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Darboux transformation and solution of the modified Korteweg—de Vries equation

Darboux transformation and a comprehensive approach to construct exact solutions of the nonlinear differen-
tial equation are counted. It is applied to construct the explicit solutions of the (2+1)-dimensional modified
Korteweg—de Vries (KdV) equation. In this work we derive one flod Darboux transformation of the modified
KdV equation. Using the obtained Darboux transformation, the one-soliton solution is built from the «seed»
solution. Further, we will construct other explicit solutions for this equation.

Key words: Darboux transformation, «seed» solutions, (2+1)-dimensional modified Korteweg-de Vries equa-
tion, soliton solutions.

At the present time for explaining the mystery presence in the challenges of science, nonlinear phenom-
ena has been emerged as a powerful subject. Interplay between dispersion and nonlinearity gives rise to sev-
eral important phenomena in optical fibers among nonlinear evolution phenomena. It includes wavelength,
conversion, modulation instability, parametric amplification, soliton propagation and so on. Solitons,
positons and rogue wave has been studied extensively in several areas, such as optics and lasers, hydrodynam-
ics, Bose-Einstein condensate, plasma physics, super fluid, finance, atmosphere and so forth. Inverse scattering
transformation, Hirota method, bilinear method, dressing method, Backlund transformation and etc.are the
methods to solve the integrable nonlinear equations. Among all the methods, Darboux transformation (see [1-21])
is an efficient way to find different solutions, such as soliton, positon, breathear, rogue wave solutions and
etc.

In this work we use this method. Soliton solutions are received by Darboux transformation for the
(2+1)-dimensional modified Korteweg-—de Vries equation. Furthermore, the pictures for soliton solutions are
constructed.

The (2+1)-dimensional modified KdV equation. In this paper we consider the nonlinear differential
equation, namely so called the (2+1)-dimensional modified Korteweg—de Vries equation (KdV) in the form:

iq, +iq,, —vq +i(wq), - 2ip=0;
v, —2i8(q,,9-9'q,)=0;
w,=28(¢[), =0; (1)
p,—2ipp—2ng=0;
N, +8(¢ p+pq)=0,
where subscripts x, y,¢ denote partial derivatives with respect to the variables, the asterisk symbol denotes
the complex conjugate. In system (1) ¢, p are complex functions, v,w,n are real functions, & is real con-

stant and A,p are spectral parameters. Our functions from equation (1) are depending on variables x, y, .

This system (1) is integrable by the Inverse Scattering Method. We can take the corresponding Lax
replesentation equation (1) in the form

Y. = AY;
_ a2 2
¥, = 4\ +BY,
where A, B are the matrix valued functions with polinomial dependence on the spectral parameter A:
A = —iko,+A;
3

B

\B, +B, +——B.,.
A+p
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Here o,, 4,, B,, B,, B, are.2x2 . matrices and taking the form

1 0 0 [
G; = s Ay = 1 , B = " 6];
0 -1 -r 0 -r 0

l
__v _qu_wq —
B, - 2 | B, - (n pj'

1
rxy+wr EV

“

In the system (2) function ¥ is a vector:

‘Pz‘P(x,y,t,l)z(

\‘Vl (x’yatax’)
v, (X, p,01)
In the formula (4) functions =8¢, k=38p , where & 8==*1.

One-fold DT for the (2+1)-dimensional modified KdV equation. Darboux transformations are a very
important tool in the theory of integrable system [15-30]. In this section, considering the particularity of the
Lax representation, we construct the Darboux transformation of the (2+1)-dimensional modified KdV equa-
tion (1). Furthermore, we will find some solutions of the (2+1)-dimensional modified KdV equation using its
Darboux transformation.

We consider the following gauge transformation of linear function ¥ (x, y,7,1)
YU (x, y,t,0) = T(x, y,t, )P (x, y,1, 1),
where T(x,y,t,A) is a 2% 2 matrix
T(x,y,t, \)=Al =M (x,y,t,\),
where I/, M are matrices and taking the form

I= 1 0’ M= my mpy

01 my, M,y
and M matrix is unknown. The new function ! satisfies the next system
wi = 40N A = (T +TA) T
) ) (%)
i o= a4l B B = (7,4 TB-4VT, )T,

where 4™ and B" depend on ¢, V", . p™. n", W' and A. Then the matrix T' can be proven to satisfy
following equations

T +TA = AT, (6.1)
T,+TB = 4\M'T,+B"T. (6.2)
From the above identities, after simplifications and comparing coefficients of A’ from equation (6.1) we get
m — S
q = q—2im,;
A1) .o (7
q = q —2im,,.

