we have b € P. Therefore, P = (V + J4 (D) :9 ®) is a graded prime ideal of 2, then P
is a graded Jg,-prime ideal of 2, by Theorem 1.

A graded ring 2 is called a graded integral domain if whenever ab = 0, where a, b € h(2), then

either a = 0 or b= 0 [10].
In the following example, it is shown that the converse of Theorem 3 is not necessarily true.
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Ezample 3. Let & = Zy, A = Z be a B-graded ring with 2y = Z, ; = {0}, and ® = Z x Z be a
graded 2A-module with D9 =7 x Z, ®1 = {(0,0)}. The graded submodule V = 2Z x (0) is not graded
Jgr-prime submodule of ®, by Example 2. However, P = (V434 (D) 19 ®) = (2Zx(0) 1o Zx Z) = (0)
is a graded prime ideal of Z. Since if ab € P = (0), where a,b € h(Z), then ab = 0 implies either a = 0
or b =0 as Z is a graded integral domain. Thus a € P or b € P, by Theorem 1, we have P is a graded
Jgr-prime ideal of Z.

The following example shows that the residual of graded J4.-prime submodule is not necessarily a
graded {g4-prime ideal of 2.

Ezample /. Let & = Zo, A = Z be a G-graded ring with Ay = Z and 23 = {0}. Let © = Z12 be
a graded A-module with Dy = Zj2 and ©; = {0}. Consider V = {0,4,8} = (4) is a graded Jg-prime
submodule of Z-module Zq2, but (V :z Zi2) is not graded Jg-prime ideal of Z, since there exists
2 € h(Z) such that 2-2 = 4 € (V 7 Zlg), but 2 §é (V A Zlg) —i—JgT(Z) = (V 7 212) + {0} =
= (V 7 Zlg) = 47 and 2 §‘é ((V 7 Zm) JrGgr(Z) 7 Z) = ((V 7 Zlg) 7 Z).

Theorem 4. If V is a graded Jg,-prime submodule of ® with J,(®) C V, then (V :g D) is a graded
Jgr-prime ideal of 2.

Proof. Since V is a graded Jg,-prime submodule of D, then (V+J4 (D) :9 D) is a graded Jg,-prime
ideal of 2 by Theorem 3. But J4, (D) C V, thus (V + Jgr (D) 190 D) = (V :90 D). Therefore, (V :gq D) is
a graded Jg-prime ideal of 2.

Theorem 5. Let 2 be a G-graded ring, ® — a graded 2A-module and V — a proper graded submodule
of ®. Then the following statements are equivalent:

1) V is a graded Jg-prime submodule of ©.

2) V+JIgr(®) :qa D) = (V4 Jgr (D) 19 (¢)) for each ¢ € h(D) — (V + J4(D)).

3) (V+Jpr(®) g @) = (V+ Jgr(D) 90 K) for each graded submodule K of ® such that
V+J(D) CK.

Proof. (1)=(2) By Theorem 2.

(2) =(3) Let K be a graded submodule of ® such that V 4 J4-(®) C K. It is clear that
V43I (D) 10 D) C(V+Jgr(D) 190 K) since if r € (V + Jgr (D) :q0 D) NA(A), then rM CV + Jgr (D),
but K C ® implies rK C V + Jg (D), thus r € (V + Jgr (D) ¢ K), hence (V + Jgr (D) a4 D) C
(V+3gr(D) 19 K). Now, let s € (V+Jgr (D) 20 £)NA(A), then sK CV+Jgr (D), but V+34- (D) C K
so there exists x € KN A(D) and = ¢ V + J4 (D). In particular sz € V + J4r (D), it follows that
s(x) CV+ Jgr (D) implies s € (V + Jgr (D) o (x)) but by hypothesis we have (V + Jgr (D) 19 (x)) =
=(V+Jgr(®D) :qD),505 € (V+Jgr (D) 10 D), hence (V+Jgr (D) 10 K) € (V+Jgr (D) 10 D). Therefore,
V+Jgr(@) s D) = (V+ Jgr (D) : K) for each V + J, (D) C K.

(3)=(1) Let rm € ¥V and m ¢ V + J4 (D), where r € h(2) and m € h(D). Take K = V +
+ Jgr (D) + (m), where V + Jgr (D) TV + Jgr (D) + (m) (since m € K — (V + Jgr(D))), it follows that
rK =r(V+Jgr(®@)+rim) CV+Jgpr(D)+V =V +Jgr (D), s0r € (V+ Jgr (D) :0 £). But by
hypothesis, we have (V + Jgr (D) 1o K) = (V + Jgr (D) 10 D), thus r € (V + Jgr (D) 11 ) Therefore,
V is a graded Jg,-prime submodule of D.

