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Inverse boundary value problem for a linearized equations of
longitudinal waves in rods
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In this article, a question regarding the solvability of an inverse boundary value problem for the linearized
equation of longitudinal waves in rods with an integral condition of the first kind was considered. For the
considered inverse boundary value problem, the definition of a classical solution was introduced. Using
the Fourier method, the problem was reduced to solving a system of integral equations. The method of
contraction mappings is applied to prove the existence and uniqueness of a solution to the system of integral
equations. The problem is to deduce the existence and uniqueness of the classical solution for the original
problem.
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Introduction

At present, the theory of nonlocal problems is being intensively developed and represents an impor-
tant branch of the theory of partial differential equations. Problems with nonlocal integral conditions
are of great interest in this area. Conditions of this kind may appear in the mathematical modeling of
phenomena related to plasma physics [1], heat propagation [2], moisture transfer in capillary-porous
media [3], demography, and mathematical biology.

Inverse problems with an integral overdetermination condition for partial differential equations have
been studied in many papers. Let us note the articles [4-6] and the references therein.

The study of various aspects of inverse problems of recovering the coefficients of partial differential
equations, as well as the study of inverse problems by reducing them to variational formulations, is
considered in the works of Kozhanov A.IL [6], Denisov A.M. [7], Ivanchov M.I. [8], and others.

Works are devoted to the study of nonlinear inverse problems for the linearized equation of longi-
tudinal waves in rods. The questions of solvability of problems with nonlocal integral conditions for
partial differential equations were studied in [5,9-18|.

1 Statement of the problem and its reduction to an equivalent problem

Let D7 be a Domain, Dy = {(z,t) : 0 < x < 1, 0 <t < T}. Consider for linearized equation an
inverse boundary value problem [6]

Ut (2, 1) + Upan (2, 1) — Uge (2, ) = a(t)u(z,t) + f(z,t), (x,t) € Dp (1)
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with the initial condition (IC)
u(@,0) = p(x), u(z, T) =P(z) (0<z<1). (2)

Neumann boundary condition (BC)

(0, =0 (0<t<T), (3)
integral condition (IgC)
1
Ju(z,t)de =0 (0<t<T) (4)
0
and additional conditions (AD)
u(0,t) =h(t) (0<t<T), (5)

f(z,t), o(x), ¥(x), and h(t) are given functions, u(z,t) and a(t) are the required functions.

Definition. By the classical solution of the inverse boundary value problem (1)-(5) we mean the
pair {u(z,t), a(t)} of the functions u(z,t), a(t), where u(z,t) € C?*%(Dr), a(t) € C[0,T], and they
satisfy the equations (1)—(5) in the ordinary sense, where

C**(Dr) = {u(z,t) : u(z,t) € C*(Dr), tsea(w,t) € C(Dr)}.
To study problem (1)—(5), we first consider the following:
y'(8) = a®y(t) (0<t<T), (6)

y(0) =0, ¥(T) =0, (7)

where a(t) € C[0,T] are given functions, and y = y(¢) is the required function. Furthermore, by solving

the problem (6), (7) we mean a function y(¢), that, together with all its derivatives in equation (6), is

continuous on [0, 7] and satisfies conditions (6), (7) in the usual sense. The following lemma holds:
Lemma 1. |7] Let a(t) € C[0,T] be such that

Ha(t)Hc[O,T] < R = const.

Supplementarily, £ RT? < 1. Then problem (6), (7) has only a trivial solution.

With the addition of the inverse boundary value problem (1)—(5), consider the following auxiliary
inverse boundary value problem. We must define a pair {u(z,t),a(t)} of functions u(z,t) € C>2(Dy)
and a(t) € C[0,T], from (2)-(3),

uy(l,t) =0 (0<t<T), (8)

B (E) + 120 (0,8) — 12a(0, 1) = alt)h() + £(0,8) (0<t<T). 9)
) Theorem 1. Let (), ¥(x) € C10,1], ¢'(1) =0, ¥'(1) = 0, h(t) € C?[0,T], f(x,t) € C(D7),
[ flz,t)de =0 (0<t<T),h(t) #0 (0<¢t<T)and
0

Al /'w (10)

2(0) = h(0), — W(T). (11)

Then the following statements are true:
1. Each classical solution {u(z,t),a(t)} of problem (1)-(5) is also a solution of problem (1)—(3),

(8), (9).
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2. Each solution {u(z,t),a(t)} of problem (1)-(3), (8), (9) is a classical solution of the problem
(1)-(3) i
1
S la®loon T2 < 1. (12)
it is a classical solution (1)—(5).
Proof. Let {u(z,t),a(t)} be a classical solution to problem (2)—(5). Integrating equation (2), we
get:

2l
p7e] w(z, t)dr + upg (1,1) — e (0,1) — (ug(1,t) — ug(0,8)) =
0
1 1
= a(t)/ u(z, t)dx —|—/ flz,t)de (0<t<T). (13)
0 0
1
Suppose it is the case that [ f(z,t)dz =0 (0 < ¢ <T), taking into account (3), (4), we identify
0
’U,ttx(l,t) —ux(l,t) =0 (OStST) (14)
Due to (2), ¢'(1) =0, ¥'(1) = 0, therefore
ur(1,0) = @' (1) =0, w,(1,T) =4'(1) = 0. (15)

Obviously, problem (14), (15) has only a trivial solution, u,(1,t) = 0 (0 <t < T), i.e. conditions (8)
are satisfied.
Considering h(t) € C?[0,T] and differentiating (5) twice, we obtain:

Further, from (2) we get:
j;u(O,t) + Ut (0, 1) — Uz (0,1) = a(t)h(t) + f(0,8) (0 <t < T). (17)

From (17), regarding to (5) and (16), we obtained (9).
Now, assume that {u(z,t),a(t)} is a solution to problem (1)—(3), (8), (9), and (12) is satisfied.
Then from (13), taking into account (3) and (8), we deduce:

2 1 1
dt2/0 u(z,t)dr — a(t)/o u(z,t)de =0 (0<t<T). (18)
As a corollary to (2) and (10), it is evident that
1 1 1 1
/ u(z,0)dx :/ o(x)dx =0, / ug(x, T)dx :/ Y(z)dr = 0. (19)
0 0 0 0
1
Since, by virtue of Lemma 1, problem (18), (19) has only a trivial solution, then [wu(z,t)dz = 0
0
(0 <t <T),ie. condition (4) is satisfied.
Further, from (9) and (17):
d2
o2 ((0,1) = (1)) = a(t)(u(0,t) — (1)) (0=t <T). (20)
From (2) and (11), we get:
u(0,0) — h(0) = ¢(0) —R(0) = 0. (21)

From (20) and (21), based on Lemma 1, we conclude that condition (5) is fulfilled. The theorem is
proven.
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2 The Existence and uniqueness of the classical solution of the inverse boundary value problem

Component u(z,t) of solution {u(x,t),a(t)} of problem (1)—(3), (8), (9) is studied in the form:
= Z ug(t) cos \pr (A = k), (22)

ug(t) = my fol u(z,t) cos \pxdr (k=0,1,2,...), and

By applying the scheme of the Fourier method from (2), we get:
(1= Nu(t) + Nou(t) = Fultiua) (k=0.1.2,...:0< ¢ <T), (23
uk(0) =k, up(T) =1, (k=0,1,2,...), (24)
Fi(tyu, a) = fr(t) + a(t)ug(t), fu(t) =my [y f(z,t) cos Apadz,
1 1
Y = mk/ o(z) cos Apzdz, Yy, = mk/ ¥ (x)cos Agzdx (k=0,1,2,...).
0 0

Solving problem (1)—(6), we obtain:

T T
w(®) = e+ [ muo(0)dt+ ot + [ Golt.r) (s, ayar (25)
0 0
ch(Bk(T — 1))
t) = i gt
u(t) (BT Dk
sh(Bit) 1 /T
SMPEY) o Gt ) Fu(riua)dr (B =1.2,..), 26
Bech(BT) T 07— 1y Jo CHb IR T { : 2
where 0, 7]
_ta te OaTa
GO“’T)—{ . telnT],
)\2
2 _ k
B = A2 -1 >0,
sh T+t—7))—sh T— T
_ [sh(Br(T+t 21)h(6k7(“6)k( (t+ )))]’ telo,7],
Gk(t,T) =

sh(Br(T—(t+71)))—sh(Br(T—(t—7
XS CIINCC R )

After substituting the expression from (25), (26) into (22), to define a component u(x,t) of the
solution of problem (1)—(4), (8), (9), we obtain:

u(a,t) = soo+wot+/ Go(t, 7)Fo(r;u,a)dr + Z{%)))sow
Sh(ﬂkt)
ﬂkch(ﬁkT)wk ()\2 15, / G (t, 7) F (15 u a)dT}cos)\kx (27)
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Now, from (8) including (22) and from (23) including (26), we get:

a(t) = [h(t)]l{ W' (1) = f(0,6)= Y NR(ug(t) _Ukz(t))} (28)
k=1
)\2 " )\2 — Fu(t: " _ A% Fu.(t: )‘i —
k(1) + Agur(t) = Fr(tu, a) — ug(t) = -1 k(t;u,a) N - 1uk(t)
X A [eh(Br(T —1t))
ppv w2kt a) - A2 5 [ ch(BeT) T
sh(Bkt) _
Wﬂj M/ Gk t T)Fk(T u a)dT:| (k‘—l,2,) (29)

