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Implementation of summation theorems of Andrews and
Gessel-Stanton

Generalized hypergeometric functions and their natural generalizations in one and several variables appear
in many mathematical problems and their applications. Solving partial differential equations encountered
in many applied problems of mathematics physics is expressed in terms of such generalized hypergeometric
functions. In particular, the Srivastava-Daoust double hypergeometric function (S-D function) has proved
its practical utility in representing solutions to a wide range of problems in pure and applied mathematics.
In this paper, we introduce two general double-series identities involving bounded sequences of arbitrary
complex numbers employing the finite summation theorems of Gessel-Stanton and Andrews for terminating
3F> hypergeometric series with arguments 3/4 and 4/3, respectively. Using these double-series identities,
we establish two reduction formulas for the (S-D function) with arguments z,3z/4 and z, —4z/3 expressed
in terms of two generalized hypergeometric function of arguments proportional to 2> and —z> respectively.
All the results mentioned in the paper are verified numerically using Mathematica Program.

Keywords: Generalized hypergeometric function; Srivastava-Daoust double hypergeometric function; Reduction
formulas; Mathematica Program.

1 Introduction and preliminaries

The ,F,; (p, ¢ € Np) is the generalized hypergeometric series defined by (see, e.g., [1; Section 1.5]):

oo

a1, ..., Qp; (al)n"'<ap)n
F — Pn """ \Fp)n
P Bl»--wﬁq;z 7;) (/Bl)n(ﬁq)n

=, Fy(ar, ..., ap; B, ..., By 2),

pe
n!

(1)

being a natural generalization of the Gaussian hypergeometric series 9Fj, where (\), denotes the
Pochhammer symbol (for A, v € C) defined by

F'(A+v) _
Ay = ——= A Ae C\Z

( )V F()\) ( y V + € \ O)

1 (r=0; e C\Z,),

AA+1)---A+n—-1) (v=neN; XeC).
Here T is the familiar Gamma function (see, e.g., [1; Section 1.1]) and it is assumed that (0)o := 1, an
empty product as 1, and that the variable z, the numerator parameters o, ..., a; and the denominator
parameters 31, ..., B, take on complex values, provided that no zero appear in the denominator of

(1), that is, that
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Here and elsewhere, let Z, R and C be respectively the sets of integers, real numbers, and complex
numbers, and let

N:={1,2,3...}; No:=NU{0};Zy :=Z~ U{0} = {0,-1,-2,-3,---}.

For more details of ,F, including its convergence, its various special and limiting cases, and its
further diverse generalizations, one may referred, for example |2, 3].

Whenever the generalized hypergeometric function , /3, including 9 /7, can be expressed in terms of
Gamma functions through summation of its specified argument, which may include unit or % argument,
the outcome holds significant value from both theoretical and practical perspectives.

The generalized hypergeometric series has classical summation theorems, including those of Gauss,
Gauss second, Kummer, and Bailey for the 9F} series, as well as Watson’s, Dixon’s, Whipple’s,
and Saalschiitz’s summation theorems for the 3F5 series and others. These theorems have significant
importance in both theory and application.

From 1992 to 1996, Lavoie et al. [4-6] published a series of works that generalized the aforementioned
classical summation theorems for the 3F» series of Watson, Dixon, and Whipple. They also presented
many special and limiting cases of their results, which have been further extended and generalized by
Rakha-Rathie 7], Kim et al. [8], and more recently by Qureshi et al. [9]. These results have also been
verified, using computer programs such as Mathematica.

Srivastava and Daoust [10; 199] introduced a generalization of the Kampé de Fériet function [11;
150] by means of the double hypergeometric series (see also [12,13]):

A B B [ [(aa) 29, @] [(bB) :¢]; [(Vg): ) .
Ee: bl < [(cc) =0, €] = [(dp) : nl; [(di,) 'l y>
B B’

(aj)mﬂj—i-mpj H (bj)mwj H (b;)mﬁ;

o0 o0
=207
- D D m! n!’

m=0n=0 T1(¢5)me;4ne; [T (di)mn; TT(d)nny
7j=1 7=1 7j=1

Q| L=

where the coeflicients
/ /
1917"'71914; Py PA; 1/}1’"°5¢B; wlv"'7¢B’; 517"')50;
/ /
€1, .-, EC, 771)""77D; 7717"'377D’
are real and positive. Let

C D A B

Ayi=1+ Z‘SJJ“Z”J — Zﬂj—f'zwj
j=1 j=1 j=1 j=1
and
C D’ A B’
Ay:=1+ Zsj+2n§ - Z@jﬁLZQZ)s’
j=1 j=1 j=1 j=1

Then

(i) The double power series in (2) converges for all complex values of z and y when A; > 0 and
Ay > 0.

