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A trigonometric spline based computational technique is suggested for the numerical solution of layer
behavior differential-difference equations with a fixed large delay. The continuity of the first order derivative
of the trigonometric spline at the interior mesh point is used to develop the system of difference equations.
With the help of singular perturbation theory, a fitting parameter is inserted into the difference scheme
to minimize the error in the solution. The method is examined for convergence. We have also discussed
the impact of shift or delay on the boundary layer. The maximum absolute errors in comparison to other
approaches in the literature are tallied, and layer behavior is displayed in graphs, to demonstrate the
feasibility of the suggested numerical method.
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Introduction

Delay differential equations (DDEs) are frequently encountered in a wide range of application
disciplines and are also explained in technological components like control circuits. DDEs are widely
occurred in various branches of physiological control systems [1], models of red blood cell system [2],
pupil light reflex behaviour [3], hybrid optically bistable devices with delayed feedback [4]| and the
navigational control of ships and aircraft and in more general control problems [5|. Time delays are
virtually always present in systems with feedback controls. These happen because detecting information
and responding to it both take time. If the argument for the delay does not appear in the highest order
term, the DDE is of the retarded type. Delay differential equations of the retarded type are obtained
by restricting the class in which the highest order derivative term is multiplied by a small parameter.
Bender and Orszag [6], O’Malley [7], Doolan and Miller [8], Miller et al. [9], Roos et al. [10] have
written books detailing several approaches to addressing singularly perturbed problems (SPPs). Driver
[11], Bellman and Cooke [12], provided books that explained differential-difference equations. In [13],
the researchers elucidated analysis of a class of singularly perturbed differential-difference equations
[SPDDEs]|. In [14], problems with solutions having a layer structure at one or both of the boundaries are
addressed. The layer can alter its nature and possibly be destroyed when the shifts rise but stay small,
as demonstrated by the study of the layer equations using Laplace transforms. The same researchers
handle two situations in [15]. The first is concerned with the magnitude of the shifts that affect the
solution, while the second is concerned with the SPDE’s oscillatory solutions. Kadalbajoo and Sharma
[16], provided a numerical procedure for solving SPDE with larger or smaller delay argument. To handle
the delay term, a mesh is generated so that the delay term falls on nodal points. Kadalbajoo et al. [17],
utilize Shishkin mesh to derive the fitted mesh approach to solve singularly perturbed general DDEs.
Gabil and Erkan [18], devised a fitted difference scheme for convection-diffusion problems by employing
exponential basis functions, integral identities and interpolating quadrature procedures. The authors
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in [19], suggested adaptive grid methods for the solutions to problems with boundary or interior layers.
A grid with equidistributing arc-length monitor function is constructed to solve the problem. In [20], a
first-order uniform convergence fitted difference approach is built in the discrete maximum norm. Ravi
Kanth and Murali [21], devised a numerical scheme for solving nonlinear SPDE. The Quasilinearization
technique is implemented on the nonlinear SPDE to get a sequence of linear SPDEs. A fitted spline
method is implemented for the solution of these problems. In [22], it is established that the family of
periodic boundary value issues for the system of ordinary differential equations with delayed argument
and the periodic boundary value problem for the system of hyperbolic equations with delayed argument
are related. The construction and convergence of algorithms for solving the comparable problem are
demonstrated. The author of [23] investigated a boundary value problem with the Sturm-Liouville type
conditions using Green’s function method for a linear ordinary differential equation of fractional order
with delay. In [24], authors proposed a scheme for the solution of a differential equation with delay and
advanced parameters having an interior layer behaviour using a non-standard finite difference method.

1 Statement of problem
Consider the following SPDDE with a fixed delay
") +p ()2 (0) +q ()2 (¥ —1) = f(9), ¥ €[0,2] (1)

subject to the boundary constraints

z(2) = 4, (2)

where, 0 <e< 1 and p(¥) > a > 0, 0 < ¢(9) < Oand f (¥) are smooth functions on [0, 2], ¢ () is
smooth functions on [—1,0] and f is given constant. The solution of Eq. (1) with Eq. (2) reveals a
boundary layer at ¥ = 2 with the small values of ¢.