Aimed at defining an equation for the second component a(t) of the solution {u(z,t),a(t)} of
problem (1)—(3), (8), (9), we substitute expression (29) into (28):

' A2
a(t) = [h(t)]” {h”() —£(0,%) +Z[/\2_1Fk(tua)+
k=1
R [ch(ﬁk(T—t)) sh(Bit)
N =1 ch(BT) 7 Buch(BeT)

Yr—

M/ thT)Fk<Tua)d]:|}(0§t§T). (30)

Thus, the solution of problem (1)-(3), (8), (9) is reduced to the solution of system (27), (30) with
respect to unknown functions u(z,t) and a(t).

The subsequent lemma plays an essential role in the disquisition of the uniqueness question of the
solution to problem (2)-(3), (8), (9).

Lemma 2. If {u(x,t),a(t)} is any solution of problem (1)—(3), (8), (9), then the functions

1
up(t) = mk/ u(x,t) cos \gxdr (k=0,1,2,...)
0
satisfy the system consisting of equations (25), (26) on [0, 7.
(1)~

Proof. Let {u(z,t),a(t)} be any solution of problem (3), (8), (9). Then multiplying both sides
of equation (2) by the function my cos \px (k = 0,1,2,...), integrating the resulting equality over x

from 0 to 1 and using my fol ug(z,t) cos \yrdr = 5722 <mk fol u(z,t) cos )\kxd:z) =uj(t) (k=0,1,2,..),
1 1
mk/ Uge (1, 1) cos \pzdr = —\3 <mk/ u(z,t) cos /\kxda:> = Nut) (k=0,1,2,...),
0 0
1 1
mk/ Uttza (X, t) cOs \pxdr = —)\%mk/ up(x,t) cos \gzdr =
0 0

1
kg2 (mk/o u(m,t)cos)\kaqu:> = —Naul(t) (k=0,1,2,...),

we obtain that Eq. (23) is satisfied.

Similarly, from (2) we obtain that condition (24) is fulfilled.

Thus, ug(t) (k=0,1,2,...) is a solution to problem (23), (24). Moreover, it directly follows that
the functions ug(t) (k=0,1,2,...) satisfy the system (25), (26) on [0,7]. The lemma is proven.
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1
Therefore, if ug(t) = 2 [u(z,t) cos \gadr (k= 0,1,2,...) is a solution to system (25), (26), then
0

the pair {u(x,t),a(t)} of functions u(z,t) = 5 ug(t) cos A\gz,a(t) and a(t) is a solution to system

k=0
(27), (30).
Corollary 1. Let system (27), (30) have a unique solution. Then problem (1)—(3), (8), (9) can not
have more than one solution, i.e. if problem (1)—(3), (8), (9) has a solution, then it is unique.
To study the problem (1)—(3), (8), (9), we introduce two spaces.
By B3 7 [8], we denote the set of all functions of the form

= Zuk(t) cos A\ (A = k),

considered in Dy, where each function ug(t) (k= 0,1,...) is continuous on [0,7] and

J(u) = ||u0(t)||C[O7T] + {Z ()\% ||ul<:(t)||c{o7:r])2} < 400,

k=1

where o« > 0. We define the norm in this set as follows:
e )
E7 denotes the space Bf'p x C[0,T] with vector functions z(z,t) = {u(z,t),a(t)} and norm
)l = N )lg, + la®llcpom

B;T and EF are Banach spaces.
In the space E3., we define an operator:

®(u,a,b) = {P1(u,a),P2(u,a)},
with -
D (u,a) = u(x,t) = Z t) cos \gx, Po(u,a,b) = al(t),

uo(t), ur(t) (k=1,2,...) and a(t) are equal to the right-hand sides of (25), (26) and (30).
It is easy to see that

ch(Br(T - t)) <1 sh(Byt) sh(Be(T +t—1))

AGT) U aan) < b T agry <~ EelTh
sh(Be(T — (t +7))) sh(Be(T — (t — 7))
ch(BeT) <1, (BT <1 (te][rT)),
Ai—1>%>\i, 1<Bk:#<\@, \}§<Blk<1'

VA2 -1
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Then, we have:

1
t 2
a0 ()l ooy < lwol + T[] +2TVT </0 fo(T)QdT) + 2% [la(®)|| cpom lluo )l ey (31)