(ii) The double power series in (2) is convergent for suitably constrained values of |z| and |y| when
A1 =0and Ay = 0.
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(iii) The double power series in (2) would diverge except when, trivially, x = y = 0 when A; < 0
and Ay < 0.

Qureshi et al. [14] provided insightful remarks on previous studies, specifically [15-17]. They
employed a double-series manipulation technique, utilizing Whipple’s transformation (see [18; 266,

Eq.(6.6)]):

. —y—@ﬁEJ—m—B—Q1—m—D;]
554 1+E—D-m 2+E—D-m .
l-m—-B,1-m-C, & 5, + 55
(-D)m —m, Ba Ca Ea

= ————"——4F;3 1
(D—-E)p, l1-m—-B,1-m—C, D;

(m e No; B, CD, 1+E—2D—m’ 2+E—2D—m eC\ Za>,
and (see [19; p. 537, Eq.(10.11)]; see also [17; Eq. (2.5)])

-m, X, Y, Z;
U,W,X+Y+Z—|—1—U—W—m;1
U=X)m(Y +Z+1-U—-W —m)n,
U X+Y+Z4+1-U-W —m),
—m,W—Y,W—Z,X;1]
l-m+X—-UU+W-Y—Z W;

4F3

X 4 F3

meNy U W, X+Y+Z24+1-U—-W —m,
(1—m+X—U, U+W-Y - Z, We(C\Zg)'

Through this approach, they introduced three double-series identities, which incorporated a bounded
sequence of complex numbers. In addition, they [14| demonstrated that the application of double-series
identities enables the provision of numerous reduction formulas, whether they are already known or
newly discovered. Subsequently and concurrently, a number of papers have utilized series manipulation
techniques along with, among several others, transformation formulas for oF; in Chan et al. [20],
the reduction and transformation formulas of Kampé de Fériet and Srivastava-Daoust functions [21],
implications of Bailey transformations in double-series and their consequences [22], the reduction
formula for oy in Karlsson [23], terminating 5 (3) [24; Eq.(1.3)] (see also Gessel-Stanton summation
theorem [25; Eq.(5.21)] and terminating 3F% (2) [24; Eq.(1.4)] (see also [26; Eq.(1.12)]) in Qureshi et
al. [24]. These papers have presented multiple or double series identities, which have been employed to
derive a range of reduction formulas for the Kampé de Fériet, Srivastava-Daoust function and other
intriguing identities for the ,F, functions.

Inspired by the aforementioned papers, especially [14,21], and utilizing the reversing order of the
finite summation theorem of Gessel-Stanton [25; 305, Eq.(5.21)])

—n, —2b— 2, —6b — n; , 0 ‘n=3m+1 and 3m+2,
3F2 1= B, e (3)
—3b —n, % —3b —n; (142) 1 (3b+1)3m (3b+ 1 )am (4)°™ ;no=3m,

where m =0,1,2,3, ...
(also, reversing order of the terms in finite summation theorem of George Andrews [26; 4, Eq.(1.12);
see also p.16, Eq.(4.8)])
_p. 1=8b=2n 2-3b—2n.
) 2 0 2 _{0 imn=3m+1 and 3m+ 2,

(3m)!(—1)(m(b n = 3m, (4)

3bn

oI~

1—-b—n,1—3b—2n;
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where m =0,1,2,3, ...

