Bulletin of the Karaganda University. Mathematics series, No. 1(113), 2024, pp. 162-173

https://doi.org/10.31489,/2024M1/162-173 Research article

The first boundary value problem for the fractional diffusion equation
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This article addresses the problems observed in branching fractal structures, where super-slow transport
processes can occur, a phenomenon described by diffusion equations with a fractional time derivative. The
characteristic feature of these processes is their extremely slow relaxation rate, where a physical quantity
changes more gradually than its first derivative. Such phenomena are sometimes categorized as processes
with “residual memory”. The study presents a solution to the first boundary problem in an angular domain
degenerating into a point at the initial moment of time for a fractional diffusion equation with the Riemann-
Liouville fractional differentiation operator with respect to time. It establishes the existence theorem of
the problem under investigation and constructs a solution representation. The need for understanding
these super-slow processes and their impact on fractal structures is identified and justified. The paper
demonstrates how these processes contribute to the broader understanding of fractional diffusion equations,
proving the theorem’s existence and formulating a solution representation.
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Introduction

The paper discusses an equation of the form:

le 2
(gta - (fﬂ) (e t) = f(a,1), (0<a<1), (1)

[

where gta is a fractional derivative of an order o with respect to the variable ¢, starting from the point
t = 0. This type of fractional differentiation is defined by the Riemann-Liouville operator:

ri L@ = ) g(e)ds, v <0,

(
%Dﬁ fm(x - é)_yg(é)d§7 0 S v < ]-a

a (v) = aD; — ) I'(l-v) a
P =D = e e g rigede, 1< <2

Fractional diffusion equations (where 0 < a < 1) have been extensively studied in recent years. This
surge in interest is due to their widespread applications in physics and modeling, as referenced in sources
[1-5]. The primary methodologies for exploring diffusion-wave equations are detailed in publications
[6-24], while monographs [25] and [26] provide a comprehensive bibliography on the subject.
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Nearly all studies related to equation (1) have focused on initial and boundary problems in both
limited and unlimited cylindrical areas. Specifically, the first boundary problem for the fractional
diffusion equation in a rectangular area was examined in [17,18]. In publication [27], the first boundary
problem for the fractional diffusion-wave equation in a non-cylindrical area was solved. However, the
area where the solution is sought does not degenerate into a point at the initial moment in time.

The aim of this study is to solve the first boundary problem for equation (1) in a domain that is
not cylindrical, but rather angular, and degenerates into a point at the initial moment in time.

In relation to the boundary value problems for the heat conduction equation with a diffusion
coefficient « set to 1:

<§t _ ;;) w(z,t) = f(z, 1),

these problems have been investigated in non-cylindrical domains by several authors [28-32]. It is
important to underline that boundary value problems for the Laplace equation in domains with evolving
boundaries are distinct from the classical ones defined in fixed cylindrical domains. The reason is that
the dimensions of the domain where the solution is sought are time-dependent, which makes these
problems unsuitable for classical variable separation and integral transformation methods.

The potential theory approach allows reformulating the boundary value problem into a Volterra
system of second kind integral equations. In such cases, if the domain’s boundary does not exist at
the initial time, then the corresponding system of integral equations can be solved by the method of
successive approximations due to the weak singularity of their kernels. In contrast, if the boundary
exists at the initial time, the integral equations of the boundary value problem might admit additional
solutions, and the implementation of the Picard method encounters certain mathematical complexities.
Similar issues occur for boundary value problems of the Dirichlet problem for the Laplace equation in
non-cylindrical domains that originate at the initial moment in time.

1 Problem Statement

To determine a regular solution for the fractional time-derivative heat equation:

[e] 2
<aata_8axz) U(l‘,t) :f(LL‘,t), (0<Oé< 1),

within the domain
D={(z,t):0<z<t0<t<o0},

that adheres to the boundary conditions:
uw(0,t) =0, wu(t,t)=0, 0<t<oo. (2)
We denote u(z,t) as a regular solution of equation (1) in domain D such that:
1Y u(z, t) € O(D)
for some v > 0. Additionally, the solution u(z,t) must be continuous within D and possess a continuous
partial derivative with respect to x, and its second-order derivative with respect to z, o Dyu(x,y), must

be continuous in the variable ¢ at fixed = inside the domain D and up to the boundary set {0 < = < t},
with u(z,t) fulfilling equation (1) at every point in D.
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2  Main Result

