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This article deals with the construction of particular solutions for a second-order multidimensional sin-
gular partial differential equation, which generalizes the famous telegraph and Helmholtz equations. The
constructed particular solutions are expressed in terms of the multiple confluent hypergeometric function,
which is analogous to the multiple Lauricella function and the famous Bessel function. A limit correlation
theorem for the multiple confluent hypergeometric function is proved, and a system of partial differential
equations associated with the confluent function is derived. Thanks to the proven properties of the multi-
ple confluent hypergeometric function. The particular solutions of the multidimensional partial differential
equation with the singular coefficients are written in explicit forms and it is determined that these solutions
have a singularity at the vertex of a multidimensional cone.
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Introduction

It is well known that particular solutions play an essential role in the study of partial differential
equations. The set of particular solutions includes fundamental solutions that satisfy certain additional
conditions. In case of the singular elliptic equations, the role of particular solutions is played by
fundamental solutions. Formulation and solving of many local and non-local boundary value problems
are based on these solutions. The explicit form of particular solutions gives a possibility to study the
considered equation in detail.

In the case of PDE with singular coefficients, particular solutions, including fundamental ones, are
expressed through hypergeometric functions, the number of variables of which is directly related to the
number of singular coefficients. For instance, in the paper [1], particular solutions of the generalized
Euler-Poisson-Darboux equation with three singular coefficients

2c 2 2
um—i—uyy—i—xux—l—yﬁuy:utt—l—t’yut, x>0,y>0,t>0, 0<2a,28,2y<1 (1)

are written by a hypergeometric function FS’) in three variables introduced by Lauricella [2]. In addi-
tion, self-similar solutions of some model degenerate partial differential equations of the higher order
are expressed by the higher order hypergeometric functions [3-6].
It is well known [7] that all linearly independent fundamental solutions at the origin of singular
elliptic equation
m 2 n
Ou ZQ&G—UZO, m>2 n<m (2)
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in the first hyperoctant z; > 0, ..., x, > 0 are expressed explicitly by the Lauricella function FXL)
in n variables. Various applications of the fundamental solutions of equation (2) to the solution of
boundary value problems for this equation can be found in the works [8-11].

In a recent work [12], particular solutions of the equation

p 2 p n 2 n

0“u 2a; Ou 0“u 20 Ou
; 8562-+Z z; Ox; Z 52+ Z z; Ox;’ p=5n ®)
j=1 J j=1

j=p+1 " F  j=p+1

are also expressed through the Lauricella function Ff(ln), the variables of which differ from the variables
of the Lauricella function included in the fundamental solutions of the equation (2) only by signs
depending on the equation under consideration.

All fundamental solutions of the multidimensional Helmholtz equation with n singular coefficients

m n
0?2 2a; O
u E &i+)\u:0,m22,n§m, —00 < A < 400 (4)

2 4 .
= 83:]. xj 0x;

j=1
are presented by the confluent hypergeometric function in n+ 1 variables, the first n variables of which
coincide with the variables of the fundamental solutions of equation (2). In this case, the last variable
in the confluent hypergeometric function appears due to the presence of the parameter A (for details,
see [13]).

The following so-called multidimensional singular ultrahyperbolic equation

p 2 p m 2 n
0“u 2a; Ou 0“u 205 Ou
9.2 o 5 g ——+ A <n< 5
6x?+; xj O 2 a2t < Bz; N pEnEm (5)

j=1 Jj=p+1 ~J  j=p+1

contains all four equations (1)—(4) considered above. Note that equation (5) generalizes also the well-
known Helmholtz uz, + uyy + cu = 0 and telegraph uz,; — uy, + cu = 0 equations.

In this paper we construct particular solutions of equation (5) in some multidimensional cone
when 0 < p < n = m and prove that these solutions are simultaneously fundamental solutions of
the considered equation near the origin. Note, if p = 0 or p = n, then the equation (5) becomes an
equation of the singular elliptic type (4), particular (fundamental) solutions of which are found in [13].