2 Numerical method using a trigonometric spline

The domain of the integration [0, 2] is partitioned into L equal sub intervals with mesh length
h = %, so that ¥; = ih, i = 0,1, 2,..., L are the nodes with 0 =3¢, 2 = ¥ . Let z(9) be the
exact solution and ¥J; be an approximation to z(%¢;) by the trigonometric spline S;(¢}) passing through
the points (9;, z;) and (9541, zi+1). Here S;(¥) satisfies the conditions of interpolation at ¥; and ;41
and also the first order derivative continuity at the common nodes (9;, 2;) is satisfied. For each it

subinterval, the trigonometric spline function S;(¢) has the form
51(19) = a; +b; (19 — 19¢)+cisin7'(19 — 291')—|-di6087' (19 — ’191) ,t=20,1,..., L — 1. (3)

Here a;, b;, ¢; and d; are constants and 7 is a free parameter.

The trigonometric spline S;(9) of class C2[0, 2] interpolating z () at the points ¥;, i = 0, 1,..., L
depends on 7 and deduces to cubic spline in [0, 2] as 7 — 0. The following are defined to obtain an
expression for the coefficients of Eq. (3) in terms of z;, zj+1, ©¥; and ¥4

1

Si (03) = zi,  Si(Vig1) = zit1, S;/ (05) =i, S; (Vig1) = Yiga.

Using these conditions, the following expressions are obtained:

i by = Zi—zz‘+1+¢i+1—¢z‘,

ai:zi_‘_ﬁ’ - h 70
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i and di =
where 0 = Th, for i = 0,1,..., L — 1. Using the continuity of the first order derivative at (¢;, z;), that
is S;+1 (9;) = S (9;), we get the following relation for i =1,2,...,L — 1.

(2

Zio1— 22 + zi11
athi iy + 2B +onp_ = = h; = (4)

where
B -1 1 B 1 cosb

a_ﬁ—i_ﬁsmﬂ and 6_@_ fsinb’
=2 (9;),j=i+1,i.

At the mesh point ¥}, the suggested approach can be discretized by the convection-diffusion equation
(1) as
1
b=~ (f W) = p(d)

3

’

(9) = q (9) 2 (9 = 1)) for j = i % 1,3 (5)
using Eq. (5), Eq. (4) can be represented as

a

- (f (9i41) =P (Vit1) 2 (Vi1) —q (Diz1) 2 (192'+1—1)> +

£

+¥ (f(ﬁz') —p (%) 2 (%) —q () = (ﬂi_l)) n

+

™R

<f (9i1) —p (9_1)7 (9j_1) —q(9i_1) 2 (192,71_1)> _ <Zi—1 - QhZ; + Z¢+1> |

!

el (f (it1) =p (Vit1) 2 (tit1) —q (Piy1) 2 (19i+1—1)> +

+28 (£ (9) —p (9,) 2

!

(¥) —a (9:) 2 (9,=1)) +

/

+a (f (Vi—1) —p (Vi—1) 2

Using the finite differences

/ zi—1—42i—32i11 / Zif1—Zi-1
z (Viy1) = < on a ), z (V) = <+2h>’

/ zir1—4z;—3zi_
: (ﬂi_l):< o 1)'

(¥i—1) —q (Viz1) 2 (?9z‘—1—1)> = % (zic1 — 22 + zi41) - (6)

