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Solution of a boundary value problem for a third-order
inhomogeneous equation with multiple characteristics with the
construction of the Green’s function
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In the paper the second boundary value problem in a rectangular domain for an inhomogeneous third-
order partial differential equation with multiple characteristics with constant coefficients was considered.
The uniqueness of the solution to the problem posed is proven by the method of energy integrals. A
counterexample is constructed in case when the uniqueness theorem’s conditions are violated. Using the
method of separation of variables, the solution to the problem is sought in the form of a product of two
functions X (x) and Y (y). To determine Y (y), we obtain a second-order ordinary differential equation with
two boundary conditions at the boundaries of the segment [0, ¢]. For this problem, the eigenvalues and the
corresponding eigenfunctions are found for n = 0 and n € N. To determine X (z), we obtain a third-order
ordinary differential equation with three boundary conditions at the boundaries of the segment [0, p]. Using
the Green’s function method, we constructed solution of the specified problem. A separate Green’s function
for n = 0 and a separate Green’s function for the case when n is natural were constructed. The solution
for X (z) is written in terms of the constructed Green’s function. After some transformations, an integral
Fredholm equation of the second kind is obtained, the solution of which is written through the resolvent.
Estimates for the resolvent and Green’s function are obtained. The uniform convergence of the solution and
the possibility of its term-by-term differentiation under certain conditions on given functions are proven.
When justifying the uniform convergence of the solution, the absence of a “small denominator” is proven.

Keywords: differential equation, the third order, multiple characteristics, the second boundary value problem,
regular solution, uniqueness, existence, Green’s function.
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Introduction

Third-order partial differential equations are considered in solving problems in the theory of
nonlinear acoustics and in the hydrodynamic theory of space plasma, fluid filtration in porous media [1].

In the aggregate, all third-order equations occupy a special place in terms of their specific character,
equations with multiple characteristics.

The first results on a third-order equation with multiple characteristics were obtained by H. Block 2],
E. Del Vecchio [3].

L. Cattabriga in [4] for equation D271y — Df/u = 0 constructed a fundamental solution in the form
of a double improper integral.

In [5], a fundamental solution of a third-order equation with multiple characteristics containing the
second derivative with respect to time was constructed, their properties were studied, and estimates
were found for |t| — oo.

In works [6-9], boundary value problems for third-order equations with multiple characteristics are
considered using the construction of the Green’s function. Also, we note the works [10-21], in which
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the boundary value problems for third-order equations are considered. Boundary value problems close
to the topic of this work were studied in [22,23]. In [24,25], a solution to the problem posed for a
third-order equation was found with other boundary conditions.

1 Formulation of the problem

In the domain D = {(z,y) : 0 <z <p, 0 <y < q}, we consider the following third-order equation
of the form:
L(u) =Ugpe — Uyy + A Uy + AU, + AgUy + AU = g1 (:U, y), (1)

where A;, p, q € R, i = 1,4, are given sufficiently smooth functions.
By the replacement

Al

U(z,y) =u(z,y)e 3

equation (1) can be reduced to the form

A-
erTdy
)

Ugze — Uyy T A1Uz + G2U = g(:L‘, y)a (2)
2 A3 | A2 A4
where ap = —4 + Ay, az = 3+ 3 — W2 4+ Ay, gloy) = gi(a,y) eI

Problem As. Find function u (z,y) from class C};’j; (D) N C%j; (D), that satisfies equation (2) and
the following boundary conditions:

uy(ZC?O):()? uy (.’,U,q):o, nggpa (3)

u(p,y) =v2(y), us(Py) =v3(Y), ua(0,y) =11(y), 0<y<yq, (4)

where ¥; (y), i = 1,3, g (x,y) are given functions. Note that in works [9-12] the case a; = az = 0 was
considered.

2 The uniqueness of solution

Theorem 1. If problem As has a solution, then if conditions a; < 0, as > 0 are met, it is unique.