The plan of this paper is as follows. In Section 1, we briefly give some preliminary information,
which will be used later, and investigate new properties of the multiple confluent hypergeometric
function Hff’l). In Section 2 we compose a system corresponding to the function Hgl’l) and find all
particular solutions of this system. In Section 3 we study an ultrahyperbolic equation with singular
coefficients, all particular solutions of which are written out explicitly through a multiple confluent
hypergeometric function Hff’l). In Section 4, the properties of the constructed particular solutions are
studied and the order of singularity of these solutions in the neighborhood of the origin is determined.

1 Hypergeometric functions of several variables

The great success of the theory of hypergeometric functions in one variable has stimulated the
development of a corresponding theory in two and more variables. Horn [14] gave the general definition
of the hypergeometric functions of two variables. He has investigated the convergence of hypergeometric
functions in two variables and established the systems of partial differential equations which they satisfy
(for details, see [15; Section 5.7]).

Following Horn we define a hypergeometric function of several variables.
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Let a multiple power series be given

o0 n
> AW L4 (6)
|k|=0 j=1
where the summation is carried out over a multi-index k := (kq,...,k,) with non-negative integer

components k; > 0, j = 1,...,n, for which, as usual, |k| := ki + ...+ kj.
A multiple power series (6) is a hypergeometric series if the following n relations

A (kj + ej)
ot S AL P G 1Y
are rational functions of k, where e; := (0,...,0,1,0,...,0) denotes a vector whose j—th component
is equal to one, and the rest are equal to zero (7 =1,...,n).
Let’s suppose
bj (k)
fi (k) = ==, (8)
’ Q; (k)

where P; and @); are polynomials of k having degrees p; and g; respectively. It is assumed that ); has
a multiplier of k; +1; P; and @; have no common multipliers, with the possible exception of k; + 1

(j=1,...,n).

The largest of the numbers p1,..., pn, q1,..., qn is called order of the hypergeometric series (6).
The hypergeometric series (6) is called complete, if all the numbers p1, ..., pn, q1, ..., qn are the
same, i.e. p1 = ... =Py =q1 = ... = @n, otherwise confluent.

A symbol (), denotes the general Pochhammer symbol or the shifted factorial, since (1), = I!
(leNU{0};N:={1,2,...}), which is defined (for k, v € C), in terms of the familiar Gamma function,
by

(%) _I(k+v) 1 (v =0; k € C\{0}),
v T(k) | k(k+1)...(k+1-1) (r=1leN;keC),
it is being understood conventionally that (0), := 1 assumed tacitly that the I'—quotient exists.

(n)

A Lauricella function F;” in n € N real variables x := (x1,...,xy) [2] (see, also [16])
n s My ]
S8 SR ED SO | f7t st me )
|k|=0 j=1
is also a complete hypergeometric function of the order 2. Hereinafter b := (b1,...,b,),c:= (c1,...,¢n) .
In definition (9), as usual, the denominator parameters cy,. . . ¢, are neither zero nor a negative integer.
Let a, by, ¢ be real numbers, where ¢ # 0,—1,—2,... and a > |b| > 0 and ¢ > bg. Then for
n=1,2,..., the following limit correlation is true [17]
n —by,
- plam | ab; o z(e) (@) _Lla— |b| k(0)] T (cx)
;13%{5 FY [ C;l ] . U o b (10)

where |b| := by + ...+ by; zi(e) are arbitrary functions, and zx(0) # 0.

Note that the limit correlation formula (10) is applied in the theory of boundary value problems
for the multidimensional singular elliptic equation (2), for instance, see [18|.

Consider the following confluent hypergeometric function in n + 1 variables

iy { e X’y] = D (@ H

’ K|+1=0

ki y n
;% A Yl <1, (11)
2
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where x and y are real variables, and [ =0,1,2,...

(n,1)

Note, this confluent hypergeometric function H);""’ was first introduced and studied in a more
general form in [13] and its particular cases (n = 1,2,3) were known in [15,19,20].