Definitions are introduced as follows:
« T
_ = _ M*lﬂr o . | |
B* 27 wﬁ,u(x7t)*t < /87/1/7 tﬁ)a

w(x, t) = WQ’O(.%', t)v

in which
Zk

W(=B,p52) = ) i~
kzzo T (u — Bk)

represents the Wright function, as discussed in [33].
The following statement holds true:

Theorem 1. Let the conditions be satisfied: t1=7g;(t) € C[0,T], i = 1,2, for some v > 0, and
tI=Hf(z,t) € C(D),u > 0, if f(x,t) satisfies the Holder condition with respect to the variable z.
Then the solution to problem (1)-(2) exists and can be expressed as

u(x,t) /1/}1 w(x,t—7) d7'+/¢2 T—x,t—7)dr + F(x,t), (3)

1 t T
t) = / / f(s,T)wg u(x — s,t — 7)dsdr,
2 Jo Jo

and 11 (t),¥2(t) from (3) are the solutions to the system of integral equations

here

{ 91() + [y Ua(m)e(r t =T = ~F(0,1), @
Va(t) + [y hri(T)w(t, t — 7)dr + [§ ho(T)w(T —t,t — 7)dT = —F(t,1).
From the first equation of this system (4), we obtain
/ o(rYlt, T — t)dr — F(0,1),
and substituting 1y () into the second equation of the system (4), we get [33]:
/ < / (€ )€, T — €)dE — F(0, T)> Wbt — 7)dr+ .

+/0 s (DT — 1t — 7)dr = —F (L, 1).

Substituting into the repeated integral and changing the order of integration as well as the dummy
variables ¢ and 7, from equation (5), we arrive at a special integral equation of the second kind in the
form of a Volterra equation:

- /0 K(t, 7)o (7)dr = F (L), (6)

here

t
Kt,T)= / w,o(T,§ — Twgo(t,t —&)dE —wgo(T —t,t —7), (7)
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and

F(t) = /O PO, T)wlt, 7 — t)dr — B(t,1). (8)

To perform the calculation of integral (6) having (7) and (8), it is necessary to employ.

t
[ ol = mhwsolnt - e)de.

The convolution formula is applied to the Wright function as referenced in [33|, and this is expressed
through the function wg ,(z,t):

Yy
/0 Waus (21,€) Wap (22, (4 — €)) dE = Wy (21 + T2, )

Then we obtain,

t
[ wnolr& = mhaltst - €)dg = 1€ ~ 7 =l =
" t—1

= [ wmalrmsa(t. = 7) = myin =

=wgo(t+71,t—71).
Therefore, the conclusive kernel Kg(t, 7) is determined by the following relation:

Ks(t,7) =wgo(t+7,t —7) —wgo(r —t,t — 7). (9)
The second term of kernel (9) has a weak singularity, since the following estimate is valid for it:

c(B)
(t—71)8"

wgo(r —t,t—7) < (10)

Indeed, by applying the estimate found in [26]:

jwp (@, y)| < C(B, 1, 0) || Py 0HH1,
D{o, (-u) £ NU {0}
-1, (—n) e NU{0}

taking into account that u = 0, and choosing

9:—L>—1.

1-p

This leads to the confirmation of inequality (10). Next, we aim to demonstrate the special nature of
the kernel Kg(t, 7).

Lemma. If 0 < g < 1/2, the equality holds true

t
lim/ Ks(t,7)dr = 1. (11)
0

t—0
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Proof. Initially, when t is small, these inequalities are applicable:
wpo(t,t —7) Z wgo(t + 7,6 —7) = wgo(2t,t — 7).
Using equation [33]
D(q)}twﬁ,u (:l:a y) = wﬁ,,u—’u (:Ev y)

these results in .
li bt,t — 7)dr = li bt,t) =1, b=1,2.
tim [t = r)ar = T (0.0) =1, D=1,
Therefore, considering inequality (10), we establish the validity of equality (11).

The kernel’s properties make it unsuitable for solving the corresponding integral equation through
the method of successive approximations. This limitation of the integral equation is due to the solution
domain for the problem collapsing to a single point at the start. Otherwise, if this collapse didn’t
occur, the kernel for the integral equation would possess a weak singularity, enabling the use of Picard’s
method for finding a solution [33].

3 Solution of the special integral equation (6)

To solve the integral equation mentioned in equation (6), we apply the Carleman-Vekua method.
This involves using a specific integral equation, which we refer to as the characteristic equation.