Our objective is to introduce two double-series identities. These identities incorporating bounded
sequences of complex numbers are derived using series rearrangement techniques and Pochhammer
symbol identities. These issues are further discussed in Section 2. In Section 3, we employ these general
double-series identities to establish two reduction formulas for Srivastava-Daoust double hypergeometric
function in terms of generalized hypergeometric functions with arrangements proportional to z® and
—23. We achieve this by using Cauchy’s double series identity (see, e.g., [27; 56])

YD Omr)=3 > Om-rr) (5)
n=0 r=0 n=0 r=0

provided that the associated double series are absolutely convergent. We also have the following
identities involving the Pochhammer symbol:

oo fi() 0 fE),

i=1 i=1

() =57 ] (3). f[l(lgej)n f{(“g) (®)

Remark 1.1 Wolfram’s MATHEMATICA has implemented the ,F, function as Hypergeometric
PFQ, which is appropriate for performing both symbolic and numerical computations.

Throughout this article, we assume that any values of parameters and arguments, which would
render the results in Sections 2 to 3 invalid or undefined, are tacitly excluded.

2 Two general double-series identities

This section demonstrates two double-series identities that involve bounded sequences by primarily
utilizing Gessel-Stanton and George Andrews (3) and (4). The first identity takes the following form:

Theorem 1. Let {¥(u) =1 be a bounded sequence of essentially arbitrary complex numbers or real
numbers such that ¥(0) # 0. Then, the following general double-series identity holds true:

(=2b) 20y 5 (1 + 6b)ny r (5 43b) (14 3b),(3)" 2"
ZZ\I’”” (=20) 202 (5+30), (14 80 (1 + 6b)u(4) rlnd

W\?

(Sbil) (8b£2)  3n
n

) #
= Z\I/(Zin) (3b§L1)n (3b;_2:;n (6bg—1§n (6bg—5)n (432)" n! 9)

provided ( 20, 1 5 +3b,1+3b,1 + 60, 3b+1 3b+2 6b+1 6b+5 e C\zZ, ), and the infinite series occurring
on both sides of equation (9), are absolutely convergent
Proof.

( 2b)72£+§(1 + 6b)n+r (% + 3b) (1 + 3b) ( )7" n+r

Let U(n+ - .
¢ ZZ () o) o 2 (3430) (14 3b)nsr(L+ 6b)n(4)" rind

[I]

(10)

n=0 r=0 ~—73 3 2 n—+r
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Replacing n by (n — r) in equation (10) and using Cauchy’s double-series identity (5), we have

_ —2b— %) (—6b—n).(—3)"2"
=t ZZ 3b ), (3 = 3b— ), ()7 (n — r)lrl’ (1)

n=0 r=0

Multiplying numerator and denominator by n! and using Pochhammer symbol identity (6) to the right
hand side of equation (11), we obtain

_ zn n (—2b— &) (—6b—n),.(3)"
=1 Z‘I’ EZ 3b ), (L — 36— ), (4) 1!

r=

e8] 2b_7 —6b — n;

Z 13F2

= %—3b—n,—3b—n;

=~

—~
—_
[\

~—

We now apply the decomposition identity

i ®(n) = i ®(3n) + i d(3n+1) + i O(3n +2),
n=0 n=0 n=0 n=0

provided that each of the sums is absolutely convergent, to the right-hand side of (12). This produces

0 L —(3n), —2b — 2n, —6b — 3n; 0 ant1
Ei1(2) = ) U(Bn) o 35 S4TGB+ 1)
= (3n)! ~3b— 3n, L — 3b— 3n; = (3n +1)!
—(3n+1),-2b—2n—2,—6b—3n — 1; ) i 3n42
><3F2 1 + v 3n+2)
—3b—3n—1,-3b—3n — &; =0 (3n +2)
—(3n+2),—6b—2n — 3, —6b— 3n — 2;
><3F2 % . (13)

—3b—3n—2,-3b—3n—3;
Finally, using the summation theorem (3) to the right hand side of equation (13), we get

(%)n (3),, (6D + 1)3,(2b + 1)24(3)*"
Z\I’ (2b+ 1), (3b + 1)z, (85), (4)3n

[I]

3n

After further simplification, we get the required result (9).