Eq. (6) is reduced to

zi—1—42i—3zi11

a (f(ﬁiﬂ) =P (Vit1) ( oh ) —q (Pi1) 2 (19z‘+1—1)) +

+25 (100 -p () () —a ) 2 00-)) +

Zit+1 —421—32171

+a (f(ﬂil) —p (¥i-1) ( o ) —q(9i-1) 2 (191.1_1)> _

&
=72 (2zi—1—22i+2i41) ,
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e Bai @ -2 2«
(h2 - + (ﬁ (i1 — 3P¢1)>> Zi-1+ (h2 T (Pit1 pil)) Zit

e a; (e%
+ <hQ + Bh + o (3pit1 — pil)) Zig1 = af(¥i—1) — aq(¥i—1)z(Pi—1—1)+

+28f(0i) — 28q(¥:)2(Vi—1) + af (Viy1) — aq (Vit1) 2 (Fir1—-1) . (7)

To reduce the error value in the solution over the domain ;= (0, 1), we insert a fitting parameter
o (p) in the above numerical scheme Eq. (7) for the equation

"

eo(p)z (9) +p()z (9)+q@)z(0—1)=f(9).
h

The value of the fitting parameter is o (p) = p (o + 3) coth (25%) , where p = 2.
The scheme Eq. (7) with a fitting factor can be written as

Fizi 1+ Fizi + Gijzi_1 — H; =0 fori=1,2,...,L—1, (8)

where 8
o€ a; o
E; = (h? -5t <ﬁ (Pig1 — 31%‘—1))) ;
-2 2
F; = < h;jg - fa (Pit+1 —Pi—1)> )
G; = (:; + B;Lli + % (3pis1 —pi—1)>
and
Hi =a(f (Vi-1) — ¢ (i-1) pi-1) + 28(f (0:) — ¢ (%) i) + a (f (Yi1) — q (Vit1) pit1) ,

here

pir1=2Wit1—1), pi=20;—1), pi-1 =2z (-1 —1) in[0,1].
Now, to find the solution in Q9= (1, 2), we consider the finite difference scheme Eq. (7) with fitting
factor o (p) in the equation

1"

eo(p)z () +p @)z (9)+q@)z(0—-1)=f ().
Here the value of o (p) is o (p) = p (o + f3) coth (22) , where p = 2

E-

Then, the scheme Eq. (7) with a fitting factor can be written as
Eizi 1+ Fizi+Gizip1— H; =0 fori=L, L+1,...,2L -1, (9)

where 8
oe a; o
E; = <h2 - + (% (pit1 — 3]02—1))) ;
—20e 2«
F; = <h2 - (Pit+1 _pi1)> ;
Gie (524 8% L @ g )
T h2 h oh Di+1 Di—1
and

Hi=a(f(Wi-1) —q(Wi-1) 2 (i1 — L)) + a (f (Vi+1) —a(Pir1) 2 (Jip1 — L)) +
+26(f (9:) —a(¥y) z (9 — L)).
To solve the system of equations Eq. (8) and Eq.(9), the condition z(L) is required. To get the

value of z(L), we utilize the reduced problem of Eq. (1) by setting ¢ = 0 and Runge-Kutta 4*" order
method is used to solve the reduced differential equation.
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3 Local error estimate

The local error estimate for the numerical scheme of Eq. (8) is

700 = 2o+ 26 - e + ((a= ) estt = (24 8) il w008 (0

Hence, with a = % and o+ 5 = % , the truncation error is fourth order.

4 Convergence analysis

Considering the matrix version of Eq. (8) with the boundary conditions, we have

(A+P)Z+Q+T(h)=0, (11)
where
[ —2e0  eo 0o 0 .. 0
eo —2e0 €0 .. .. 0
. 0 .. e 0
| 0 eoc —2¢e0
and
mi kl 0 0 ... 0 1
lo mo ko 0 ... 0
0 { ms ks ... 0
P = [li,mi,ki] = 3 3 5 9
. 0 0 lp—1 mp—1 |
where
h 2
l; = 5 (=3api—1 — 2Bpi + apiq1) + h agi—19i-1,
h 2
mi =5 (4api—1 — apiy1) + 2h°Baipi,
h 9 .
ki = 5 (—api—1 +2Bp; + 3apiy1) + hagiy1pir, for 1 <i <L -1
and
Q = [Tl + (E(T + kl) $0,72,73, ., "TL—2,TL—1 + (EU =+ k‘lL—l)’Y]T )
where