- [ Kyt atriar = o) (12)

1 t+7 (t+7)? 1 t—T1
fant) = QGf{(t—r) o (g 2o7) + e (- 4)} "

Relation (13) can be verified directly using the following formula [34; 5.2.10(2)] for (n = —2),

Z a L omr2,atsp ) V2
k:'F1+ k)2 Jx - 2 |’

here D_,,_1 (2) is the function of a parabolic cylinder.
At the same time, the kernel K1 (¢, 7) possesses a similar property as described in equation (11):
2

here

t
lim [ Ki(t,7)dr =1.

t—0 0 2

This means that the kernel difference IC1 (t,7) — Kg (t,7) = K (t,7) has a weak singularity. We will
2

employ the regularization method to solve the characteristic equation, known as the Carleman-Vekua
equation, and to do so, we will express equation (12) in a particular form:

/ICéth/)g )dr = Q /thdjg (14)

Assuming the right-hand side of this equality is temporarily known and denoting it by

- /0 K(t,7)a(7)dr
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Equation (14) can be represented in the following form:

Kajan = alt) = [ Ky (t.7)balr)dr = Q1) (15)

In [35] it is shown that the general solution of equation (15) in the weight class of functions

Viexp <Z>¢ (£) € Lo (0, 50)

has the form:

Ktpo = 9o(t) — [K%} - Q(t) = cotpo(t) (16)
and the function . . JF Vi /7
Yo(t) = %exp <_4aQ> + g erf <2a> + oa

is the general solution of the corresponding homogeneous integral equation.
The integral equation (16) is already solvable by the method of successive approximations and the
solution to the corresponding homogeneous equation will be determined by the equality:

0(t) = co[K] " [0 ()]

Similarly, as in the work [33], it is proven that function (6) is a solution to equation (1) and satisfies
conditions (2), thus proving the validity of Theorem 1.

Conclusion

It is shown that in a non-cylindrical domain that degenerates at the initial moment of time into a
point, the first boundary value problem for a fractional diffusion equation with the Riemann-Liouville
fractional differentiation operator with respect to a time variable is singular, that is, it may not have
a unique solution.
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BypbImThIK 2KOMBLIMAJIBI asgaarbl OeriekTi nuddys3us TeHaeyi YImiH
OipiHIi IeKapaJibIK, ecen

M.U. Pamazanos!, A.B. Ilexy?, M.T. Omapos!

! Koadanbanv, mamemamura uncmumymaes, Axademur E.A. Boxemos amundaen, Kapaeandvu yrusepcumemd,
Kapaeardo, Kaszaxcman;
2PFA Kabapoun-Barkap eviavimu opmarvieviioiy Koadanbaiv, Mamemamura s#cone aemomammanobpy uHCmumymal,
Hanvuux, Peceti

Maxkasia TapMakTaaran GpakTaabl KyPBLIBIMIAPIa GaliKaaaThiH MoceIe/Iep/ii KapacThIPAIbl, MYH/Ia, YAKbIT
OolibiHIa OOJIITEKTIK TYBIHABLIAPEI 0ap muddy3usaIblK TEHIEYIePMEH CHUMATTAJATHIH ©Te 0asly TpaHC-
MOPTTHIK, IIporecTep 6oJrybl MyMKiH. Ocbl mporecrep/iiy epekine Gesrici — onapipid, eTe Oasy peJsakca-
[UsT KBUTIAMIBIFBI, MYH/Ia (DU3UKAJIBIK, IIIaMa OHBIH GipiHII TYBIHIBICKIHAH Tepi 6ipTiHmen e3repeai. MyH-
Jail KyObLIbICTap Kelijle «KAJIBIK KaJbl» 0ap Iporecrep periHje Kikreseni. 3eprreyie yakbIT OGOWbIH-
ma Puman-JIuysuinb GesmiekTik nuddepennuaiay omeparopbl 6ap OeJnekTiK auddy3usaiblK TeHIeY
YIIiH OYPBIMTHIK, 0OJIBICTA, OACTANKBI yaKbIT MOMEHTIHJ/Ie HYKTere JereHeparusijianFal OipiHmi 1mekapa-
JIBIK, ecenTiy miemriMi yebrabuirad. OHJa 3epTTesieTid ecentid, 6ap eKeHJIiri TypaJjibl TeOpeMa AHBIKTAJIFAH
JKOHE ecelTiH, memntiMi Kepceriniren. MakaJsiaga ocbIHIaM oTe Oasty TIPOIECTepIl *KoHe OJIap/IblH, (hPaKTaJIIbI
KYPBLIBIMAPFa 9CEPIH TYCIHY/IIH KaxkeTTiIiri atamn eTiareH. 2Kymbic 6emekTik 1uddy3usiibk TeHIeyIep-
JiH KeHipeK TYCiHlIyiHe OCBI MpOoIecTep/iiH, Kajaail bIKIAJ eTeTiHIH KepceTe/, TeopeMaHblH 6ap eKeHIIriH
JRJIeJIAei Tl K9He eCeNTiH MIeNIMiH TYXKbIPbIM 1A IbI.

