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Parameters such as various integral and differential characteristics of functions, smoothness properties of
regions and their boundaries, as well as many classes of weight functions cause complex relationships and
embedding conditions for multi-weighted anisotropic Sobolev type spaces. The desire not to restrict these
parameters leads to the development of new approaches based on the introduction of alternative definitions
of spaces and norms in them or on special localization methods. This article examines the embeddings of
multi-weighted anisotropic Sobolev type spaces with anisotropy in all the defining characteristics of the
norm of space, including differential indices, summability indices, as well as weight coefficients. The applied
localization method made it possible to obtain an embedding for the case of an arbitrary domain and
weights of a general type, which is important in applications in differential operators’ theory, numerical
analysis.
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Introduction

In the article embeddings of multi-weighted anisotropic Sobolev type spaces Wg’p(G , p,v) described
by a finite norm

lu; W};p(G, p,v)| = /|Dl u]ppldx /|u|pvdaz

are investigated in the case when py, ..., p, and v are connected by certain relations on average on
parallelepipeds in G with an adjustable edge length.

The article extensively utilizes approaches developed in the works [1-5]. Nonetheless, they have
enabled a slight expansion of the class of weights for which the considered embedding is valid. As
before [5], the spaces are anisotropic in terms of derivative orders, integrability indices, and weight
factors for these derivatives. Also, for the introduced class of weights, the localization method [1-4|
allows not imposing conditions on the domains, in which the spaces are considered and embeddings are
set. So, the conditions under which the embeddings (1) occur for a sufficiently broad class of weights,
restricted by a special condition II(s . introduced in Definition 1 are studied. The localization method
(Lemma 3) with the introduction of so-called “characteristic parallelepipeds” (3) allows considering the
domain G, with no additional conditions imposed.
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For domains with conditions, fundamental embedding results have been obtained for anisotropic
Sobolev spaces [6,7]; as for weighted cases, in [8-10] the weights are functions of the distance to the
boundary, and inequalities in [8] are considered in cylindrical domains, in [9] — on a domain with cusp,
and in [10] an open connected domain is considered with various conditions. In [11], along with other
findings, an anisotropic Sobolev inequality is obtained for smooth bounded domains and the class of
p-admissible weights. In the work [12], Sobolev spaces are considered in open domains with certain
conditions of smoothness imposed on the functions introduced in them, anisotropy in terms of derivative
orders, and integrable classes of weights; alternative descriptions of these spaces are presented, including
norms and properties of the density of smooth functions within them, and the relationships between
the weights and anisotropic properties of Sobolev spaces are described. In [13], alternative definitions
of spaces are introduced, through which embeddings of weighted spaces are obtained. Here, we also
present studies of anisotropic Sobolev type spaces [14,15], and their embeddings [16-18].

1 Set up

Let us introduce the notation. Let R™ be an n-dimensional arithmetic space with a norm

n 1/2
]l = <Zw2> , = (21, Tn).
i=1

Denote by
I=(l1,...,1n), a=(a1,...,an), and b= (by,..., by)

fixed vectors with coordinates l;,a; > 0,b; > 0, ¢=1,...,n. Set for A > O:
at A= (a1 £\ ..., ap N, Aa=(May,..., Aay),

b : a= (bl/al,. R bn/an),B(z = (blal,..., bnan),

A= (N0 ) @ = (a), ., a),ab = (B A,
n n n
=30 o= 10 Y- 3o
i=1 i=1 i=1
.. aq+...+an . . 15
For a multi-index o = (aq, ..., o) D* = &‘1’1178#’ for integers ; Dﬁlu = aaxizu

Let L(G; loc) be the space of locally-summable functions, Lg(G; w) is the Lebesgue weighted space
of functions u(-), with a finite semi-norm

1/q
|u; L‘;(G;w)’ = |D%; Ly (Gw)| = /|D°‘u|qw(m)daj ,
G
where 1 < ¢ < o0,
Dy — 0%u _ 8a;+"'+a*;u
Oz~  Ox{"...0xn"
are mixed derivatives corresponding to the multi-index o = ag, ..., a,. We denote the class

CW ={ueC® :|u ng(G; p,v)| < oo}

by C*W.
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We consider issues related to the description of the conditions under which the embedding takes

place: _
l . A « .
Wﬁ’p(G, pyU) — Ly (Gsw). (1)

The embedding (1) is revealed through the embedding inequality as follows:
1/q ~
(/ |D°‘u\qw(x)d:v> < Clu WL (G; p,v)|u€ CW.
G

This article discusses the embeddings of spaces W})’p (G; p, v) in the case when ko = |(1+a) 1 1| > 1.