’1)

The confluent hypergeometric function HE: has the following formula of derivation:

QI+ 1) [ a,b; - D a+ k| —I1,b+k;
H ) Y Y 12
0z Ozl A [ c; X’y] @i 13 [ ctk vl 02
hereinafter, k := (k1, ..., k,) is an n-vector.
Using simple properties of the Pochhammer symbol
(@ + ) = @it (@ = A
a)m(a+m), = (a , (a)y = ——,
we can represent the confluent hypergeometric function Hff’l) as
o0 ko k
(n1) | a;b; _ (=" ¥* ) [ a—k,b;
0[] = [ o
where Fjgn) is the Lauricella function defined in (9).
It is obvious that
(n1) | @b _ g | ab;
H, [ c: X,O]—FA [ c: X:|. (14)
Theorem 1. Let a, by, cx be real numbers, where ¢ # 0,—1,—2,... and a > |b| > 0 and ¢j > by.
Then for n = 1,2, ..., the following limit correlation is true
. _ b 21(€) Zn(€) (a — ]b\ L 21 (0) 7% T ()
1 ity | @D ZE g = 1
20 {6 A c; e 7 € &Y 1:[ [(cg—br) (15)

where |b| := b1 + ...+ by; 2zx(e) are arbitrary functions, and z(0) # 0; y is a real variable.

Proof. The proof of Theorem 1 follows from expansion (13), obvious equality (14) and limit corre-
lation formula (10).

2 System of differential equations satisfied by the confluent function qun’l)

We represent the confluent hypergeometric function Hff’l), defined by the equality (11), in the form

Hgl’l) [ @ .; ] Z A (k;l) Hz‘fj -yt (16)
1

where

(a)|k\fl(b1)k1 oo (b,
]{71! e k‘n'l‘(cl)kl e (Cn)k,n .

Ak;l) =

By virtue of (7) and (8), we have

fi (k1) =
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here

P (k1) = (a+ k| = 1) (bj + k), j =1, n;

Qj (k1) = (1 +kj)(cj+kj), j

I
—
S

G=(1+0)(a—1+k —0.

Series (16) satisfies a system of linear partial differential equations. Using differential operators

0

J

I
—
=
d
Il

this system can be written in the form

[Qj (51,...,5n;5’)x;1—Pj(al,...,an;(s’)]w:o, =T n,
(G (61,...,6,:0 )y —1w=0.

Now, substituting differential operators (17) into (18), we get

( n
zi (1 — ) wyz; — X Z TjWe,z; + TiYwWey + [ci — (@ + 1) 2] wy,
j=1,57

n
—b; Z Tjwy; + biywy —abjw =0, 1 =1,n,
j=1,j#i

n
Ywyy — ijwmjy +(1—-a)wy,+w=0,
=1

where w (x;y) = Hgb’l) [ a,l(::).; X, y] .

)

(17)

(18)

(19)

Theorem 2. [13| System of differential equations (19) near the origin has 2" linearly independent

solutions:
. (1) | a,b1, ... bn;
1{HA |:Cl7"'acn; X’y:|’
1’ClH("’1) a+1—c1,by +1—ci,ba, ... by; .
1 A 2 —c1,Co,...,Cp; XY
O e,
1—cp (1) a+1—0n,b1,...,bn_1,bn+1—Cn; .
o HA |: Clu"'ucn—1>2_cn; ikl
4 .
l—c1 _1—co (n71) CL+2—01—CQ,bl+1—C1,b2+1—027b3,...,bn, .
Ty wy HYy [2—61,2—02,63,...,6n; Y\
xlfclxlfan(nvl) a+ 2— 1 — Cn7b1 + 1-—- ClabQ, "'7bn717bn + 1-—- Cn; Xy
9 1 n A 2—0C1,C2,...,Cn_1,2 — Cp; T
cs

1702$é763HXL71) a+ 2 - Cy — 637b15b2 + 1- 027b3 + 1- 63,b4, v 7bn; Xy,
1,2 — 2,2 —C3,C4,...,Cp;

Lp—1

Cly. .- 7cn—272 - Cn—172 — Cn;

1—cn—1 1fan("71) [ a+2—cp1—Cpybr,. . bp2,bp 1+ 1 —cpo1,bp + 1 —cp;
Ty A

o]
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_ +n—-c—...—¢p,b1+1—c1,...,0,+1—cp;
1: l1—c1 o 1 CnH(n’l) a Ty ) »Un X
{xl Tn A 2—c1,...,2—cp; YL
n!
where C¥ = — " are binomial coefficients.
k:'( —k)!
When none of the numbers c¢i, ¢, ..., ¢, is equal to a negative integer, we obtain the general

solution of system (19) by multiplying these 2" partial solutions by arbitrary constants and then
taking their sum.

