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On the function approximation by trigonometric polynomials and the
properties of families of function classes over harmonic intervals

The article is devoted to research on approximation theory. When approximating functions by trigonometric
polynomials, the spectrum is chosen from various sets. In this paper, the spectrum consists of harmonic
intervals. Devices, various processes, perception of the senses have a limited range. In the mathematical
modeling of numerous practical problems and in the further study of such mathematical models, it is
sufficient to find a solution in this range. It is possible to study such models to some extent with the help of
harmonic intervals. To prove the main theorem, an auxiliary lemma was proved, and elements of the theory
of approximations with respect to harmonic intervals were used. For the constructed families of function
classes associated with the best approximations by trigonometric polynomials with a spectrum of harmonic
intervals, their relationship with classical Besov spaces is shown.

Keywords: harmonic interval, spectrum, the best approximation of a function by trigonometric polynomials
with a spectrum of harmonic intervals, Dirichlet kernel, family of function classes.

Introduction

In recent decades, the penetration of ideas and methods of the approximation theory into various
branches of mathematical science has been observed. According to a certain rule, the approximation
of a function is understood as the replacement of one function by another, close to the original in
one sense or another. In the study of periodic functions, trigonometric polynomials occupy a central
position as approximating objects. The fundamental results in this theory were obtained in classical
works [1, 2]. Further development of the theory is connected with the works of [3, 4] and with the
works of other mathematicians. The results obtained are also described in detail in books [5, 6] and
others.

When choosing an approximating functions, the spectrum is essential. The spectrum of approximating
functions can have the most diverse configuration and consist of the most diverse sets. For example,
the spectrum can be a hyperbolic cross [7, 8] or the spectrum is a ball [9], etc.

Devices, various processes, perception of the human senses have a limited finite range. In the
mathematical modeling of numerous practical and applied problems and in the subsequent study of
the compiled mathematical models, it is enough to find a solution in this range. The study of such
models [10, 11] can be carried out to some extent using harmonic intervals.

Harmonic intervals are defined as sets INk [12] of a special form, where the parameter characterizes
the specified limited range to some extent. The definitions of harmonic segments and harmonic intervals
were given by E.D. Nursultanov in [13, 14]. These sets built according to a certain rule, and their
accompanying elements have found wide application in harmonic analysis.

The lemma and the main theorem are presented in the second section. The theorem is proved
using an auxiliary lemma and using the properties of harmonic intervals and the mathematical objects
associated with them.
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As an auxiliary problem, families of function classes
{
Br
p,q,N

}
N
connected by the best approximations

over harmonic intervals are introduced. Section 3 is based on the study of the properties of these families
of function classes

{
Br
p,q,N

}
N
. The constructed families of function classes are related to the classical

Besov spaces, and this is shown in the third section.

1 Definitions and auxiliary results

Definition 1. [12] If k, ν, d,N ∈ N, k < N , then the sets of the following types

IN,dk =
d⋃

ν=−d
([−k, k] + 2νN) ,

INk =
∞⋃

ν=−∞
([−k, k] + 2νN) =

∞⋃
ν=−∞

(m+ 2νN : m ∈ [−k, k])

are called harmonic segment and harmonic interval in Z, respectively.
Let TNk be the set of trigonometric polynomials in the harmonic interval, defined by the formula

[12]

TNk =

{
s∑

ν=−s
aν · eiνx : aν = 0 if ν /∈ INk , s ∈ N

}
.

We have
ENk (f)p = inf

t∈TN
k

∥∥f − t∥∥
p
,

where ENk (f)p is the best approximation over the harmonic interval INk of the function f ∈ Lp[0, 2π),
1 ≤ p ≤ ∞ by trigonometric polynomials from TNk of order less than or equal to k [12].

If f ∈ Lp[0, 2π), 1 ≤ p ≤ ∞, then we will consider the following sums as partial sums of the Fourier
series of the function f over the harmonic segment IN,dk and the harmonic interval INk , respectively [12]

SN,dk (f) =
∑

ν∈IN,d
k

aν · eiνx, SNk (f) =
∑
ν∈INk

aν · eiνx.