After this system we derive condition m,, =—m,, for attractive interaction case which is «if §=+1«.
From system (6) we are taking m,, =m,, , then comparing different power coefficients of A’ of the two
sides of the equation (6.2) gives us

yW=y4 4(m12q; + mfzqy + 2im, m, Iy~ 2im1*2m12y );

0 . . @)
wi=w—4im,, = w+4imy, ;
n[1] — (Ip+my, |2 —|my, |2)n_pmfz(“+m11)_p*mlz(u+m1*1).
W 9
m _ p(“'*'mn)z _p*mfz +20my, (u+m;,) |
p ; (€))
w
p = p (u+m\) —pm; +2nmy, (w+m,)
W b
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where

2 * 2 2
W= +p(my, +my )+ my, [ +|my, [
One-soliton solutions. As far as we got Darboux transformation, our next aim is to construct the one-
soliton solution of modified KdV equation (1). We are taking the trivial «seed» solutions as condition ¢ =0,

v=0, p=0, w=0, n=1. Hence, the corresponding associated «seed» solution for functions ¥, takes the

form

0, +1
v e'! Xl;

1
0, Y,
— 2 2
Y, = e ,
where

B
(o +p)* +p°

o+
St +9,,

(a+p)* +B

0, = PBx—vy—[8apn+4v(a’—p*)- lt+3,;

n = —ox+ny+[dn(e’ —p*)-8apv+

here 0,,y, functions suppose
0,=-0;
o =%, +9-
We have one-soliton solution of the (2+1)-dimensional modified KdV equation (1):
" 2[36% —Xs

T T T e,

2

16 %” +16 E”;
ch™26, ch™26,
W = 8Bv
ch*20,’

p[l] _ 2my, (W +my,) |
W 9

nm o _ |H+m11|2_|m12|2

W

W=

b

where
m, = o+iPth20,;

ipe %
ch20,
W = p’+2ou+o’+B° =u+a) +p.

m,

9

One-soliton solutions of the (2+1)-dimensional modified KdV equation (1) has the form Figure:

2
-1004 )

Figure. One-soliton solutions
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Furthermore, we can use the above presented for two-fold and N-fold Darboux transformations, in the
same way we can get the N-soliton, periodic, positon, breather and rogue wave solutions of the (2+1)-
dimensional modified KdV equation (1).

The project supported by grant funding research Kazakhstan Republic, title project «Research of the
generalized nonlinear Schrédinger equations and their integrable reductions.» 2015-2017 yy.
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I Kemen6ekoBa, K.Ecmaxanosa, C.Taneesa, /. Tynrymobaesa

JapOy TypJenaipyi s;kone mogupuuupaenren Kopreser-ne ®pus
TeH/IeyiHiH COJUTOHBIK menmiMaepi

HapOy Typrenaipyi CbI3bIKTBI eMec AnddepeHnnanapk TeHASYyIep O Lemimaep Tady YIuiH KeeH i Tacia
6onbin ecentenineni. byn Typnennipy (2+1)-emmemai mMomunduxanmsianran Kopreser-ne @pusz (Kod)
TeHJeYiHIH HAKThI LISIIIMIH KYpy YLIiH naipananeiiazsl. Makanana mogudukanusianran Knd rexaeyine
HapOy typnenaipyin Gip per KoigaHambI3, COHIai-ak Oip comuronablk menriMai Knd texaeyinen amamsis.
Bonamrakra ocel TeHneyaiH «seedy menrMaepineH 0acka HAKTHI MEMIIMIEPiH KYpaMbl3.

I'.Kemenbekona, K.Ecmaxanora, C.Taneesa, JI. TyarymobaeBa

IIpeodpa3oBanue Jap0Oy u coMTOHHBbIE pelieHUusI MOXU(PUIIUPOBAHHOIO
ypaBHenus Kopresera-ge ®@pusa

IIpeo6pazoBanue JJapOy — KOMIUIEKCHBIH MOIXOM IS IIOCTPOEHHUS TOUHBIX PeIIeHUH HeJIHHeHHOTo qud de-
peHIMaILHOrO ypaBHEeHUs. OHO IPUMEHSETCS AT ITOCTPOCHHUS SIBHBIX penieHui (2+1)-MepHOro Moguduim-
poBarHOoro ypaBHeHHsi Kopresera-ne ®pmsza (Knd). B crathe momyumnanm omHOKpaTHOE HpeoOpa3oBaHHE
HapOy nns momudpumnuposanHoro ypaBHeHuss Kn®. Hcmonsdys momyduennoe mpeoGpasosanue J[lapOy,
TIOCTPOWIIH OJTHOCOJIUTOHHOE PEIICHHE C MOMOIIbIo «seed» perrenus. [lanee OyayT IMOCTPOEHBI JPYTHE SB-
HBIE PEIECHUs JJIsl TOTO YpaBHEHHSI.
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