Further, by introducing weights satisfying multiplicative boundedness conditions on average on
parallelepipeds (Definition 1), we obtain embeddings of multiweighted anisotropic Sobolev type spaces
W}ép(G, p,v) into the weighted space Lg(G; w) on a domain G with irregular geometry, and anisotropy
is present in the orders of derivatives, in terms of summability and in weight multipliers for these
derivatives.

2 Preliminaries

Let a = (a1, ...,ay), a; > 0. We denote the parallelepiped
a; .
Qo =Qu(x){y € R" :|yi— x| < EZ, i=1,2,...,n},

by Qu = Qu(x). For A > 0 let AQ = AQu = Qe
We will consider a positive vector function d(z) = (d1(z), ..., d,(z)), satisfying the conditions:

1) Q(z) = Qg () C G

2) supd;(x) < oo ,i=1,...,n;
G
3) There exist the constants 0 < e < 1 and by > 1:

di(y)
i(z)

Vi=1,..,n by’ <

9

as soon as
Qe (y) N Qey(x) # 0,
where Qo) (2) = (1—¢)Q(z). We call the function d(x) by the edge length function. Let {Q(z),z € G}
be the parallelepiped family
di(z)
5

Qz)={yeR" :|yi—wxi| < =1,2,...,n},
satisfying the conditions 1)-3). Let p;(x), w(z), v(z) be the weights in G, and

01(@) = fi(@)d" (@) € L(Gloc),

- 1-p;, 7 Di
Pi = p(i: -

i = p; pi_l),1<pi<oo(i:1,...,n).
Suppose
1/p, L/n
n
s = II| [ = Q)|
=@ @)
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N @)feCc@ : lef<dQ[}, 0<0 <1

Let
1/p

M I3 X)) = B X 1nf / v ) €cC 07 1 .
( »5)( ) ( >e€N(5)(Q(5)(m)) [ )
Q(E)(m)\e

_ Definition 1. [5] We say that the weight pair (p,v) satisfies the condition II(s ) with respect to
d(x) = (di(z), ..., dn(x)), if there are numbers § € [0,1) and ¢ € [0, 1) such that

M5 (x) > 1 fora.a z €G.

Short notation:
(P, v) € IL(s, o).
At the same time 0 < e < 1, if G C R", G # R".

Lemma 1. [3] Let 1 < pj,p < q¢ < 00, (i = 1,...,n), r = min{p1,...,pn,p}, w € L1(V), where

EEV:(—%,%)n,wZOand

MY1 = sup tl_”]Q(t’l-) Y < 0.
t>0
Q(tj)CV

Then
1/q

/ D fMw(€)ds | < MY fllyy
\Y

where ¢ does not depend on f € C®(V).
Let {P(:p), zeFl } be the closed parallelepiped family

Px)={yeR" : |y; — x| <ai(x)/2, i=1,...,n}, (2)

where a(z) = (a1(x),...,an(z)) is a a positive vector function defined on a bounded set E in R".

Theorem 1. Let E be a bounded set in R™, {]5(33), T € E} is the closed parallelepiped family (2),
satisfying the conditions:

1) supai(z) < oo, (i=1,...n);
el
2) there is a number ¢ > 0 such that

¢t <ai(y)/ai(z) <c(i=1,...n),

as soon as
Q(z) N P(y) # 0.
_ Then it is possible to distinguish from {P(x), z € E} no more than a countable subfamily
{P7};cs, PI = P(27), such that:
b) > ey Xpi(z) < k1 = Ki1(e,n) < oo for any  in R™;
c) {P7};ey is represented as a union of no more than ks = k1 + 1 subfamilies {P7};c;, of pairwise
disjoint parallelepipeds.
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The cover {P7} of the set F, which has the properties of finite multiplicity and finite separability
(respectively, properties b) and c), in Theorem 1, we will call B-covering.