A proper graded submodule V is called a graded small (Gr-small) of ® if ® =V + L for some
graded submodule L of ® implies that L. = ®. A graded 2-module © is said to be a graded hollow
(Gr-hollow) module if every proper graded submodule V of ® is a Gr-small [13].

Theorem 6. Let 2 be a B-graded ring, ©® a Gr-hollow 2A-module and J4 (D) a graded Jg.-prime
submodule of ®, then every proper graded submodule of ® is a graded Jg,-prime submodule of D.
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Proof. Let V be a proper graded submodule of © and let rm € V where r € h(2) and m € h(D).
Since © is a Gr-hollow then V is a Gr-small, so rm € V C ) {A : Ais a Gr-small} = J,.(D) by
[14; Theorem 2.10]. But J4(®) is a graded Jgr-prime submodule of ®. Thus either m € J4, (D) +
+ I (D) = Jgr(®) SV + I (D) or rM C Jgr (D) + Jgr (D) = Jgr(D) C V + Jgr (D). So either
meV+Jg (@) orr e (V+Jgr (D) :q D). Therefore, V is a graded Jgr-prime submodule of D.

A nonempty subset S C h(2l) of a B-graded ring 2 is called multiplicatively closed subset (briefly,
m.c.s.)of Aif0¢ S, 1€ Sandx-ye Sforall z, y € S. Let S C h(A) be a multiplicatively closed
subset of 2 and V be a graded submodule of © then V(S) = {z € D : there exists t € S such that
tx € V} be a graded submodule of D is said to be the component of V determined by S, or simply the
S-component of V. We conclude from definition V C V(S5).

Lemma 1. Let P be a proper graded ideal of 2. Then P is a graded prime ideal of a graded ring
2 if and only if A(A) — P is a m.c.s. of 2.

Proof. Let P is a proper graded submodule of ©, then 0 € P, 1 ¢ P (if 1 € P, then P = @, thus
P is not proper a contradiction) and since P is a graded prime ideal of 2, we have 0 ¢ h(2) — P,
1 € h(A) — P and ab € h(A) — P for each a, b € h(A) — P. Therefore, h(A) — P is a m.c.s. of .
Conversely, suppose the contrary, P is not graded prime ideal of 2, then there exist =, y € h(A) — P
with xy € P. Since h(A) — P is m.c.s. of A, then xy € h(2A) — P which is a contradiction.

Theorem 7. Let 2 be a &-graded ring, ©® — a graded 2A-module and ¥V — a graded submodule of ©.
Then V is a graded Jg,-prime submodule of © if and only if the graded ideal P = (V + J4r(D) 19 D)
is a graded prime of 2 and V(S) CV + Jgr (D) for each S C h(2A) a m.c.s. of A such that SN P = ¢.

Proof. Let V be a graded Jg,-prime submodule of ® and S C h(2() be m.c.s. of A with SN P = ¢.
Let ab € P, where a,b € h(). Suppose a ¢ P, then there exists z € h(®) such that az ¢ V +
+ Jgr (D). Since ab € P, then abM C V + J,-(D). In particular, b(ax) € V + Jgr (D), thus b(ax) +
+V+Jr (D) = V+Jgr (D), it follows that (b+ P)(az+V+Jgr (D)) =V +Jgr (D). Since V is a graded
Jgr-prime submodule, by Theorem 2, we get ©/(V + J4r(D)) is a Gr-torsion free A/P-module. But
ax ¢ V + Jgr(D), then b+ P = P, so we have b € P. Therefore, P = (V + J4r(D) 0 D) is a graded
prime ideal of 2. Now, let a € V(S) N h(D), then there exists s € S such that sa € V. Since V is a
graded Jg-prime submodule of ©, SN (V + Jgr (D) 1 D) = ¢ and s ¢ (V + Jgr (D) 10 D), we have
a€V+Jgr(D). Hence V(S) CV+ J4r (D). Conversely, suppose not, let rm € V, where r € h() and
m € h(®D), but r ¢ (V+ Jgr (D) 10 ©) and m ¢ V + J4 (D). Assume that P is a graded prime ideal
of A, by Lemma 1, we have h(2) — P is a m.c.s. of 2. Since (h(2) — P) N P = ¢, by assumption we
have V(h(2A) — P) CV + J5r (D). But m ¢ V + 34 (D) and V(h(A) — P) CV + J4 (D) it follows that
m ¢ V(h(2) — P). This yields that for each s € h(2() — P we have sm ¢ V, but r € h(2) — P, then
rm ¢ V which is a contradiction. Therefore, V is a graded Jg,-prime submodule of ©.