Lemma 1. Let the functions f and g belong to the space L2k[0, 2π), where k ∈ N. If the functions
f and g satisfy the condition ∫ 2π

0
fk · ḡkdx = 0, (1)

then we have an inequality of the form(∫ 2π

0

(
|f |2k + |g|2k

)
dx

) 1
2k

6 k

(∫ 2π

0
|f + g|2kdx

) 1
2k

.

Lemma 2. [14] Let B = [−k, k] be a segment in Z. k, d, h ∈ N, k < h.
{
Ih,dB

}∞
d=0

be a sequence of

harmonic segments in Z, converging to a harmonic integral IhB, and

IhB =
∞⋃

ν=−∞
(B + νh) .
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If f ∈ Lp[0, 2π), 1 ≤ p ≤ ∞,
∑

ν∈Z aν · eiνx is its Fourier series, then the sequence of partial sums
of the Fourier series of the function f over the harmonic segment

Sh,dB (f) =
∑
ν∈Ih,dB

aν · eiνx

converges in Lp[0, 2π) as d→∞ to the function

ShB(f) =
1

h

h−1∑
ν=0

f

(
x+

2πr

h

)
DB

(
2πr

h

)
,

where
DB(x) =

∑
m∈B

am · eimx

is the Dirichlet kernel corresponding to the segment B from Z, and its Fourier series will be the function∑
ν∈IhB

aν · eiνx.
Theorem 1. [15] Let f ∈ Lp[0, 2π), 1 < p < ∞, m ∈ N, SNm(f) be the partial sum of the Fourier

series and ENm(f) be the best approximation of the function f over the harmonic interval INm , then the
following correspondence is fulfilled

ENm(f)p ∼
∥∥f − SNm(f)

∥∥
p
.

Let 1 ≤ p, q ≤ ∞, r > 0, f ∈ Lp[0, 2π). Let’s construct a family of function classes
{
Br
p,q.N

}
N

satisfying the condition

Br
p,q.N =

{
f :
∥∥f∥∥

Br
p,q.N

<∞
}
, N ∈ N,

where ∥∥f∥∥
Br

p,q.N
=

(
N∑
k=1

krq−1
(
ENk−1(f)p

)q) 1
q

.

2 Properties of partial sums of the Fourier series over harmonic intervals

Lemma 3. Let f be a function from the space L2k[0, 2π), where k ∈ N.
∑

n∈Z an · einx is its Fourier
series, d ∈ N, (m+ 1)k < d− 1.

I1 = Idm =
∞⋃

ν=−∞
([0,m] + νd) ,

I2 =

∞⋃
ν=−∞

{[
m+ 1,

[
d− 1

k

]]
+ νd

}
,

Id
[ d−1

k
]
=

∞⋃
ν=−∞

{[
0,

[
d− 1

k

]]
+ νd

}
are harmonic intervals in Z; Sdm(f) and Sd

[ d−1
k

]
(f) are partial sums of the Fourier series of the function

f(x) over harmonic intervals Idm and Id
[ d−1

k
]
, respectively, then the inequality holds∥∥∥Sdm(f)
∥∥∥
2k
≤ k

∥∥∥Sd
[ d−1

k
]
(f)
∥∥∥
2k
.
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Proof. We introduce the following notation

u(x) =
∑
n∈I1

an · einx, v(x) =
∑
n∈I2

an · einx.

The functions u(x) and v(x) are partial sums of the Fourier series of the function f(x) over harmonic
intervals I1 and I2, respectively, and therefore belongs to the space L2k[0, 2π).

Let’s prove that ∫ 2π

0
uk · v̄kdx = 0

or ∫ 2π

0

(∑
n∈I1

an · einx
)k
·
(∑
n∈I2

ān · einx
)k
dx = 0.

Taking into account the values of the integral
∫ 2π
o einxdx when n = 0 and n 6= 0 we conclude that

the last condition will be satisfied if there are no identical numbers among the numbers n ∈ I1 and
n ∈ I2 when raising the partial sums

∑
n∈I1 an · e

inx and
∑

n∈I2 an · e
inx to the power of k.

Note that when u(x) is raised to the power of k, the numbers n fall into the set, which is a harmonic
interval, which we denote by I1k and

I1k =
∞⋃

ν=−∞
([0,mk] + νd) .