Let X; = Xi(G) (i = 1,2) be spaces of functions defined in G, with the seminorms ||-|| v, ), Xi(G)
is the space of functions X;(G)/G with an induced seminorm ||| y, -

Lemma 2. [5] Let the spaces X; (i = 1,2) meet the following conditions:

il) C*(Q) C X;, Q € I" such that Q C G;
2) [flx, ) < I llx, @) i G € G2 C G

1 xi e = B fllx e »
if N
Gr CGr (k>1), G=|JGr CG;
1

i3) 1/l x;ave) = If I xi ()0 1f €] = 03
i4) There are numbers s; > 1, ¢; > 1 (i = 1,2) such that for any family

¢=Jg ca

J

{G;} of open sets such that

11 < & S 6,y - € XU 1150, < & 115
J

if G do not intersect in pairs with f € Xs(G);
i5) There are such a parallelepiped family {P(z), x € G} and a positive function K(z) on G, that

1, @@y < K@) 1 fllxou@) Vf € CT(Q@));

i6) From the family {P(z), x € G} , we can distinguish B-covers E = G N B(x,r), multiplicity s
and coefficients of finite separability ks, which do not depend on r. Then we have a true inequality

Ifllx, < cKllfllx,, feCF(G)N Xz,

where
sup K (x), where s < 51

K = Kga =4 " | o)y (s2—51)/(s152)
o (5 (Km0

and sup is taken over all at most countable families of {Q7} jeJ pairwise non-intersecting parallelepipeds

Q7 =Q(a7).

,  where s9 > s

8 Localization and embedding theorems

Below we will consider “characteristic parallelepipeds” of the form

T(x z)) /b
Q(z)ZQ;(x):{yER":|yi—xi|<( (@) pi (z)) ,i:1,2,...,n}, (3)

2
where 7 (z) such a positive function in G that the functions

di (z) = (7 (z) pi ()" <1
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and satisfy the conditions 1)-3). With respect to the functions p; (i =1, 2,...,n) we will assume that

and we introduce the following values connecting to the “characteristic parallelepipeds” Q () = Q7 ()
of the weight of p;, w and numeric parameters p;, p, ¢, & = (a1, ..., ) and [ = (1, ..., 1) ; namely, let
us put

1/q
_ _ I !
A alp) =sup 4 0 | [w) = (=2 0 Qi c (19 Q) §,
D
- 1—7—04 1 L
Knatelpo) = (T (07777 ) | ol
Lemma 3. [3-5] Let 1 <pj,p<g<oo (i=1,...,n), r= 1I<nln (pi, p), and the conditions are met:
M.y (zlp,7(-) =1
and
Kjpq(z|p,w) < oco.
Then .
1 —_— =
/a " pi p
/]Dau|qw < cK{,) ;4(7]p W) / piDliu + /]Uu]p ,
Q =1 Q

where Q = Q) (2) = (1 - )"/ Q5 (2).
Proof. Suppose f (¢) =u (x +(1- 5)1/l_d(:1:) : C), where

d (@) = (d (), ....dn (1)) C d; () = (7 () ps (&))" di = (1 — €)'/ d; ().

Let - ~
Q(C):w(l'+d'g)vd:(dla-'-adn)vQ:Q(s)(x)'

Then by virtue of Lemma 1

1/a / n 1/q
D%y ? = /g d- % < DS d )
< <MM>; [ </ )Dl )1/7“ </ |f| d£>1/T] .
- Hz 1d;1al i=1 -
M Nt IS o (1) )
< (=) 1@ {;m (L) ([ poran) }g
MV ot @[S et R @ | ()

=1
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w; W}, (Q; p,v)|| , wherep = (o}, ..., pbr) .

1
M q 1_1

S (H’n dqai) ‘Q’q " ‘
i=1"

It remains to note that

1
q
M 1.1 DM . - 1/a
; Qi (@) =7 (@) [[dr™ QI sup £77|Qup| | =
H dgaz i=1 Q(t,DC? @
=1
n 1/q
l - —K
=7 () [[d* QI | 7 (2)" 1stl>110> tt /w == Q . icy| =
=1 ﬁ

. 1 L L\ M
- H <T (@) 77 pi () T) Ap p,q (@0, 0) = KG o o(2]p; ).

Theorem 2. Let 1 < pj,p < q < oo(i=1,...n), a € Z, pP = (pI", ..., ph"). Let (pP,v) € H’(ﬂ&e)
and

p’p?q?a

K =sup K. . .(x|p,1) < o0.
z€G

Then on the class C°°W the inequality

( /G \Dauqu(x)dm) Ve

is valid with an exact constant C' < cK.