It is easy to see that in the first group there is one solution (C’g = 1), in the second group there
are C! = n solutions, the third group consists of C2 = n(n — 1)/2 solutions, etc. So the system of
hypergeometric equations (19) really has 2" solutions.

However, within each group, the functions included in this group are symmetrical with respect to
the numerical parameters. Therefore, for further purposes, it is enough to select one solution from each
group, or more precisely, the solution that comes first in each group. So n + 1 linearly independent
solutions to the system of equations (19) will be identified by the formulas

bi,...,b
wo(x;y) = CoHYY [ o " x; y] (20)
Cly---5Cnj
ch' nl a—i—i—‘Ci‘,bl+1—Cl,...,bi—l—l—ci,bi+1,...,bn; )
C Hl‘ |: 2—61, ey 2—01‘, Ci+1y--+5Cn; Y| (21)
where Cy, ... ,C, are arbitrary constants; |¢;| :=c1 + ...+ ¢;, i =1,n.

Using the derivation formula (12), it is easy to verify that the functions defined in (20) and (21)
really satisfy to the system of partial differential equations (19).

8 Particular solutions

Consider the multidimensional ultrahyperbolic equation

2 .
ngnp 7) 8u+ﬂ% FAu=0, p=T,n=T1, n>2 (22)
8~ Zj 81']'

in the n-dimensional cone

Q:{(xl,...,a;n):x%+...+x§>x§+1+...+xi, =1,n-1; 2, >0, j=1,n},
where a; are constants (0 < 2a;; <1, j =1,n); A is a real number;

1, if z >0,
sgn(z) =13 1", 2o

Let z := (x1,...,2,) be any point and £ := (&1,...,&,) be any fixed point of Q. We search for a
solution of equation (22) as follows:

u(z; &) = P(r)w(op,mp), p=1,n—1, (23)
where
98 4 N2
P(r)=r,"", B= 5 —1—2%, (24)
i=1

Mathematics Series. No.2(118)/2025 21



7.0. Arzikulov, T.G. Ergashev

w is an unknown function, depending on n + 1 variables

4a;€;

2
p

) j = 17”7 (25)

op = (Op1,0p2, -+, Opn) , Opj = —sgn(p — )

1 - .
=V T2:ZSgnP_k)(f’5k_§k)2a p=Tn—1L

First, we calculate the derivatives of u (z;&) with respect to the variables z1,. .., xy:
ou w+P 8w Bok dw On
895] (%sj 8ak ox; 877 81:]
0? " 0%w [0 - - Pw 0 Pw 0 0
o) e (£ 2 )
3:cj — Oz = S0 o000y O Gokan dz; | dx;

OP 0oy, %0y, \ Ow OP 0On 0’1\ Ow 0’P
(2&% oz; * 02 ) don (23% ou; T a2 ) oy | T az”

Now substituting product (23) into equation (22), we obtain

ZAk@ 2+An+102+z Z aakﬁal
k=11=k-+1 (26)

Ow
+Z k:n-f—la a +ZDk +Dn+1(9 + Ew =0,

k=1

where

do an \?
Ak—Pngnp 7) <6wk> y Apgp1 = Pngnp ) < 77) )
j

j=1
doy, Doy doy, On
B =20 Sy D B =20 Loty 5
j=1 j=1
n
62@ oP 80’k Oé'@O’k
Dy = )| P +2— 2P =
k Z::sgn(p 7) < 527 T2 T o |
0%n 0P 0On a; On
2—— +2P-21 1L
Dn1 = ngnp 7) ( ox 2+ 8m]8xj+ z; Ox; |’
9’P  2a; OP
E= —L— | +AP.
ngnp J) (83: + % 8$j>—|—
Let us calculate the derivatives appearing in these coefficients:
oo _ 46, | 2 (e — &) e
orn —sgn(p — k) < + 2 k) k=1n; (27)
dop, £ 2(z =& . .
9, = senlp _])(Jrzj)ak, J#k, g k=1n; (28)
J
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%oy, 48k 6 8 (1, — &)°

R e e R (29)

%0}, 2 8 (z; — &)* . .