The following example shows that the intersection of two graded J,-prime submodules needs, not
to be a graded {g-prime submodule.

Ezample 5. Let & = Zy and A = Z be a &-graded ring with 21p = Z and 2; = {0}. Let ©® = Zg be
a graded A-module with Dy = Zg and D1 = {0}. Consider V = (2) = {0,2,4} and L = (3) = {0, 3}
are graded submodules of Zg. Then VN L = (0) is not a graded Jg,-prime submodule of D, since there
exist 3 € h(Z) and 2 € h(Zg) such that 3-2=0€ VN L, but 2¢ (VNL)+ Jg(Zs) = (0) + (0) = (0)
and 3 ¢ (VN L)+ Jgr(Ze) :7 Zs) = 6Z. However, an easy computation and using the definition of
graded J4-prime submodule to show that V and L are graded Jg,-prime submodules of D.

The next theorem shows that the intersection of two graded Jg.-prime submodules is a graded
Jgr-prime submodule under conditions.
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Theorem 8. Let 2 be a G-graded ring, © a graded A-module and V, L be two graded submodules
of © such that V C ,’]gT(Q) or L C 3gr(©). If V and L are graded Jg-prime submodules of ©, then
VN L is a graded Jg-prime submodule of D.

Proof. Assume that V and L are graded Jg-prime submodules of ©. Let rm € V N L, where
r € h(A) and m € h(D), then rm € V and rm € L. If V C J4(D), since V is a graded Jg-prime
submodule of ©, then either rM C V + J4 (D) = 3 (D) € (VNL) + Jgr (D) or m € V + Jgr (D) =
=Jgr(®) € (VNL)+ Jgr (D). Thus either r € (VN L)+ Jgr(D) :a D) or m € (VN L)+ Jgr (D).
Hence VN L is a graded Jg,-prime submodule of ®. Similarly, If L C J,,(D), we get VN L is a graded
Jgr-prime submodule of D.

Theorem 9. Let A be a B-graded ring, ® and D' be two graded 2-modules and V, V' be two proper
graded submodules of D, D’ respectively. If V x V' is a graded Jgr-prime submodule of © X ©’, then
V and V' are graded J4-prime submodules of ® and D', respectively.

Proof. To prove V is a graded Jg,-prime submodule of ®, let rm € V, where r € h() and m € h(D),
then r(m,0) € V x V' as r(m,0) = (rm,0) € V x V. Since V x V' is a graded J,,-prime submodule
of ® x D, so either r € (VX V) +Jgpr(® x D) 10 D x D) or (m,0) € (VX V) +Jygr(® x D). If

E(VXV)+Fp(@xD) g D xD), then r(®x D) C VxV)+Jpr(®@xD) = (VxV)+
+ (Jgr (D) X Jgr (D)), it follows that (rM x M) C (V+Fgr (D)) X (V +Jgr(®)), 50 rM C V+3yr (D)
and 1M C V' +3,(D'). This implies that 7 € (V 4 Jgr (D) 9 D) and 7 € (V' + Jgr (D) 1 D). If
(m,0) € (VX V) +Jgr (D x D), then (m,0) € (V + Jgr (D)) x (V' 4+ Jgr (D). Thus m € V + Jy(D)
and 0 € V' + 3gT(©/). Hence V is a graded Jg,-prime submodule of ©. In a similar manner, we can
prove that V' is a graded Jgr-prime submodule of 9.

Theorem 10. Let A be a &-graded ring, © and ®" be two graded 2-modules and f : © — D' be
a graded epimorphism. If V is a graded Jg-prime submodule of © containing kerf, then f(V) is a
graded Jg-prime submodule of ol