Proof. Let’s assume the opposite. Let problem As have two solutions u; (x,y) and usg (z,y). Then
function w(z,y) = wui (x,y) — ug (x,y) satisfies the homogeneous equation (2) with homogeneous
boundary conditions. Let’s prove that u (z,y) = 0 is in D.

In the domain D the identity

ul [u] = Utpgy — Wy + aruu, + asu? =0
or

1 1
8853 <uum - §ui + 2a1u2> - (’*)ay (uuy) + uz +au? =0 (5)

holds. Integrating identity (5) over the domain D and taking into account homogeneous boundary
conditions, we obtain

) q . q P g P q
—2a1/u2 (O,y)dy—i-Q/ui (0,y) dy+//uidazdy%—ag//qumdy:O.
0 0 0 0 0 0

If a1, as # 0, from the fourth term, we get u (x,y) =0, (x,y) € D. If ag = 0, then from the third
term u, (z,y) = 0. From the equation and taking into account the homogeneous boundary conditions
(4) we obtain u (x,y) = 0 is in D. The theorem has been proven.
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Remark 1. Note that if the conditions of Theorem 1 are violated, the homogeneous problem As for
the homogeneous equation (2) may have a nontrivial solution. For example, problem

Uzae (T,Y) + (W)zux (z,y) — <7an)2u (2,y) — uyy (z,y) =0,

uy (2,0) =0, wuy(xz,q)=0, 0<xz<p,
u(p,y) =0, uz(p,y) =0, uy(0,y)=0, 0<y<gq

has a nontrivial solution in the form:

u(z,y) = <1 + (=) sin (Mx>> cos <7any> . nkeZ

2p
3 Ezistence of a solution

Theorem 2. If the following conditions are met;:

1) ¢i(y) € C*[0,q], %' (0) =i (q) =0, i=1,3;

g (x,
2) g( 2:1/)
0xdy

1 A2
3) 0 < C < min , 1 ,
)0= {p2+§p3 Kp(A1+1)}

€ C0,q], gy(z,0)=gy(z,q) =0, 0<z<p;

then a solution to the problem exists.

Here C' = max {|ai], |az|}, \1 = {/ (5)2, K = %(1 — exp (72\?”>>71.

In works [9-12] C' = 0. The 3rd condition is satisfied at C' = 0.

Proof. Consider the following Sturm-Liouville problem taking into account the boundary conditions (3):

Y (y) + X% (y) = 0,
Y, (0) =Yy (q) =0,

(6)

eigenvalues and eigenfunctions of problem (6) have the form:

Let’s expand g (z,y) into a Fourier series of {Y,, (v)}:

9(,9) = gn(2)Ya (),
n=1

q

here g, (z) = \/gfg(x,n) CoS (%n) dn. We integrate function g, (x) by parts twice and taking
0

into account condition 2, Theorem 2, we obtain the estimate |g, ()| < % |Fy (z)]. Here F, () =

q
\/%fgm (2,m) cos Tt ndn.
0
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Further on we will denote all arbitrary positive constants by M.
We look for a solution to problem As in the form

=" X (@) Ya (v). (7)
n=0

Substituting (7) into equation (2) and taking into account condition (4) we have the following
problem:

X///+(L1X,+(L2X+)\§Z =g (z), (8)
X"(0) = ¥1n, X (p) =tan, X' (p) =3,
q
where ¢y, = \/%f¢in (n) cos (%”77) dn, i=1,3.
0
Using the function
Vir) =X (x) = p(2), (9)
boundary conditions (8) are transformed into homogeneous ones. Function p (x) looks like:
n V1n
pn (T) = Yon — Y3np + —— wl 2 + (Y30 — Y1ap) T + 711'2'
Substituting (9) into (8) we obtain the problem
V"4 X3V = X3 f (2) — a1V — asV, (10)
VI(0) =V (p)=V'(p) =0
here , , Y
A G
— (% + 1) Vo + (azp il AT 4 gy $) W3n + g(l‘)'
Then we have estimates
‘fn (ZL‘)’ < %(|qjln|+|‘y2n‘+‘qj3n’+ |F ( )|) (11)
£ (@) < 2 (W] + (W] + 1| F ()
Let’s consider cases n = 0 and n € N separately. Problem (10) for \g = 0 has the form:
V0" = fo(x) — a1V’ — a2V, (12)
V0" (0) = Vo (p) = Vo' (p) = 0,
here
R
Jo (@) =go (x) + <a1 (z —p) + a (px -5 2>> Y10 — agth20 + (a2 (p — @) — a1) P3o.