81'32 = _Sgn(p - ])ﬁak + %O—kv J 7é k, s k=1,n; (30)
on A . Pn A ) )

92, >seup —j) (x; = &), =] = gsenlp—j), j=1m (31)
oP g . )

o =28 s =) (15— &), G=Tm (32)
Lj

&P —98-2 (z; fg) 1 , ,

Taking into account (27)—(33), the coefficients of equation (26) take the form

A2
4= -0 (1), B = LD S X e, k=T (3)
T T ’I” Tk
4P N
By = gr) <£k £l> opo, k<l, k,Jl=1,mn; A,t1 = —AP(r)n, (35)
r Tk x]
4P(r
_ 4 P
Dyt = — \P(r)3, E 5 Z S, o + AP(r (37)
Substituting coefficients (34)7(37) into equation (26) and grouping similar terms, we obtain
( 0w - 9w 0w Ow
i(1=0y) 7= —0o; i——— ton— + 205 — i+ 1) o] —
oi ( 0)803 J;#U]@Uiﬁaj+0n@ an + [20; — (B + i + )U]aai
w .
—Qy Z 0]8 + 1778 ﬁa’b - 7 1= 17”7 (38)
J 1,570
—B) = 0.
\ nan ; Ja a B) ?7 +CU

Thus, the multidimensional ultrahyperbolic equation (22) equivalently reduced to system (38).
Comparing system (38) with system (19) and, by virtue of (23), (20) and (21), we obtain particular
solutions of equation (22):

qpo (ﬂ? g) p() 7‘726H(n 1 |: Bvalv ey Olpg O'p;np:| ’ (39)

201, ..., 20

J
—2B-2j+4a1+...+4 1-2
apj (3€) = Cpj1p P Y H (wk&) " %

k=1
+j—201 —... 20,1 —aqg,..., 1 —aj,ajt1,...,0;
Hnl ﬁ VR ’ ) YRRl ) ’ I 4
% 2201, ..., 2—205, 20j4i1,...,20m; T 1p| (40)
where Cyy, ... ,Cpy are arbitrary constants; §, o, and 7, are defined in (25); j=1,n, p=1,n— 1.
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4 Some properties of particular solutions

It can be shown directly that the particular solutions gp; (x;&) defined in (39) and (40) satisfy
equation (22) with respect to the variables x, but these functions with respect to the same variables
do not satisfy the adjoint equation

0*u 0 (205u
ngnp J) (83: 8%( z; )>+/\u0, x € (. (41)

Let’s introduce some notations for brevity

n

n
200 ~ a 2 .
22%) ::Hxial, a: H ;" j=1,n.
i=1

i= ]_,7,75]

Lemma 1. If gy, (; €) are particular solutions to equation (22) with respect to the variables x, then
the following functions

Gph (2;€) = 2PN gpp (2:) (42)
are satisfied equation (22) with respect to the variables £ and adjoint equation (41) with respect to
the variables z, where k = 0,n, p=1,n — 1.

Proof. From the definition of variables &, and n, (see eq. (25)) it follows that each particular solution
qpk: (x;€) defined in (39) and (40) is symmetric with respect to the variables  and . Therefore, the
arbitrary solution of equation (22) with respect to the variables x is simultaneously the solution of the
same equation with respect to the variables £ and vice versa.