Proof. Since V is a proper graded submodule of ®©, by [15; Lemma 4.8], we have f()) is a proper
graded submodule of ©". Let rm’ € f(V), where r € h(A) and m' € h(D'), since f is onto and
m’ € h(D"), then there exists m € h(D) such that f(m) =m'. Thus rm’ = rf(m) = f(rm) € f(V), so
there exists n € VNh(D) such that f(rm) = f(n), thus f(rm—n) = 0, it follows that rm—n € kerf CV
sorm+YVY =n+V =V. That is rm € V, but V is a graded Jg-prime submodule of ©, then either
re (V+Ipr(®) a®D)orm e V+Jgpr(V). Ifr € (V+Jgr(D) 190 D), then rM C V + Jgr (D),
thus £(rM) € (¥ + 390 (D) = F(V)+ [ @r (D)), imuplics that r£(D) = 1M’ C F(V)+ [ (@gr(D)), by
[14; Theorem 2.12], we get f(Jgr (D)) C Jgr (D). SorM C f(V)+Jgr(D ), thenr € (f(V)+Jgr (D) 1
D). Ifm €V + 3, (D), then f(m) € f(V )+ f(34+(D)), but f(m) = m', by [14; Theorem 2.12], we
have m’ € f(V) 4+ f(J3gr (D)) € f(V) +Jgr(®'). Hence f(V) is a graded Jg,-prime submodule of D"

Theorem 11. Let A be a G-graded ring, © and D’ be a graded 2-modules. Let f: D — @ be a
graded epimorphism with kerf is a Gr-small submodule of ®. If Vs a graded Jg-prime submodule
of ®', then f_l(V,) is a graded Jg,-prime submodule of ©.

Proof. Since V' is a proper graded submodule of @', by [15; Lemma 5.2|, we have f_l(V/) is a
proper graded submodule of ©. Let rm € f~1(V'), where r € h() and m € h(D), then f(rm) € V',
thus rf(m) € V' since V' is a graded Jg,-prime submodule of D', then either r € (V' + Jyr (D) 19 D)
or f(m) € V' +3g7’(©/). Ifre (V/ —i—‘“jgr(@/) 9 @/), then rM C V' —i—‘jgr(@/) since f is a graded
epimorphism, then f is onto, so ® = f(®) implies that rf( ) C V/ +dgr( ") then f(rM) C V' +
+ Jgr (D), it follows that rM C f=1V 4 30 (@) = V) + £ ([F4r (D), since f is a graded
epimorphism and kerf is a Gr-small of © [14; Theorem 2.12], we get f(‘jg (CD)) = Jgr(D"). Thus
Jor (@) = F1 30 (D), s0 7M C V') + Jgr (D), it follows that r € (f71 (V') + Jgr (D) 0 D). If
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f(m) €V +34r(D"), thenm € fH (V) + 71 (3gr (D
Jgr-prime submodule of D.

) = f (V)43 (D). Hence f~H(V') is a graded

Corollary 1. Let 2 be a B-graded ring, © a graded A-module and V, K proper graded submodules
of ® such that L C V and kerf is Gr-small of ©. If V/K is a graded Jg,-prime submodule of ©/IC,
then V is a graded Jg-prime submodule of D.

Proof. Define f: D — ©/K by f(z) =z + K. Then f is a graded epimorphism, so by Theorem
11, we get f~1(V/K) =V is a graded J,-prime submodule of D.

Recall that a proper graded submodule V of © is called a graded Jg.-pure submodule of D, if
VNUD =UV + (Jgr (D) NV NUD) for each proper graded ideal U of A, see [14; Definition 2.19)].

The following example shows that a graded Jg.-pure submodule of ® not necessarily a graded
Jgr-prime submodule of ©.

Ezample 6. Let 2l = Z be a &-graded ring with 2y = {0} and 20y = Z, where & = Zs. Let © = Zg
be a graded 2A-module with ®g = {0} and 1 = Zg . V = {0} is a graded J,,-pure submodule of D.
However V is not graded Jg,-prime submodule of ® since there exist 3 € h(2A) and 2 € h(D) such that
3:2=0€Vbut3¢ (V+Ju®):aD)and2¢V+J, (D) = {0}

The next theorem shows that a graded J4,.-pure submodule of © is a graded Jg-prime submodule

of ©® with under some conditions.

Theorem 12. Let 2 be a &-graded ring, ® a Gr-torsion free A-module and V a proper graded
submodule of ® with J,-(D) = {0}. If V is a graded Jg-pure submodule of ®, then V is a Jg-prime
submodule of ©.

Proof. Let rm € V, where r € h(2) and m € h(®D), assume that » ¢ (V + J4 (D) 9 ©). Thus
rm € VN (D = MV + [Ja@®@) NV N D) as V is a graded Jg-pure submodule of ©. But
3o (@) = {0}. Thus rm € (r)V, it follows that there exists n € V N h(D) and r € h(A) such
that 7m = rr'n. Thus rm — rr'n = 0 implies 7(m — r'n) = 0. Since D is a Gr-torsion free and
r¢ (V+3Jgr(D) i D), then m =1'n € V CV+ 3, (D). Hence m € V + Jyr (D). Therefore, V is a
Jgr-prime submodule of D
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