qi = h2 [Oék‘i+1 + 28k; + Oé/{?ifl] , 1<i<L-—-1,

T (h) =0 (h*)and Z = [Zy, Zo, . . ., Zr T T (h) =T, Tas ..., To1]', O =10,0,...,0]  are associated
vectors of Eq. (11).
Let n = [n1,ng, ...,nL_l]T = 7 satisfy the equation

(A+P)n+Q =0. (12)
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Let e; =n; — Z;, i =1,2..., L — 1 be the discretized error E = [eq, e, ...,eL,l]T =n—Z.
Using Eq. (12) and Eq. (11), we get the error equation as

(A+P)E =T(h). (13)
Let [p(s)] < Dy and |q (s)] < Dy, where Dy, Dj are positive constants. Let (i, /)™ element of the
matrix (A + P) be (; j then
(Giir1] < () + h(a+ B)D1 + h*(agiy1pit1 + 28aipi), 1 <i <L -2,
(Giim1| < () + h(a+ B)D1 + h*(agi10i1 + 2Bqipi), 1<i<L—1.
Hence, for small values of h, we have
‘sz+1! <eo, 1<i<L-2

and
|Ci,i—1’ <eo, 2<i<L-—1.
Hence (A + P) is irreducible [25].
Let S; be the i*" row elements sum, of the matrix (A 4 P), then we have
Si = =& + h(a + B)pi + h*(agi1piv1 + 2Bgipi) for i =1,
Si = h? (agi1pi1 + 2B¢ii + aginipiy1) for i=2,3,..., L -2,
Si = —& — h(a+ B)pi + h*(agi—1pi—1 + 2Bqipi) for i=L—1.

Let D1« = [p(s)| and D} =|p(s)|, D2+ = |q(s)| and D3 =|q(s)|. Since 0 < ¢ < 1, and € x O (h)

it is verified that for sufficiently small h. (A + P) is monotone [25,26]. Hence (A + P) ™' exists and
(A+ P)~" > 0. Thus using Eq. (13), we have

1BN < [[ca+ Py - (14)
Let (A + P); ! be the (i, k)" element of (A 4+ P)~" and define
1y L-1 .
H(A+P) = max »  _ (A+ P)i and [ T(h)] = (Joax | [T(R)]
Since
(A+P);, Oandz A+PZ,€, Sp=1 for 1 <i<L-1, (15)

we have ) )
A+ P)7E < . i=1, 16
(A+ )”k max S; < h2Do ! (16)
1<i<L—1

1 1
A+ P <= < ——
( + )Z,k’ SZ < h2D27

i=L-1. (17)

Further . ) )

-1 .

< <1< L —

> (AP < —— 5 < wDy for 2<i<L—2. (18)
2<i<L—2

From Eq. (10), Eq. (14) and using of Egs. (15)-(18) we get
1Bl <0 ().

Second-order convergence of the proposed scheme is thus observed in the first half of the interval.
Similarly, we can demonstrate that the scheme exhibits second-order convergence in the second half of
the interval by using Eq. (9).
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5 Numerical examples

Three examples are used to demonstrate the proposed scheme. The maximum absolute errors
(MAEs) in the solution are computed using the double mesh principle [4].
Utilizing the following formula

L
RL lOg KZEL

log2

the numerical convergence for each case has been determined.
Ezample 1. ez (9) — 32" (9) 4+ 2(9 —1) =0, with 2 (¥) = 1; =1 <9 <0, 2(2) =2.

Ezample 2. ez (9) — 22 (9) + 529 —1) =0, with z(9) = 1; =1 <9 <0, 2(2) = 2.