Problem (12) is equivalent to the integro-differential equation

P
/Gnmffn d§+a1/GofE§V0( df—aQ/Goxgvo@)ds, (13)
0

here Gy (z,€) is the Green’s function of problem (12), it has the following properties:

a?)GO (.fL', 5)

ox3 =0,
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G102z (0,§) = Gao (p,§) = Gaoz (p,§) =0,

G (§,€) — Gio(£,6) =0,
G0z (§,€) — Groz (£,€) = 0,
G2Oxa: (5’ 6) - Gl()a:z (gv 6) =1

Function Gy (x,€) has the form

Go (z,§)

1{(p—€)(p+£—2x),0§m<§§p, 1)

2| (z-p)?  0<E<z<p.

It is easy to verify that the function defined by formula (14) has all the properties formulated in
the definition of the Green’s function.
Integrating by parts the second integral in (13) and introducing the notation

00 (@) = | Go e.€) o (€)de.
Go (z,€) = a1Go¢ (x, &) — a2Go (2, €) ,

we get

p
VM@—aM@+/GM%O%@M§ (15)
0

Equation (15) is the Fredholm integral equation of the second kind. We solve (15) using the iteration
method.
Taking the zero approximation Vj (z) = ag (), we write (15) as follows:

Vin () = a0 (2) +/c‘;0 (2,6) Vi1 (€)dE, m=1,2,...
0

The first approximation is

by changing the order of integration in the iterated integral and making the replacement

G (2,€) = / Go (. 5) G (5, €) ds,
0
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then we get

V2 (I‘) = Qp (x) + / (GO (1‘,{) + Gl (a:,{)) (&) ({) d§
0

If we continue the process indefinitely, we get

Vo (z) = ap () +/ (@0 (x,€)+ Z Gm (x,§)> ap (§) d€.
0 m=1

Here

P
m (2, €) :/ —1(s,8)ds, m=1,2,3,...
0

If we denote

then we have a solution in the form
P
Vi (@) = ao(a) + [ Roe.€)an (€ de.
0

Then we get a solution for Ay = 0 in the form

o (z) = ;a (Vo () + po ()

Let’s evaluate this solution. First let’s find the estimate G (=, €):

|Go (z,€)] < 5p°,  |Gog (2,6)] < p.

1
2
For the resolvent |Rq (z,€)| < |Go (#,8)|+|G1 (,8)| +...+|Gm (z,€)| +. .. we find an estimate using
the majorant series:

1

» (Jop)

Gala6)| <€ (p+ 37 <

hS]

Gr(.6)| < [ 1o (2.5)][Go (5. ds < - (J)*

[e=]

‘éz (x,§)| S/}Go(x,s)uél ‘d5< (Jop)
0

p
g/\G (2, )] |G (5,€)| ds < (Jop)m+1
0
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Here C = max {|a1|, |az|}, Jo = C (p + 1p?). Hence the majorant series looks

> (Jop)™
m=1

1

3

Condition 3, Theorem 2 can be written as
2 1 1
<> =Clzp° < -
p? + 2p? '2p +p' p
hence
J()p <1,

then the majorizing series is the sum of the terms of an infinite decreasing geometric progression. In
this case, the resolvent converges uniformly, and its estimate has the form