The second identity is given by the following theorem:

Theorem 2. Let {¥(u)}72, be a bounded sequence of essentially arbitrary complex numbers or real
numbers such that W(0) # 0. Then, the following general double-series identity holds true:

3b>2W (52) (3, B)n(—4)Tz "
HZOTZO 3b)2n+2r(b)n+r (1+3b)n (%b)n (3)7' 7"! 7’L'
N (b)n(—2%)"
=2 ), ), Gy a4

provided (36 1+3b , 0, 321’, 35 ngl, b2 ¢ C\Z, ) and the infinite series occurring on both sides of equation
(14) are absolutely convergent.
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Proof.
s (52),p (B),, Oy
Let ZZ\P 1+3b 3b 1 nl <15)
n—=01—0 (30)2n42r (D) ntr ( ) ( )n "rinl
Replacing n by (n — r) in equation (15) and using Cauchy’s double-series identity (5), we have
1-3b—2n 2— 3b 2n T
4
ZZ‘IJ (=52),.( ), (= (16)
== (1-b—n)(1—-3b— 2n)()r7"(n—7')

Multiplying numerator and denominator by n! and using Pochhammer symbol identity (6) to right
hand side of equation (16), we obtain

iq, ﬁzn: (1 3b— 2n)r (2—3&;%)10(4)7’
n' 1—b

— r:O (1 —=3b—2n),(3)" r!

1-3b—2n 2—3b—2n.
-n, 2 ) 2 )

_Z\Ij |3F2

We now apply the decomposition identity

i d(n) = i ®(3n) + i ®(3n+1) + i ®(3n+ 2),
n=0 n=0 n=0 n=0

provided that each of the sums is absolutely convergent, to the right-hand side of (17). This produces

SIS

—~
—_
-

~—

1—-b—n,1—3b—2n;

o —3n 1-3b—6n 2—3b—6n. 0o
_ Z\I](?) ) 3n P ) 2 ) 2 ) 4 +Z\I](3 +1) 3n+1 y
:.2(2) = n 1 319 3 n 7‘
n=0 (3n)! 1—b—3n,1—3b—6n; n=0 (3n +1)!
_(3n + 1)7 —3b—26n—1’ —3b2—6n; \ io: 342
—b—3n,—3b—6n—1: =0 (3n +2)!

—3b—6n—3 —3b—6n—2.
—(3n+2), 5, St

X3F2

ol
—~
[
co
~—

—b—3n—1,-3b—6n—3;

Finally, using the summation theorem (4) to the right hand side of equation (18), we get

&y 2 (B0,
e )<3n>1{ o

3)n

—Z\I/?m b

After simplification, we get the result (14).

)3 n!’
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3 Certain consequences of general double-series identities (9) and (14)

In this section, we establish a result for reducibility of Srivastava-Daoust double hypergeometric
function as in the following theorem.
Theorem 3. The following results hold true:

[(dp):1,1],[-2b: =2, 4], [1+6b:1,1) : 3 +3b:1],[1+3b: 1] ;—;
FD+2:2;0 5 3z
E+3:1;0 - » 4
[(ep) : 1,1],[=2b: —5,—3],[5+3b: 1,1, [1+3b:1,1] : [1 +6b: 1] ;—;

AJ3; (dp)), S, 2, 3
= 213pFui3E 16x(2N)U+E=D) | (19)
A[S; (eE)], 3b;—1, 3b§}—2, Gbéf—l, 6b(—5|—5;
and
[(dp): 1,1],[3b: 2,1, [F52 - 1,1, [£: 1,1] - [b: 1] —
FD+3:1;0 4z
E+2:2,0 3b 1+3b S
[(eE) : 1, 1]a [36 : 232]7 [b 1 1] : [7 : 1]7 [T : 1];* ;
A[(3; (dp)], b; .
= 113pF343E (27)&% , (20)
Al3; (ep)], 5, 51, M2,

3b 143b 146b b b+l b+2 3b+1 3b+2 6b+l 6b+5 —
where (e1, e, ...,ep, b, —2b,3b,1 + 6b, 3, 1452 150 & oxl o2 S0l od2 okl G0 ¢ C\Zj). When
D < FE then above transformations are always convergent for |z| < co. When D = 1 + E then above
transformations are convergent for suitably constrained values of |z|.

Proof.