" ! — < v <
Ezample 3. ez (9) — 5z (79)_,_%2(19_1):{ 1,0<9 <1

6 Discussions and conclusion

To solve a SPDE with a fixed large delay, a trigonometric spline-based numerical technique is
proposed. The strategy is designed by utilizing the continuity of the first order derivative of the
spline. The convergence of the method is investigated, and it reached second order convergence. Three
examples of the scheme with the right end boundary layer are provided. The maximum absolute errors
(MAEs) in the solutions are tabulated in Tables 1, 2 and 3 in comparison to the method given in [27].
The rate of convergence in the solutions is also computed. The layer structure is depicted in Figures
1, 2 and 3. In the illustration, it can be seen that the width of the right end layer similarly reduces as
the perturbation value does.

200 Bulletin of the Karaganda University



A Novel Numerical Scheme for ...

7 Tables and Figures

Table 1
MAEs in Example 1
5\1/ L N 27 28 29 210 211 212
suggested method

2% 9.5547e-06  2.3939e-06  5.9883e-07  1.4975e-07  3.7573e-08  9.7531e-09
1.9968 1.9991 1.9996 1.9948 1.9458

26 1.9455e-05  4.9061e-06  1.2292e-06  3.0749e-07  7.6942¢-08  1.9565e-08
1.9458 1.9875 1.9969 1.9987 1.9755

277 3.8180e-05 9.8729e-06  2.4898e-06  6.2383e-07  1.5608e-07  3.9153e-08
1.9513 1.9874 1.9968 1.9989 1.9951

28 6.8209e-05  1.9242¢-05 4.9774e-06  1.2552e-06  3.1452e-07  7.8749e-08
1.8257 1.9508 1.9875 1.9967 1.9978

279 9.7588e-05  3.4253e-05  9.6682e-06  2.5001e-06  6.3049e-07  1.5801e-07
1.5105 1.8249 1.9513 1.9874 1.9965

210 1.0755e-04  4.8915e-05 1.7177e-05 4.8460e-06 1.2532¢-06  3.1606e-07
1.1367 1.5098 1.8256 1.9512 1.9873

2~ 1.0808¢-04  5.3879e-05  2.4506e-05 8.6011e-06  2.4264e-06  6.2744e-07
1.0043 1.1366 1.5105 1.8257 1.9513

9-12 1.0808e-04  5.4147e-05  2.6966e-05 1.2265e-05  4.3037e-06  1.2141e-06
0.9971 1.0057 1.1366 1.5109 1.8257

2718 1.0808e-04 5.4147e-05 2.7100e-05 1.3490e-05 6.1354e-06  2.1526e-06
0.9971 0.9986 1.0064 1.1367 1.5111

Results in [27]

275 3.8774(-5)  9.6108(-6)  2.3975(-6)  5.9904(-7)  1.4972(-7)  3.7294(-8)

26 8.2126(-5)  1.9910(-5)  4.9349(-6)  1.2310(-6)  3.0757(-7)  7.6825(-8)

277 1.8429(-4)  4.1727(-5)  1.0104(-5)  2.5044(-6)  6.2472(-7)  1.5606(-7)

278 4.5000(-4)  9.2878(-5)  2.1029(-5)  5.0938(-6)  1.2626(-6)  3.1493(-7)

279 1.0778(-3)  2.2589(-4)  4.6641(-5)  1.0566(-5)  2.5585(-6)  6.3417(-7)

2-10 2.3688(-3)  5.4102(-4)  1.1321(-4) 2.3389(-5)  5.2961(-6)  1.2825(-6)

2~ 11 4.9529(-3)  1.1891(-3)  2.7104(-4)  5.6715(-5)  1.1712(-5)  2.6518(-6)

2712 1.0121(-2)  2.4862(-3) 5.9570(-4) 1.3565(-4)  2.8385(-5)  5.8601(-6)