R < < M.
For ag (x) the estimate is
P
o (@) < [ 160 . 8)] a0 (©)] d < M.
0

Then

lug (z)| < M, ‘uo”’ (x)‘ < M.
The solution to problem (10), at n € N, is sought as follows

p p
=Xy [ Gn(2,8)fn(§)dE — a1 | Gn(2,€) Vi (€)dE —az | Gn(2,6) Va(§)dE,  (16)
.t / /

where G, (z,&) is the Green’s function of problem (10), which has the following properties
PG (2,€) 31 _
——%ﬁf——~+k Gn (z,§) =0,
G1inaz (07 5) = Gap (p7 g) = Gonz (pu 5) =0,
Gan (576) -G (&5) =0,
Gong (5, g) = Ging (ga 5) =0, (18)
Gonza (57 5) = Ginze (57 5) =1L

(17)

Let’s construct the Green’s function. Since linearly independent solutions to Equation X"
A3 X, = 0 have the form:

X1 (l‘) = e*Anz’ X, (x) = sin Bz, Bn = \gg)\

(3]

A A
e cos Bz, Xz(x)=e3"

let us represent the required Green’s function in the form

A A
a1e % 4+ a9e 3% cos Bpx + age 2 T sin By,
Gn(2,8) =

0<z <,
Ao An g An g
b1e” """ + boe 2 ¥ cos Bpx + bge 2

(19)
sin fpe, £ <x<p,
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where a1, as, as, b1, ba, by are currently unknown functions from &.
From properties (18) of the Green’s function and setting ¢, (§) = by (§) —an (§), n = 1,2,3, we
obtain a system of linear equations for finding the functions ¢, (§):

01(3_)‘"5 + cze%gcosﬂnf + 636/\7”5 sin 8,€ =0,
—cre Mt 4 626%”5608 (ﬂn§ + %) + 636%16 sin (ﬂn£ + g) =0,
n 2 n 2 1
cre™ 4 cpe 3 €cos Bné + =)+ 636)\75 sin | 8,€ + ) = -
3 3 A2
The determinant of this system is equal to the value of the Wronski determinant W (X7, Xa, X3)

at point x = ¢, and therefore is nonzero and equal to W (Xi, Xo, X3) = % Having calculated
Ac;, 1=1,2,3, we get:

erné 2¢= € sin (B + %)

:3?; C2(§):_ > 03(€):

2¢= € cos (Bné+ %)
32 '

302

c1(§)

Next, we will use property (17) of the Green’s function; in our case, these relations take the form:

n

2 n
2b1 — by + V/3b3 = 2 (6)‘"5 + 26_%6 cos (?A,@)) ,

n 3 n 3
bie P 4+ bge%p cos \Qf/\np + bge%p sin \g)\np =0,

3 3

n 3 n 3
— bie P 4 bge%p cos <\2[)\np + W) + bge%p sin ({)\Hp + 7T> =0.

Due to the linear independence of X" (0), X5’ (p), X3’ (p), the determinant of this system is:

A — \/ge)\np <1 + 26_3;‘";)008 (ég)\np>> — \/§€>\an7

here A = 1 + 2¢ 2P cos (@)\np).

Consider the following function

V3

A=1+ 2e V31 cost, t= 5 Ant.
The critical points of this function are
2
t = ?ﬁthk:, k=0,1,2,3,...

A (t) takes minimum value only at k& = 0. Then

A > 1 —exp (—2?W> > 0.