Now, assuming that the function g, (x;§) satisfies equation L (gpr) = 0, we substitute the function
Gpk: (x; €) defined in (42) into the adjoint equation L* (Gyi) = 0. First, we calculate the necessary partial
derivatives

0o _ 0 (g0 = 20,2027 i+ 220 Ok

aquk’ ~(2a) 20— (2a) 200 —1 8qpk 2 02qpk

Ga? 20320y D&y o+ oy Vg T G 4 0 da?
0 ([ 20qpk _(2a) 2a;-— £20) 20;-1 Ogpi
Iz < v ) 205 (205 — 1) @75 "y + 20455 "y Oz

and substitute them into adjoint equation (41):
L* (dpk) = x(Qa)L (ka) =0.
The last double relation completes the proof of Lemma 1.

Therefore, the following functions

2 | By, ..., 0y
Gpo (23€) = Cyo 251-[ o5 py(m1) [ S fp,np], (43)
o
gpr: (2;€) = pkr—w 2k+4dan+.. +4akH Q; H ;&5 1 205 o
j=1 j=1
1) | B+k—200 —...—2ap,1 —a1,...,1 — o, 0pq1,-- -, Qn; o
x Hy 2—-201, ..., 2—=20k, 20k41,...,200; Ep3p | 5 (44)

are also partial solutions to equation (22).
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Theorem 3. If 0 < 2c; < 1, then the particular solutions gy (z;€) defined in (43) and (44) have a

1
singularity of the order —— at r, — 0, where k =0,n, j=1n, p=1,n—1
Tp
Proof. We consider the first particular solution gy (x;&), defined in (43), the singularity of the
remaining solutions is proved in a similar way.
By virtue of an equality 25 = n — 2 4 2«, where o := ag + ... + a, (see eq. (24)), we can rewrite

the particular solution g, (x;€) in the form

@0 (2:6) = o (2,€).

Tp
where
QOZCO@ 1) | Brar,...,an;  4m& A8y drpiibpi 4x,&n }/\Tg C45)
p p T.ga A 2&1,...,204n; TIQJ ) ’ T}% ) Tg 5 5 T% ’4 p

Now we show that gy (z,&) is bounded at 7, — 0. On the right side (45) we make a replacement
z; — & =etj (j =1,n), where t := (1,...,t,) are new variables and £ > 0, then

(2a) ~—2a . 1
q‘po (aﬁ,f—&?t) :Cpox € H(nal) ﬁ?alv"'van’ 1_ 21(8) ’1_ Zn<€) )\€2T2:| ;

Tp20< A 2001, ..., 200, g2 2 74 p
where
T?e% + sgn(p — j) - 4x; (x5 — €t;) Ld . ,
zj(e) = 2 = , TP =) senlp—i)t;, j=Tn
D =1

Using limit correlation (15), we have

I'(B-a) ¢ (2
o LB )Hr( )

o (7:€ = 1) = G0 o) LT )

B

Thus the function gy (x; ) is bounded, hence the function g, (x; ) has the singularity of the order

ﬁatrp—)().

Tp
Conclusion

In conclusion, we note that particular solutions satisfying the singular elliptic and ultrahyperbolic
equations (2) and (3) (respectively, equations (4) and (22)) are always expressed in terms of the
Lauricella function Ff(ln) (respectively, the confluent hypergeometric function Hff’l)), the variables of
which differ from each other only in signs, depending on the equation under consideration.

During the study, it became clear that solutions to second-order equations are expressed in terms of
second-order hypergeometric functions, i.e. the order of the equation under consideration is equal to the
order of the hypergeometric function through which particular (fundamental) solutions are expressed.
This circumstance must be taken into account when constructing partial solutions of singular equations
when their order exceeds two. For example, knowing that in [3] all 8 self-similar solutions to the
equation

Lu = 2™y — t*y ™ ugpe — tkm”uyyy =0, m,n,k = const >0
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in the domain D; = {(z,y,t) : * >0, y >0, t > 0} are written by third-order hypergeometric Kampé
de Fériet function in two variables, we can guess that particular solutions of the equation

i ou = oPu
JJEAE ——t I =" oo =0, 1>0, m; >0, j=Tn
j=1 =1 \j=1,j#k k
in the domain Dy = {(x,t) : 1 > 0,..., 2, > 0, t > 0} are expressed through some confluent

hypergeometric function of n variables with the order p.
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