2~ 13 2.0458(-2)  5.0805(-3)  1.2455(-3)  2.9814(-4)  6.7859(-5)  1.4200(-5)
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Table 2
MAESs in Example 2
el L— o7 98 29 910 ol1 912
suggested method

275 3.5024e-04  8.7651e-05 2.1918e-05 5.4801e-06 1.3706e-06  3.4554¢-07
1.9985 1.9997 1.9998 1.9994 1.9880

276 7.2423e-04  1.8177e-04 4.5489e-05 1.1375e-05 2.8445e-06  7.1278e-07
1.9943 1.9944 1.9986 1.9996 1.9996

277 1.4561e-03  3.6979e-04  9.2808e¢-05 2.3225¢-05 5.8078¢-06  1.4533e-06
1.9773 1.9944 1.9986 1.9996 1.9987

278 2.7805¢-03  7.3682¢-04 1.8705¢-04 4.6948¢-05 1.1749¢-05  2.9382¢-06
1.9160 1.9778 1.9943 1.9985 1.9995

279 4.6105e-03  1.3988e-03  3.7082e-04 9.4139e-05 2.3626e-05  5.9127e-06
1.7207 1.9154 1.9779 1.9944 1.9985

2710 5.8590e-03  2.3143e-03  7.0214e-04 1.8607e-04 4.7237¢-05  1.1855e-05
1.3401 1.7207 1.9159 1.9779 1.9944

21! 6.0756e-03  2.9352e-03  1.1594e-03  3.5176e-04  9.3215¢-05  2.36604e-05
1.0496 1.3401 1.7207 1.9160 1.9779

2712 6.0797e-03  3.0438¢-03 1.4691e-03  5.8029e-04 1.7606e-04  4.6657e-05
0.9981 1.0509 1.3401 1.7207 1.9159

2718 6.05797e-03  3.0458e-03  1.5234e-03  7.3489¢-04 2.9031e-04  8.8084e-05
0.9920 0.9953 1.0517 1.3399 1.7206

Results in [27]

27" 1.4101(-3)  3.5121(-4)  8.7724(-5)  2.1926(-5)  5.4809(-6)  1.3713(-6)

276 2.9715(-3)  7.3183(-4)  1.8226(-4) 4.5523(-5)  1.1378(-5)  2.8438(-6)

277 6.3962(-3)  1.5166(-3) 3.7366(-4)  9.3055(-5)  2.3241(-5)  5.8086(-6)

278 1.4877(-2)  3.2366(-3)  7.6743(-4)  1.8901(-4)  4.7072(-5)  1.1757(-5)

279 3.6799(-2)  7.4974(-3) 1.6281(-3)  3.8622(-4)  9.5120(-5)  2.3688(-5)

2710 8.4871(-2)  1.8472(-2) 3.7635(-3)  8.1727(-4)  1.9379(-4)  4.7729(-5)

21 1.8184(-1)  4.2603(-2)  9.2539(-3)  1.8854(-3)  4.0944(-4)  9.7084(-5)

2712 3.7579(-1)  9.1277(-2)  2.1343(-2)  4.6315(-3)  9.4363(-4)  2.0493(-4)

2718 7.6369(-1)  1.8863(-1) 4.5728(-2)  1.0682(-2)  2.3169(-3)  4.7207(-4)
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Table 3
MAESs in Example 3
5~L L — 27 28 29 210 211 212
suggested method

275 4.7341e-05 1.3845¢-06  3.7561e-06  9.7905¢-07  2.5003e-07  6.3369¢-08
1.7737 1.8821 1.9398 1.9693 1.9803

276 7.1268e-05  2.3726e-05 6.9366e-06 1.8816e-06 4.9045e-07  1.2535e-07
1.5868 1.7742 1.8823 1.9398 1.9681

277 8.9077e-05 3.5691e-05 1.1878¢-05 3.4721e-06  9.4179e-07  2.4552¢-07
1.3195 1.5873 1.7744 1.8823 1.9396