This proves the absence of a “small denominator”, hence A # 0.
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Having calculated Ab;, i =1,2,3, we obtain:

eAnP An V3
b = M 4 2e7 3 cos | =\, ,
LT UBA2A g

An
2¢ 2P n 3 3
L (eA"f + 26_%£ cos <\2[)\7£>> sin ({x\np + g) ,

_ e_Tnp )\nf _ME \/g T
bg_\/g)\%A e™s +2e~ 2 % cos <2)\n§ f)\np—l—g

br (§) —cp (&), k=1,2,3 we have ag, k=1,2,3:

) in the form:

ay = \/§§2A e~ Mn(5-7) (1 1275 P cos (?)\ )) sin (@)\nﬁ + %) —
—e_)‘"(g_f) 14 2e 3 "€ cos (f/\ng)) n <73)\np+ %)) ,
as = \/gi%A e~ (5-€) (1+2e "€ cos ‘[/\ 5))c (@Anzﬂ-%)
_eMn(5-) <1 1 2e732™P cos (*2/)\ p)> cos <§/\n§ + %))
(

Putting the found values into (19), we obtain function G,, (z,&

(iL' 5)7 Gln($)5)70§$<§’
B ng($,§),§<x§p,

here 1 (e*)‘””” <2€/\"(p_§) cos (ﬁ)\nf) 2¢*(¢78) cos <% np)) a
9= B (p—2) ( M€ 4 93 cos (f)\nf)> sin (i +5
5-5) ( Anb 4 973%P cos (‘[/\np>> sin (i n(

1 n
Gon(2,§) = VIRA (6’\"5 +2e %€ cos (?&@)) (6)‘”(7’_“5) (=) gin <

The estimate for G,, (x, &) has the form

—I‘

BN
"+E))

+
O
)
>
3
—~

% =
a\ﬁ
N———
N———

K
oh

K
= (20)

G (2,8)] < |G (2, )] <

>

Integrating by parts the second integral in (16) and introducing the notation

p
‘/On = /\i Gn SC 5 In (5) dg,
=

Gn (5375) = alan (x,ﬁ) —aGp ($7£) )
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then (16) has the form

Vi &) = Vo () + [ G (0. €) Vo (©) (21)
0

Equation (21) is the Fredholm integral equation of the second kind. Let us write the solution (21) using
the resolvent in the form

Vi (2) = Vou (2) + / R, (2.€) Vi (€) d,
0

where

Ry (2,6) = Gn (2,8 + > G (22)

m=1

here

mn (T, f):/ Gn (2,8) Gune1yn (5,€)ds, m=1,2,..., Gop (2,&) = Gn (2,5).
0

The following relations are valid for functions Gy, (x,€), Gy, (z,€)

Graz (,2 —0) — Gpay (z, 2+ 0) =1,
Ghge (0,2 = 0) = Grge (z,2+0) = 1, (23)
Ghae (2,2 —0) — Gpge (v, 2 +0) = —1,

Gp(z,2 —0) — Gy (z,2+0) =0,
Gz (2,0 —0) — Gy (2,0 4+ 0) = —ay,

an:r: (55, T — O) - Gnazaz (SC’ T+ O) = —az, <24)
Let us evaluate solution (22). From
Rn (33,5) = Gln (.I,f) +G2n (l’,g) + ... +Gmn (:E»g) +'-'7
let’s find the estimate

using equality G, (z,€) = a1Gn¢ (z,£) — a2G,, (2, ) taking into account (20), we have an estimate for
G (z,€) in the form

1 1
|G| < la1]|Gre| + |az| |Gnl < ()\ /\2) M.

For the right side of inequality (25), we construct a majorizing series. By entering the designation
1 1
J=|—+ =) M,
<>\1 i X‘f)
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we have

_ 11 1
|Gin (2,€)] < |G (z, 5)]<MN(A A2) SI;Jp,

p
\G%mgng/ﬁ? (2,9)] |Cn (s, \m<pﬂ2,
0
p
Gan 2.8)] < [ |G (.5)] |G (5, )| s < 75"
0
f 1
‘Gm” (x,f)‘ S / ’Gln (x’s)‘ ‘é(m—l)n (87§)|d5 < ];Jm ",
0

Then the majorizing series has the form

1 o
p m=1
Condition 3, Theorem 2 can be written as
C< i = <1+1>KC<1
Kp ()\1 + 1) A A2 P
from here
Jp < 1,

then the majorizing series is the sum of the terms of an infinite decreasing geometric progression. In
this case, the resolvent converges uniformly, and its estimate has the form