(Z(Ai\lﬂk(t)llcm])z) 52(2()‘2’%‘)2) +2<Z(A2I¢kl)2> +

=1 k=1 k=1
+4\F< 0 z A lfilr ) AT Ja®) o <g<xz\|uk<t>|rcm,ﬂ>2)é, 52)
laloon < JnO1 o {1070 - 100l gy +
+ (g A,f)% |:<§()\kfk(t)(][0,:r])2>%+ lla(®)llcgo.17 <§(>\%Huk(t)”0[0,ﬂ)2>%+

1
2

o] % 00 % T O
+<Z(Ailwkl)2> +<Z<A%I¢k!>2) +2\/T</ Z()\lc|fk(7')|)2> +
k=1 0 k=1
+ 2T [la()leo.m (Z(Ai ||uk<t>||cw,ﬂ>2) ] } - (33)

k=1

Let us assume that the data of problem (1)—(3), (8), (9), satisfy the following conditions:
1) olx) € C2[0, 1], ¢"(x) € L>(0,1), ¢/(0) = #/(1)
2) Y(x) € C2[0,1], ¢ (x) € Lx(0,1), $/(0) = (1)
3) f,1) € C(Dr), fule,t) € La(Dr), fu0,1) = fu(1,) =0 (0<1<T),
4) h(t) € C?0,T], h(t) #0 (0<t<T).

Then from (31)-(33), we have:

=0
=05

e, )l < AT) + Bi(T) la®)ll oz e, Dl (34)

la()llcpo,r) < A2(T) + Ba(T) [la(®) |l oo, ”“(957’5)”337T +
+ Ba(T) la®)llcpory lulz: O)llgg . + Co(T) [[wl, )l 53 4 Da(1) a0,z (35)

where
AL(T) = le@)ll Ly01) + T 1@ Ly0.0) + 2TV F ()| Ly oy +

+2 ¢ (2) Lo +2 ‘ P (x) o) +4VT e (@, )l Ly pp »
B\(T) = 6T, As(T) = H[h(t)]’luc[o . { |h"(t) — f(o,t)HC[O,T] +
(Z)\ 2) {anl“ ,t) ||coT]H " @ L0 + " @ L0 +
k=1

. 2ﬁ|\fx<x,t>\|h<m>} 2
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=

-, (§5) o

k=1
From inequalities (34), (35) we conclude:

e, Oz, + 1O comy < AT) + BT fal®)llogozm a1 ps (36)
where
A(T) = A(T) + Ao(T), B(T) = Bi(T) + Ba(T).
Theorem 2. Let conditions 1-3 be satisfied and
B(T)(A(T) +2)* < 1. (37)

Then, in K = Kg (|| z||gz < R = A(T) + 2), in the space E3, problem (1)—(3), (8), (9) has only one
solution.
Proof. In the space E% consider the equation

z =Pz, (38)

where z = {u, a} and components ®;(u,a) (i = 1,2) of operators ®(u, a) are defined by the right-hand
sides of equations (27) and (30).

Now, consider the operator ®(u,a) in the ball K = Kp of the space E3. Analogously to (36), we
obtain that for any z, z1, 20 € Kg, the following estimates hold:

[2]53 < ACT) + BET) al®)llogozm a1 s, - (30)

1®21 — @2y < 2BTIR (ar(t) — aa(ll o + s (,6) = o, 1) ). (40)

As a result, the operator (38) has a unique solution for K = Kp.

Then, from estimates (39) and (40), allowing for (37), it follows that the operator ® acts in the
ball K = K and is contractive.

Functions u(z,t), as an element of space Bg’,T, are continuous and have continuous derivatives
ug(z,t) and Uz, (x,t) in Dr.

From (23), it is evident that

<Z(>‘i | “Z(t)HC[o,T})2>

k=1

=

N

<V2 (Z()\2||Uk(t)”0[o,ﬂ)2> +

k=1

|| et ua a6+ fm<x7t>”0[07T1HL2<o,1>} |

Hence, it follows that ws(x,t),ue (2, t) Ustee (z,t) are continuous in Dr.

It is easy to check that equation (1) and conditions (3), (4), (7), (9) are satisfied in the usual sense.
Consequently, {u(z,t),a(t)} is a solution to problem (1)—(3), (7)—(9). By the corollary of Lemma 1, it
is unique in the ball K = Kg. The theorem has been proven.

In the proof of Theorem 1 and Theorem 2, the next Theorem plays, an essential role of unique and
solvability of the problem (1)—(5).

Theorem 3. Let all the conditions of Theorem 2 and (10), (11) be satisfied, fol f(z,t)de = 0
(0<t<T), and

%(A(T) +2)T? < 1.

Then, problem (1)—(5) has the only classical solution in the ball K = Kg (||| g3 < A(T)+2) from E3.
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Conclusion

An inverse boundary value problem for a linearized equations of longitudinal waves in rods with
integral condition of the first kind are studied.
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