Kiam cesdep: nepbec TyBIHIBI TeHJEY, OOJIIEK ecenTey, OYPBIMITHIK, OOJIBIC, PO, OJICI3 epeKINeTiK, ma-
pabonukabik muanHAp, Kapieman-Bekya Tenaeyi, »Kaamsl merrmiM, ykaJarbi3 memtiM, Puman-JlnyBuibain
OOJIIIEKT] OIepaTophI.

IlepBas kpaeBas 3amada Ajsg ApobHOro And@Hy3MOHHOIO YpaBHEHUS B
YTJIOBO# BBIpOXKJIaforreiica objiacTu

M.N. Pamazanos!, A.B. Ilexy?, M.T. Omapos!

L Bnemumym npukaadnot mamemamuru, Kapazandunckuti yrnusepcumem umenu axademura E.A. Byxemosa,
Kapaeanda, Kazaxcman;
2 Mnemumym npukaadnoti mamemamuky v asmomamusayuu, Kabapouro-Barxapekut naywnodl yernmp PAH,
Haavuux, Poccus

Crarbst paccMaTpuBaer npobiieMbl, HaOJIOJaeMble B BETBSAIMXCs (PPAKTAIbHBIX CTPYKTYypPax, IJe MOIYT
[IPOUCXO/IUTH CBEPXME/JICHHbIE TPAHCIIOPTHBIE ITPOIECCHI; sIBJIEHNE, ONUChIBaeMoe nddy3NOHHBIMA ypaB-
HEHUSMH C JIPOOHON TPOM3BOIHOM MO BpeMeHH. XapaKTEPHON 0COOEHHOCTHIO STUX MPOIECCOB SIBISETCS UX
KpaiiHe MeJJIEeHHAsI CKOPOCTb PEJIAKCAINH, IPA KOTOPOi (bu3MUIecKasi BeJIMINHA U3MeHsIeTCsE Oojiee mocTe-
[IEHHO, YeM €€ IepBasi IPOU3BOJHAA. TaKye sIBJIEHUsI MHOIIA KJIACCHMUIMPYIOTCS KaK IPOIECCHI C «OCTa-
TOYHOHN MAMSATHIO». B mccae0BaHNy PECTABICHO PEeIeHne MePBOil KpaeBoil 3a/1a4n B yIJIOBOi 00JacTn,
BBIPOK/IAIONIEHCA B TOYKY B HA9aJIbHBII MOMEHT BPEMEHH, JJ1s NPOOHOro 1uddy3nOHHOrO yPABHEHUS C OIle-
paTropoMm spobHoro muddepeniuposanus Pumana-JInysusis o Bpemenu. B Hem ycranaBiamBaercst Teope-
Ma CyIIECTBOBAHUSI UCCJIELyeMON 38141 U CTPOUTCS NIPEJCTABJIEHUE PeleHus. ABTopaMu Mo aépKUBaeTCst
HEeOOXOMMMOCTD TIOHUMAHUSA STUX CBEPXME/JIEHHBIX IIPOIECCOB U UX BJIMSHUS HA (PpaKTaJIbHbIE CTPYKTYPHI.
Pa6ora memoncrpupyer, Kak 9TH IPOIECCHI CIIOCOOCTBYIOT OoJiee MIMPOKOMY ITOHUMAHHIO JIPOOHBIX 1nddy-
3MOHHBIX YPaBHEHU, TOKA3bIBasl CYIIECTBOBAHNE T€OPEMBI 1 (DOPMYIUPYS MIPE/ICTABJICHIE PEITICHUS.

Kmouesvie crosa: ypaBHEeHNE B YACTHBIX MPOU3BOIHBIX, APOOHOE UCIUCTICHUE, YIJIOBas 00JIaCTb, SIAPO, CJia-
bast 0CODEeHHOCTD, MMapabosimyeckuit UJIMHID, ypaBHenne Kapsemana-Bekya, obiiee perenue, e IuHCTBEH-
HOe perrenne, ApobHbIi orepaTrop Pumana-Jluysuimis.
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