278 0.4225¢-05 4.4593e-05  2.2312e-05  5.9429¢-06 1.7371e-06  4.7118e-07
1.0793 0.9990 1.9086 1.7745 1.8823

279 0.4324e-05 4.7161e-05  2.3593e-05  8.9346e-06 2.9725¢-06  8.6884e-07
1.0000 0.9992 1.4009 1.5877 1.7745

2710 9.4287¢-05  4.7190e-05  2.3593e-05 1.1160e-05 4.4684e-06  1.4866e-06
0.9986 0.9996 1.0800 1.3205 1.5877

21! 9.4287¢-05 4.7172¢-05  2.3602¢-05  1.1799¢-05  5.5810e-06  2.2345¢-06
0.9991 0.9996 1.0002 1.0801 1.3206

2712 9.4287e-05 4.7172e-05  2.3593e-05  1.1803e-05  5.9004e-06  2.7908e-06
0.9991 0.9996 0.9992 1.0003 1.0801

2718 9.4287e-05 4.7172e-05  2.3593e-05  1.1798e-05  5.9019¢-06  2.9504e-06
0.9991 0.9996 0.9998 0.9993 1.0003

Results in [27]

275 1.9126(-4)  6.2523(-6)  1.7063(-5)  4.3683(-6)  1.0987(-6)  2.7510(-7)

276 2.2400(-4)  9.7185(-5)  3.1769(-5)  8.6781(-6)  2.2223(-6)  5.5895(-7)

277 2.2703(-4)  1.1381(-4)  4.8981(-5)  1.6049(-5)  4.3824(-6)  1.1219(-6)

278 2.2705(-4)  1.1535(-4)  5.7355(-5)  2.4657(-5)  8.0719(-6)  2.2029(-6)

279 2.2705(-4)  1.1536(-4)  5.8131(-5)  2.8790(-5)  1.2377(-5)  4.0479(-6)

2710 2.2705(-4)  1.1536(-4)  5.8136(-5)  2.9180(-5)  1.4423(-5)  6.2006(-6)

2~ 2.2705(-4)  1.1536(-4) 5.8136(-5) 2.9182(-5)  1.4618(-5)  7.2188(-6)

2712 2.2705(-4)  1.1536(-4)  5.8136(-5) 2.9182(-5)  1.4620(-5)  7.3164(-6)

2718 2.2705(-4)  1.1536(-4)  5.8136(-5)  2.9182(-5)  1.4620(-5)  7.3171(-6)
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Figure 1. Layer profile in the solution Example 1 with ¢ = 275,2710, 2720,
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Figure 2. Layer profile in the solution Example 2 with ¢ = 275,2710, 2720,
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Figure 3. Layer profile in the solution Example 3 with ¢ = 275,2710,2720,
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BekiTisiren ken kemnriryi 6ap CUHIYJISIPJIbI aybITKbIFAH
anddepeHIaIabIK-albIPBIMABIK, TEHJIEYJIEP KJIACBIHBIH >KaHa
CaHJBIK CXeMaChl