W (5 0o
u; W (G5 p,v) |, u € CFW

Proof. It follows from Lemma 2 and Theorem 1 that a pair of spaces X1 = Lg(G;w), X2 =

(W};p(G; pv)) satisfies all the requirements of Lemma 2, from which the statement of the theorem
follows.

Corollary 1. Let 1 < pi,p < ¢ < o (i=1,...,n), k = ‘1 : l_| < 1, w is the weight on R", which
satisfies the conditions of uniform boundedness on unit cubes Q = Q1(z) =2+ V :

1/q
K =sup / w < 00.
z Qi(z)

1/q _
(/G \u|qw(x)dx> < cK|lu: W (R, u € C¥W.

Then

Let 1 = (mq, ..., in) — 00 < mj,v < oo(i = 1,...n),

Wg,p(ﬁv U) = W}%,p(Rn; 12 U)

with
pi(x) = (1+ [z))",v(z) = (1 + |z])".
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Corollary 2. Let 1 < pi,p<qg< oo(i=1,..,n),k = ‘1 : ﬂ <1, —o0 < pj,v,y <oo(i=1,...,n),
and let the conditions be met:

———Z'uz<0—< min &.

T ai<n p;

Then the inequality is true

1/q
([ 1uloca-slolyan) < €l Wi, @ ol we e

Embeddings of weighted anisotropic Sobolev type spaces are relevant in applications where it is
necessary to consider the heterogeneity of the medium or the complex geometry of the domain, such
as in numerical methods for solving differential equations and in the theory of differential operators.
Localization methods, in particular, the norms of embeddings on cubes with variable edge length
considered in the work, can be applied for embeddings of more complex spaces, including fractional ones.
Considering weights that satisfy multiplicative conditions of boundedness on average in parallelepipeds
is particularly important for analyzing functions in multidimensional spaces with irregular geometries.
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Cob6oJ1eB THNITI KONCAJIMaKThl aHU30TPOIITHIK, KEHICTIKTiH eHri3yJiepi

[.I11. Uckakosa!, M.C. Aiirenoa®3, A.K. Cekcenbaepa’
M M

! Axademurx E.A. Boxemos amuwmdazs. Kapazandv ynusepcumemi, Kapazandw, Kazaxcman;
2 Kapaeandw, Kasmymumyodaes yrnusepcumemi, Kapaeandw, Kazaxcman;
3 M.B.JIomorocos amuindaen, Mackey memaemmir yrusepcumeminin, Kazaxcmarn guavaav, Acmana, Kasaxemar;
4JL.H. Dymunes amomdaen, Eypasus yammos ynueepcumemsi, Acmana, Kasaxcman

DyHKIUATAP/IBIH, 9PTYPJIi HHTErpaIbl-InddEePEeHITHATIBIK CATIATTAMAJIAPDI, O0JIBICTAD MEH OJIap/IbIH, II1e-
KapaJlapbIHBbIH TETICTIriHIH KaCUeTTepi, COHIal-aK CaJIMAKTHIK (OYyHKIUSIAPBIHBIH KOITEreH KIaCTaPhl CH-
akTbl napamerpsep CoboJieB THIIHJIEr KOIl CAaJIMAKTBIK, AHU30TPONTHI KEHICTIKTePIiH Kypei e3apa 6aii-
JIAHBICTAPBI MEH €HTi3y NMIapTTapblH aHbIKTailIbl. Bys mapamMerpJiiepi mekTeMeyre fereH YMTBLIBIC YKaHA
TOCIIZEPIiH JaMybIHA OKeJIe/Ii, OJIapIaFbl KEHICTIKTEp MEH HOPMAJIap/Ibl aHBIKTAYIBIH OaaMa HYCKAJIAPbIH
eHri3yre Hemece OKIIayJIay/IblH apHaibl 9jicTepine Herizgeared. Makasaj a KOl CaJMaKThIK, AuddepeHIim-
aJIJIbIK, MHJIEKCTEP/Ii, KOCBIHbLIAHY MHIEKCTEPIiH KOCa aJFaH]ia, KEeHICTIK HOPMACHIHBIH, OapJIbIK, ailKbIH/a-
VIIIBI CHMTATTaMAaJIaPBIH/IA aHU30TPONHSCH! 0ap, COHMaN-aK, canMak Koaddurnuentrepi 6ap CoboseB TumTi
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aHU30TPONTHI KEHICTIKTEP/IiH, eHri3iyi 3epTTenret. KoaHbliran JoKaau3anus 9ici auddepeHmaibik
omnepaTopJiap TEOPUSICHIH/IA YKOHE CAHJIBIK TaJIIay/IbIH KOCBIMINAIAPBIHIA MAHBI3/IBI OOJIBIN TaObLIATHIH Ke3
KeJITEH OOJIBIC TTEH JKAJIIBI TUIITET] cajMaK, VIIIiH €Hri3reHal ajayra MyMKIHIIK Gepesi.