Put T(p) = (dl)u(d2)u---(dD)u _ H%1(di)u : p=0,1,2,3, ..,

(e1)ule2)pu--(ep)pu [LiZi(ein

on the both sides of general double-series identity (9), we obtain

S5 [12. (i) r(=26) 2n (1 6B)gr (5 +3D),, (14 3b)u(3)7 2"
E

0720 Thizi (e)nan(—26) 202 (5 +3b),,,, (1 +30)ngr (1 + 6b)n (4)7 rin!

8 [T (di)an (%5, (%52),, 2™

i T (M), (52, (%), (42, (432)mnt

Now applying the definition of double hypergeometric function (2) of Srivastava-Daoust to the left
hand side of equation (21) and definition of the generalized hypergeometric function (1), together with
the Pochhammer symbol identities (7) and (8) to the right hand side of equation (21), we get the
desired result (19).

The proof of (20) follows exactly the same procedure and will be omitted. This completes the proof
of Theorem 3.

(21)
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4 Conclusions and Remarks

In our present investigation, we have obtained two general double-series identities by using the finite
summation theorems of Gessel-Stanton and George Andrews for the terminating hypergeometric series
3Fy with arguments 3/4 and 4/3 respectively. These results have been used to derive two reduction
formulas for the (S-D function) with arguments (z,3z/4) and (z, —4z/3) in terms of two generalized

. . . 43 .
hypergeometric functions s13pFyrsp and 1413pF313gp with arguments 6w (FB=D7 and @ E=D)

respectively. We believe that the results established in this paper have not appeared in the literature and
represent a contribution to the theory of generalized hypergeometric functions of one and two variables.
The various results, which we have presented in this article, are potentially useful in mathematical
analysis and applied mathematics.
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M.U. Kypermm!, T.P. [Tax!?

1 .
Iorcamusa—Muanus—Heaamusn (Opmanvik; yrusepcumem,), Horo-Zleau, Yndicman;
2 Mnorcenepaix orcone mexnoaozus yrusepcumemingy, uncmumymaes; Typy Hanax ynusepcumemi, Hopazum ITammanm,
Teranzana, Ynoicman

Duaproc neH I'eccenb-CT3HTOHHBIH, KOCBIHABLIIAY TeOopeMaJiapbIiH
JKy3ere acbIpy

?Kanmbumanrad TUIEPreoOMeTpUsIBIK, (DYHKITUSIIAp MEH OJIapAbiH 6ip KoHe OipHere aiHbIMAJIBLIAPIAFHI
3aH/IbI 2KAJIBLUIAHYbI KOIITEreH MAaTEMATUKAJIBIK, €CelITep MEH OJIApIbIH KOChIMITIATapbIHIa Ke3meceai. Ma-
TEeMaTUKAJIBIK, (PU3UKAHBIH KOIITEreH KOJIIaHOaJIbI ecenrTepi bap gepbec TybIHABLIBI AuddepeHInaIbIK, TEH-
JeyJIEPIiH, MIeiMi OChIHIAN XKAJBLIAHFAH TUIEPTeOMETPHUSIBIK, (DYHKIUIAD aPKbLIBI OPHEKTe e Ii. ATar
afitkanna, [[pusacrasa-laycTTein Koc runepreomerpusiiblk dynkmuscol (S-D dyuknuscer) ipresi xkome
KOJIJTaHOAJIBI MATEeMAaTUKAIAFbl KEeH, ayKbIMJbl €CelTep/IiH IIeNIiMIEPiH YChIHY YIIiH ©3iHiH NpaKTUKAJIbIK
naimaIbUIBIFbH Jomenneai. Maxkanama colikeciame 3/4 xome 4/3 aprymentrepi 6ap 3F> askramaTeia ru-
[IePreoMeTPUsIIbIK, Karapra apHaiaran [eccesib-CTO9HTOH »KoHe DHJIPIOCTIH, AKBIPJIbI KOCBIHIBLIAD TEOPeMa-
JIapBIH Taiia/laHa OTHIPHII, ePKiH KeIleH/ Il CaHIap/IblH, IIEKTEIreH Ti30eriHeH TYPAThIH KOC KaTapJjap YIIiH
€Kl 2KaJIbl colikecTeHmipy enrizinren. OCbl KOC KaTap COWKECTIKTEpIiH maiiflamana OTBIPBIN, Zz,3z/4 xkomHe
2, —42/3 aprymentrepi Gap (S-D dynkuusch) exi KeaTipy bopMyIachl o eI IenTeH, onap 2> xaHe —z°
apryMeHTiHe MPOTOPIMOHAJ €Ki YKAJIbLIAHFAH T'UIEPreOMETPUSIIBIK, (DYHKIIUSIAP apKbLIbI OPHEKTEIE]].
CoHbIMEH KaTap MakaJjajga alTblIFaH OapJblk HoTHKeaep «Mathematicay GarmapiaamMachl apKbLIbI CAHIBIK,
TYp/ie TeKCEPLII.