9. Hlpunusac, K. @aneenipa
Vhusepcumemmin, 2viavim Koaredsrci, Ocmarus yrusepcumemsi, Xatidapabad, Yrndicman

TpuroHoMeTpusiIbIK, CIJIAfHFa HEri3eJIreH ecenTey 91ici OekiTiireH Kem Kerriryi 6ap KabaTTbiH dpeKeTi
yirie auddepeHnnaaabK-aibIPBIMIBIK, TEHAEYIEPIl CAHIABIK, eIy VIIiH YChIHBLIFaH. AWBIPBIMIBIK, TEH-
Jeyaep Kyi#eciH Kypy VIIMH TOP/BIH iMKi HYKTECIHJEri TPUTOHOMETPHUSIBIK, CILUIARHHBIH OipiHIm perTi
TYBIHABICBIHBIH, y3iaiccizairi Kommanbuiaasl. CUHTYISAPIIBI ayBITKBIFAH TEOPUSICHIH KOJIAHA OTHIPBIIN, IIIe-
miMeri KaTeHi asaiiTy VIMiH afbIPBIMIBIK, CXEMaChIHA COWKECTEHIIIPETiH mapaMerp eHrisijemi. Oic Ku-
HaKTBUIBIKKA Tekcepinred. COHBIMEH KaTap IMeKapaJiblK KabaTKa BIFBICY HEMeCe KeIlry dcepi KapacTbhi-
pBLIABL. OmaebuerTepe KeaTipiaren 6acka ToCIaIepMeH CabICTBIPFAaHIa MaKCUMAJIAbl abCOTIOTTI KaTeaep
ecernTesie/ll >KoHe YChIHBLIFaH CaHJIBbIK, 9/IICTIH, OPBIHABIIBIFBIH KOPCETY VIIiH KabaTTapablH e3repyi rpaduk-
TepJie KOPCEeTLI .

Kiam cosdep: CHHTYSPIIBI aybITKBIFAH 1 dEPEHITNAIIBIK-ANBIPBIMIBIK, TEHJEY, KEIIiry, TPUTOHOMETPHsI-
JIBIK, CIJIAiH, COMKECTEH/IIPEeTIH HapaMeTp.
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HoBast unciieHHasi cxeMa JJisi KJacCca CUHTYJISPHO BO3MYIIIEHHBIX
anddepeHImaIbHO-PA3HOCTHBIX YPaBHEeHN ¢ (PUKCUPOBAHHBIM
OOJBIIUM 3ama3/IbIBAHNEM

9. Hlpunusac, K. @aneenipa
Vhusepcumemcexuti xKoanredorc nayku; Ynusepcumem Ocmaruu, Xatidapabad, Hnous

IIpenmozken BBIMUCIUTETBHBIN METOM, HA OCHOBE TPUTOHOMETPHUYECKOTrO CILIANHA IS IUCJCHHOTO pellre-
HusA uddepeHnnaabHO-PA3HOCTHBIX YPABHEHUI ITIOBEJIEHUS CJI0s1 ¢ (DUKCHPOBAHHON OOIBIION 3aJePKKOIL.
st mocTpoeHns CUCTEMbI PA3HOCTHBIX YPABHEHUM HMCHOJIB3YETCS HEIMPEPBIBHOCTH IIPOU3BOJIHON IIEPBOIO
MOPSIKA TPUTOHOMETPUIECKOTO CILIAifHAa BO BHYyTpPeHHeH Touke ceTKH. C MOMOIIBIO TEOPUU CHHTYJISIPHBIX
BO3MYIIEHUI B PA3HOCTHYIO CXeMY BBOJUTCS IIOJAIOHOYHBIN ITapaMeTp, ITO3BOJIAIONINNH MUHUMHU3UPOBATH
omubKy B perneHun. MeToji MpoBepeH Ha CXOAUMOCTb. MBI TakkKe pacCMOTPENH BJIMSTHUE CIABUTA WJIH 3a-
JEePKKM Ha MOrpaHndHbli ci1oil. [loncuanTansl MakcuMaIbHbIE aDCOTIOTHBIE TOTPEITHOCTH IO CPABHEHUIO C
JPYTUMH IIOAXOJAaMHU, OIMCAHHBIMH B JINTEPATYPE, & IIOBEJEHNE CJIOEB OTOOPAaXKeHO Ha rpadurax, 4ToObI
IIPOJIEMOHCTPUPOBATH OCYIIECTBUMOCTD MPEII0KEHHOTO YUCIEHHOTO METO/IA.

Karoueswie cao6a: CHHTYJISIDHO BO3MyIleHHOE nuddepeHnuaabHo-pa3HoCTHOe yPaBHEHNE, 3ala3/bIBAHNe,
TPUIOHOMETPUYECKUN CIIAH, IIOJAIOHOYHBIN ITapaMeTp.
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