J < M. (26)

R@.6)| < 1= <

Substituting G, (z,&) = Gheee (2, €) into Vo, (x) and integrating, we have

p
Von (z) = —fn (z) + fn (0) Ganee (z,0) — fn (p) Ginee (z,p) + /Gn§£ (z,6) o' (€) ds.
0

Taking into account estimates (11) and
|Gonge (2,0)] < K, [Gnge (,p)| < K,

we get
M M
Vou (2)] < —3 (14 [ Fo (2)] + [Fn (O) + [Fn (P)]) + 5 (1Wn] + [W2n] + [ W) - (27)

From (26) and (27) we obtain the estimate

Vi (@)] < [Von ()] +Ofp!R(x,£)l [Vw (€)] de <
< M (14 |Fy ()] + B (0)] + | Fy (9)]) + 24 (W10 + [Tan] + [Tsy]) -
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Due to (7) and (9), the solution to the problem has the form

u (@) = f} (Vo) + () eos (7).

Let’s check this solution for convergence. Considering the assessment

M
lon ()] < 3 ([U1n] + [Won| + [¥3,]),

we have
|u my|<MZ (1 + [Fn ()] + [Fn (0)] + [ Fn (p +MZ (|W1n] + [Yon| + [P3,]).

Let’s show the convergence uzz (7, y). Taking into account (23) and (24), we find the derivatives
of V,, () with respect to x of the third order.

VI (@) = N fo (2) — an (V'On (@) + | Roa (2,6 Vo () ds) _
—a2 <v0n (2) + | Ro (2,€) Vo (€) d€> a8 (VOn (#) + [ Ro (2,€) Von (€) d&) .
0 0

Using estimate (23) and the properties of the Green’s function, we get

M F, (0
’VIOn (:E)‘ > 7 <|\I/1n‘+‘\1/2n’+’\1/3n|+|()|+1> )
ns n
| Rz (2,€)] < n3M,
next we have
nn M2
V" () Zl‘l’ml + Fo ()| + [F (0)] + [Fn (p)| + 1) .

From here
o0 M o0
n= n=

Using the Cauchy-Bunyakovsky and Bessel inequalities, we obtain:

[Ugze (z,y)] < M ( > |\I’1n‘2 o2 ’\1’271’2 a4l 2 |\I’3n‘2) > n% + >0 (n_Q) <
n=1 n=1 n=1 n=1 n=1
< MAJZ ([ @)+ 19" @)+ 19" @)]]) + 210 (n7?) <o

Here
. 2 2 . 1 w2
Z Win|” < Hd}imHLz[O,q]’ i=1,3, Z n2 6
n=1 n=1

Given the inequality

gy (2, 9)] < Jtaen (2, )| + || [uaz (2, 9)| + |az| [u (2, y)],

we can conclude that u,, also converge.
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From the solution of problems (11) and (13) we obtain a solution to problem Aj in explicit form:

wlen) = & (0@ + [ Ro@ O ©de + m@) +
/22 con (72 ) (2,€) X3 i (€) dé+
+ ECOS(”" )<fR :Ufofp nms)\?’fn()dsd§>—|— 2n§1pn(x)cos(”£y).

Thus, Theorem 2 is proved.

Conclusion

In this paper, we consider a boundary value problem for a third-order inhomogeneous equation

with multiple characteristics, containing low-order terms with constant coefficients. The uniqueness
and existence of a solution to the problem posed are investigated. Sufficient conditions are found for
the coefficients under which the problem posed is uniquely solvable, and in the case of violating these
conditions, an example of a nontrivial solution to a homogeneous problem is constructed. The solution
to the problem is constructed in the form of a eigenfunctions’ series for a one-dimensional spectral
problem.
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I'pun yHKIUSICHIH Kypa OTBIPBIN, €ceJii cullaTTaMaJJapbl 6ap
YIIIHIIT peTTi 6ipTeKTi eMec TeH ey VIMiH MIeTTIK eCEeNTiH, MIeriMi

IO.I1. Anaxos!?, P.A. Ymapos?