Kiam cesdep: anmzorponTsik, Co60IEB KEHICTIKTEPI, KOM CAJIMAKTBIK KEHICTIKTEP, €Hri3y TeopeMaJsiaphbl,
JIOKAJIN3AINs JJIiCTePi, CAIMAKTHIK, (DYHKIUIIAP.

BiioxkeHnsi MHOrOBECOBOT0 aHIM30TPOIIHOI'O IIPOCTPAHCTBA THUIIA
CoboJieBa

[.III. Nckaxosa', M.C. Aiirenosa®?, A.K. Cekcenbaena*

! Kapazanduncruti yrusepcumem umenu axademura E.A. Bykemosa, Kapazanda, Kasaxcman;
2 Kapazanduncrutd yrnusepcumem Kasnompebeowsa, Kapazanda, Kazaxcman;
3 Kasazemanckut dunuar Mockosckozo zocydapemeennozo yrusepcumema um. M.B. Jlomorocosa,
Acmana, Kazaxcman;
4 Espasuiickuti nayuornarsrsd yrusepcumem umenu JI.H. Dymusesa, Acmana, Kasazemar

Takme mapamerpbl, Kak pasJjindHble UHTErpO-auddepeHnpaIbHble XapaKTePUCTUKN (DYHKIH, CBOWCTBA
IIaJKOCTH O0JIacTel U MX IPAHUIL, & TakyKe MHOYKECTBA KJIACCOB BECOBBIX (DYHKIUM, 00YCIOBIMBAIOT CJIOXK-
HbIE B3aMMOCBSI3H U YCJIOBUsI BJIOXKEHUI MHOTOBECOBBIX aHM30TPOIHBIX TpocTpancTs Tuia Cobosiesa. Crpem-
JIEHVWe He OTPaHWYUBATH 3TU IapaMeTPhl IPUBOAUT K PA3BUTHUIO HOBBIX I10/IX0OJI0B, OCHOBAHHBIX Ha BBEJEHUN
aJbTEePHATUBHBIX BAPUAHTOB OIpPEIeIeHII MPOCTPAHCTB U HOPM B HUX JINOO HA CIEIUAJIBHBIX METOJaX JIO-
Kaym3anuu. B 9T0i craTbe Ucc/ie0BaHbI BIOYXKEHUsI MHOIMOBECOBBIX AHU30TPOINHBIX IpocTpaHcTB Tura Co-
6oJieBa C aHU30TPOIIMENH BO BCEX OIPEIESIIONNX XapaKTEPUCTUKAX HOPMBI IIPOCTPAHCTBA, BKJIOUYAs TUd-
depeHImaIbHbIE WHIEKCHI, MHIAEKCHI CYMMUPYEMOCTH, a TaKKe BecoBble Kod(hdunmenTol. [IpumeneHHbIit
MEeTO/T JIOKA/IM3AIIAN TO3BOJIMI IOJIYIUTh BJIOXKEHUE JJIsI CJIydas IIPOU3BOJIBLHON 00JIACTH U BECOB OOIIETO
THUIIA, YTO BayKHO B MPUJIOKEHUSIX B Teopun JuddepeHIralbHbIX OepaTOpOB U YHCIEHHOM aHAJA3e.

Karoueswie caosa: annzorponnbie npocrpancrsa CobosieBa, MHOIOBECOBbBIE IPOCTPAHCTBA, TEOPEMbI BIIOXKE-
HUSI, METOJIbI JIOKAJIM3AI[UN, BECOBbIE (DYHKIINU.
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