Kiam cesdep: xanublnanran rutiepreomerpusiiblk dynkiws, [[Ipusacrasa-/laycTTbiy KOC rumepreoMerpusi-
JIBIK, QYHKITUSICBI, KeaTipy dopmynaiapsl, «Mathematicay Garmapmamacsr.

M.I. Kypemmu!, T.P. [Tlax!?

L orcamua Muanua Heaamus (Lernmpanvroil ynusepcumem,), Horo-eaw, Hnous;
2 .
Hnemumym Ynusepcumema unotcenepuu u mexnoso2uli; Ynusepcumem I'ypy Hawnaxa, Ubpazum [lammanm,
Teaanzana, Unous

Peanmmzanus Teopem cymmMmupoBaHus dHaApioca u l'ecceng—CraHToHA

O6Gobuiennble runepreomerpudeckre (ByHKIUN U UX €CTECTBEHHbIE 0DODIIEHUS OT OJHON U HECKOJIbLKUX
[IEPEMEHHBIX BCTPEYAIOTCs] BO MHOIMX MaTeMaTHYECKHUX 3aj@adax M MX NPUJIOKeHMsX. PerreHue ypasHe-
HUIl B YACTHBIX MPOU3BOHBIX, BO3HUKAIOMINX BO MHOTHX MPUKJIAIHBIX 3a/1a9aX MATEMATUIECKON (DU3UKH,
BBIPAXKAETCs Uepe3 Takue 0O600IIeHHbIe THIIepreoMeTprdeckre GyHKIuU. B gacTHOCTH, IBOHAS THUIIEPreo-
Mmerpudeckas dyuxnus [IIpusacrasei—laycra (S—D-dyukius) Jokasana CBO NIPAKTUYIECKYIO IOJIE3HOCTD
JIJIsl TIPEJICTABJIEHUST PEIeHul MUPOKOro KpyTra 3aJad (PYyHIAMEHTAJIbHON U MPUKJIAIHON MaTeMaTuku. B
HACTOAINEH CTAThbe Mbl BBOIMM JBa OOIIUX TOXKJIECTBA JIBOWHBIX PSJOB, BKJIIOYAIONINE OMPAHUYCHHBIE I10-
CJIEZI0BATEILHOCTH IIPOU3BOJIBHBIX KOMILIEKCHBIX YHCeJI, WCIIOJIb3ysl TeOPEMbl KOHEYHOI'O CYMMHPOBAHUS
Teccens—CranTona 1 DHAPIOCA JJIs 3aBEPIIAIONINX TUIIEPreOMETPUYECKUX PsifioB 3 F» ¢ aprymentavu 3/4
u 4/3 coorBercTBenHO. UCcmonb3ys JaHHBIE TOXKIECTBA JTBORHOTO PAJA, YCTAHABIUBAEM J1B€ (POPMYJIBI IIPHU-
Begenus s (S-D-dyukuuu) ¢ aprymedTamu z,3z/4 u z, —4z/3, BbIpaskeHHBIME 4Yepe3 JBe 0000IIeHHbIe
rumepreoMeTpudeckne (DyHKIMH ¢ ApTyMeHTAMHE, TIPOMOPIMOHAIBHEIMI 2° 1 —z° cooTBeTcTBeHHO. Bee pe-
3yJIbTATBI, yIOMSHYTBhIE B CTATHE, IPOBEPEHBI YUCJIEHHO C UCHOJb30BaHueM mporpaMMbl «Mathematicas.

Kmouesvie caosa: 0boOIIEHHAsT TUIIEpreoMeTpudecKas (pyHKINs, TBOWHAS TUIIEpreoMeTpruYecKast OyHKIIHS
IIIpuBacrasei—/laycra, dopmymnsl npuBeaenus, nporpamma «Mathematicas.
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