1 .
3P FA B.A.Pomanckuti amwndazo. Mamemamuka uncmumymo, Tawkenm, Osbexcman;
2 Hamarean unscerepair-gypouaoc uncmumymaes, Hamanzan, O36excman

2Kywmpicra TypakThl Ko3dduimenTrepiMeH ecei cumarraMaaapbl 6ap gepbec TYBIHIBLIB YIIHIII peTTi 6ip-
TeKTi eMec MudGEPEHINATIBIK TEHAELY YIITiH TIKOYPBINITHL 0OJIBICTa EKIHIMI IMETTIK ecell KapaCThIPBLIFaH.
Koiiburan ecenTiy memnmiMiHig »KaJFbI3IbIFLl SHEPTUsST UHTErPAJIapbl dJiciMeH JaJesaeH . 2K aarbI3IbIK
TEOpEeMAaChIHBIH IIapTTAPbl OYy3bUIFaH KargaiiFa KapChl MbICAJI KYPACTBIPLUIILI. AHBIMAIbLIADIBI OOTIKTEY
ozicin Kommansm, ecenrin menrimi X (z) xkone Y (y) exi dynxnusaubH kebeiTingici peringe iznemeni. Y (y)
anplKTay yiuiH [0, ¢] cerMeHTIHIH meKapagapblHa €Ki meKapaJIblK IapTTapbl 6ap eKiHii peTTi KapamnaibiM
muddepeHmaNIbIK TeHAey Al agaMbi3. Byur ecen ymriH MeHIIKTI MoHIepi »koHe oraH coiikec n = 0 KoHe
n € N ymin menmikTi GyHknuanapel Tabbuiabl. X (z) ampikray yumina [0, p] cermMenTinig mekapasapbiHIa
VI IIEeKapaJIbIK, IIapThl 6ap YIIiHIN perTi KapamnaiibiM JuddepeHnuaiablk TeHaeya agambi3. Kepceri-
reH ecenriy mmermimi ['pua dyHKImsICH 9ici koMerimen 1mbrapburad. n = 0 yiin 6esek ['pus dyHKIMSICH
2KOHE 1 HATYPAJI CaH GosIFaH »Karmail yirid 6esek I'pun dyHKnmsace: Kypbuiabl. X () yIIiH mentiM KypbUIFan
I'pun dyHKIUICH apKBLIBI Ka3bLiraH. Keitbip TypJieHaipyIepaeH Keiin memnrimMi pe30/ibBeHTa apKbLIbI YKa-
3pUIFaH eKinmi TekTi naTerpasasl Ppearonsm TeHzeyi anapHabl. Pe3osbBenTa Men I'pun dyHKIuscel yiin
barastaynap Tabbuiel. [lernmiMuin 61pKATBIITE XKUHAKTHIIBIFEL 2KoHE OepliireH OyHKITUIIap1a Keibip map-
TTap YIIH mytmesern guddepenimaniany MyMKisairi gosaenaeni. [lemiMain 61 pKaJIbIITh XKUHAKTHLIBIFBIH
HerizJiey KesiHe «Kimmi Ge/TIMHIHY YKOKTBIFBI JI9JIEJIIEHTEH.

Kiam cesdep: nuddepeHnmaIbIK TEHILY, YIMHIIN PeT, ecejli CUTaTTaMaJjap, eKiHII MeTTIK eCell, TYPaKThI
IIeIiM, YKaJFBIBILIK, 6ap 6oy, ['pun dyHKIUSACH.
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Penienue kpaeBoii 3ajiaun Jijisi HEOAHOPOJHOIO ypaBHEHUS
TpeThero MmopsiJika ¢ KpaTHbIMU XapaKTepPUCTUKAMU
c nmoctpoeHnem dbynkiuu I'puHa

IO.I1. Anaxos!?, P.A. Ymapos?

! Hnemumym mamemamusu umenu B.H. Pomanosckozo AH PY3, Towxewm, Yabexucman;
2 Hamareancrutd unocenepro-cmpoumenvHoui unemumym, Hamanean, Yabexucmar

B pabore paccmorpena Bropasi KpaeBasi 3ajiada B IPSIMOYTOJIBHOM 0OJIACTH JIJIsl HEOHOPOIHOTO Judde-
PEHINAJILHOIO YPABHEHHS B YaCTHBIX IPOM3BOIHBIX TPETHErO IOPSIIKA C IOCTOSTHHBIMU KO3 duimenramu
C KPaTHBIMU XaPAKTEPUCTUKAMH. EJIMHCTBEHHOCTD PEIIEHUs TIOCTABJIEHHON 3a]a9 JIOKA3aHa METOIOM WH-
TerpaJioB sHepruu. [locTpoeH KOHTpIpPUMED B CiIydae HAPYIIEHHs] YCIOBUl TeOpEeMbl eIMHCTBeHHOCTH. Vc-
[TOJIB3Ys METOJT Pa3/eJICHHUs IIE€PEMEHHBIX, PEIeHNe 3aady HINETCS B BHJE IIPOU3BEIEHUS ABYX (MOYHKIUN
X(z) n Y(y). Jua onpenenenns Y (y) mosydaem o6bikHOBeHHOE nudDEPEHIMATBHOE YPABHEHUE BTOPOTO
HOPsZIKA C IBYMsI TDAHMYHBIMA YCJIOBUSIMU Ha IpaHunax cermenta [0, ¢|. s sroil 3ama4um HailneHbl co6-
CTBEHHBIE 3HAYEHHS U COOTBETCTBYIOIME UM cobcTBeHHbIe hyHknuy npu n = 0 un € N. [aa onpenenenns
X (z) momyuaem obbikHOBeHHOE nuddepeHImanbHoe ypaBHEHNE TPETHETO MOPSIKA ¢ TPEMs MPAHUIHBIMA
ycsioBusiMu Ha rpaHunax cermenta [0, p|. Merogom ¢yHknum ['puHa 1101y 4eHO pelleHne yKa3aHHOM 3a/1a9u.
Brumm nocrpoens! ornenbuas dyukius 'puna gy n = 0 u oraesnbHas GyHkius I'puna s cirydasi, Korga
n — narypaJspnoe. Pemenne qys X (z) Beimucano gepes nocrpoennyio dyukmuio I'puna. [locie nekoTopbix
peobpa30BaHuil MOJIyUeHO MHTEerpajbHoe ypaBHenne PpenrosbmMa BTroporo poja, pelieHre KOTOPOil Bbl-
[IACAHO Yepe3 pe30sibBeHTy. [loyyuens! oneHKu pe3osabBeHThl n GyHKImE ['puna. JokaszaHel paBHOMepHas
CXOJIUMOCTD PEIIEeHNsT ¥ BO3MOXKHOCTD €r0 MOWJIEHHOro AuddepeHIMPOBaHIs IPU HEKOTOPBIX YCJIOBUIX HA
3asanable pyHKImu. [Ipn o60cHOBaHME PABHOMEPHOI CXOAMMOCTH PEIIeHUs JOKA3aHO OTCYTCTBHE «MaJIOro
3HAMEHATEJIST>.

Kmouesvie crosa: muddepeHnnaabHOe ypaBHEHUE, TPETUI TOPSIOK, KPATHBIE XapaKTEPUCTUKHU, BTOPAsI
KpaeBas 3aJava, PeryyIsipHOe pellleHne, eIMHCTBEHHOCTD, CyIecTBOBanue, pyuknusa ['puna.
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