Indeed, by definition, we have

I1 + I2 + ...+ Ir =
{
n1 + n2 + ...nr, ni ∈ Ii, n = 1, 2, ...r

}
so

I1k = I1 + ...+ I1︸ ︷︷ ︸
k

=
{
n1 + n2 + ...nk, ni ∈ I1, n = 1, 2, ...k

}
.

Since ni ∈ I1, then ni = li + νd, where li ∈ [0,m], ν ∈ Z, i = 1, ..., k. Therefore,

k∑
i=1

ni =
k∑
i=1

li + νd.

Thus,

νd 6
k∑
i=1

ni 6 mk + νd.

It means that
∑k

i=1 ni ∈ Ik.
Applying the same reasoning, we get that the numbers n, when the partial sum v̄(x) is raised to

the power k, fall into the harmonic interval I2k, and

I2k =

∞⋃
ν=−∞

{[
(m+ 1)k, d− 1

]
+ νd

}
.

It is obvious that
I1k ∩ I2k = ∅.
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This equality ensures the fulfilment of the condition (1) for u(x) and v(x). The fulfilment of this
condition guarantees the application of Lemma 1, namely{∫ 2π

0

∣∣u∣∣2kdx} 1
2k

6

{∫ 2π

0

(∣∣u∣∣2k +
∣∣v∣∣2k)dx} 1

2k

6

{∫ 2π

0

∣∣u+ v
∣∣2kdx} 1

2k

,

∫ 2π

0

∣∣∣∣ ∑
n∈Idm

an · einx
∣∣∣∣2kdx

 1
2k

6 k


∫ 2π

0

∣∣∣∣ ∑
n∈Id[

d−1
k

] an · einx
∣∣∣∣2kdx


1
2k

or ∥∥∥Sdm(f)
∥∥∥
2k
≤ k

∥∥∥Sd
[ d−1

k
]
(f)
∥∥∥
2k
.

Lemma 3 is proved.
Theorem 2. Let f ∈ Lp[0, 2π), 1 < p < ∞,

∑
ν∈Z aν · eiνx be its trigonometric Fourier series, then

the following inequality∥∥∥∥∥f − 1

2N

2N−1∑
r=0

f

(
x+

πr

N

)
Dm

(
πr

N

)∥∥∥∥∥
p

6 C

∥∥∥∥f − Sm(f)

∥∥∥∥
p

, (2)

is true, where Dm(y) is Dirichlet kernel corresponding to the segment[−m;m], C is a constant that
depends only on the parameter p.

Proof. According to Lemma 2, we have∥∥∥∥∥f − 1

2N

2N−1∑
r=0

f

(
x+

πr

N

)
Dm

(
πr

N

)∥∥∥∥∥
p

=

∥∥∥∥f − SNm(f)

∥∥∥∥
p

=

=

∥∥∥∥∥∥
∑

ν∈Z\INm

aν · eiνx
∥∥∥∥∥∥
p

=

∥∥∥∥∥∥∥
∑

ν∈QN
m+1

aν · eiνx

∥∥∥∥∥∥∥
p

=

∥∥∥∥SQN
m+1

(f)

∥∥∥∥
p

,

where QNm+1 are harmonic intervals in Z, and

QNm+1 =

∞⋃
ν=−∞

{
[−N, −m− 1] ∪ [m+ 1, N ] + 2νN

}
.

Then we have ∥∥∥∥SQN
m+1

∥∥∥∥
p

=

∥∥∥∥SQN
m+1

(f − Sm)

∥∥∥∥
p

.

Since SQN
m+1

(f − Sm) is a partial sum of the Fourier series of the function

f − Sm(f) =
∑

ν∈Z\[−m, m]

aν · eiνx

then, by the theorem [14] on the boundedness of partial sums of Fourier series over the harmonic
interval, we obtain the necessary inequality∥∥∥∥f − SNm(f)

∥∥∥∥
p

=

∥∥∥∥SQN
m+1

(f − Sm)

∥∥∥∥
p

6 C

∥∥∥∥f − Sm(f)

∥∥∥∥
p

.
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Thereby, Theorem 2 is proved.
Note 1. According to Theorem 1 and Lemma 9.3 [16] the relation (2) can be presented in the

equivalent form
ENm(f)p 6 Em(f)p,

3 Properties of the family of function classes
{
Br
p,q.N

}
N

Definition 2. [12] Let two classes of functions AN and BN depending on the parameter N be given.
We will say that the class of functions AN is embedded in the class of functions BN and denote it by
AN ↪→ BN if the following conditions are satisfied:

1) AN ⊂ BN ;
2) there is a parameter C such that for any f ∈ AN the relation∥∥f∥∥

BN 6 C
∥∥f∥∥

AN

is true, moreover, the parameter C does not depend on f and N .
Definition 3. [15] Function classes

{
AN
}
N

and
{
BN
}
N
, where N ∈ N, are equivalent∥∥f∥∥

AN ∼
∥∥f∥∥

BN ,

if there are parameters C1, C2 such that for any f ∈ AN there is a correspondence

C1

∥∥f∥∥
BN ≤

∥∥f∥∥
AN ≤ C2

∥∥f∥∥
BN ,

moreover, the parameters C1, C2 do not depend on f and N .
In this case, the families of function classes

{
AN
}
N

and
{
BN
}
N

coincide, namely{
AN
}
N

=
{
BN
}
N
.

Theorem 3 relates families of function classes
{
Br
p,q.N

}
N

to classical Besov spaces [17].
Theorem 3. Let N ∈ N, 1 6 p, q 6∞, r > 0 then the following relationship is performed

∞⋂
N=1

Br
p,q,N = Br

p,q.

Proof By definition, we have ∥∥f∥∥ ∞⋂
N=1

Br
p,q,N

= sup
N

∥∥f∥∥
Br

p,q,N

Since the following inequality ∥∥f∥∥
Br

p,q,N
6 C

∥∥f∥∥
Br

p,q

holds for any N ∈ N then we obtain the accordance

sup
N

∥∥f∥∥
Br

p,q,N
=
∥∥f∥∥ ∞⋂

N=1
Br

p,q,N

6
∥∥f∥∥

Br
p,q
.

This correspondence follows from the last inequality

Br
p,q ↪→

∞⋂
N=1

Br
p,q,N .

186 Bulletin of the Karaganda University



On the function approximation ...

From other side, for a partial sum S2m(f), where m ∈ N, we get the ratio∥∥S2m(f)
∥∥
Br

p,q
=
∥∥S2m(f)

∥∥
Br

p,q,2m
6 C(p, q, r)

∥∥f∥∥
Br

p,q,2m
6

6 C(p, q, r) sup
N

∥∥f∥∥
Br

p,q,N
= C(p, q, r)

∥∥f∥∥ ∞⋂
N=1

Br
p,q,N

.

Further, from the last relation, according to the Banach-Steinhaus theorem [18], we obtain the desired
inequality ∥∥f∥∥

Br
p,q

6 C(p, q, r)
∥∥f∥∥ ∞⋂

N=1
Br

p,q,N

or
∞⋂
N=1

Br
p,q,N ↪→ Br

p,q.

Thus, Theorem 3 is proved.
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Функцияларды тригонометриялық көпмүшелер арқылы жуықтау
және гармониялық интервалдарға қатысты функциялар

кластарының үйiрлерiнiң қасиеттерi туралы

Мақала жуықтау теориясы саласындағы зерттеулерге арналған. Тригонометриялық көпмүшелер
арқылы функцияларды жуықтау кезiнде спектр әртүрлi жиындардан таңдалады. Бұл жұмыста спектр
гармоникалық интервалдардан тұрады. Құрылғылар, әртүрлi процестер, сезiмдердi қабылдау мүше-
лерi шектеулi ауқымға ие. Көптеген практикалық есептердi математикалық модельдеу кезiнде және
берiлген математикалық модельдердi одан әрi зерттеу кезiнде осындай диапазонда шешiм табу жет-
кiлiктi. Мұндай модельдердi зерттеу белгiлi бiр дәрежеде гармоникалық интервалдардың көмегiмен
мүмкiн болады. Негiзгi теореманы дәлелдеу үшiн көмекшi лемма дәлелдендi және гармоникалық
интервалдар бойынша жуықтау теориясының элементтерi қолданылды. Гармоникалық интервалдар-
дың спектрi бар тригонометриялық көпмүшелiктермен функцияның ең жақсы жуықтауымен байла-
нысқан функциялар кластарының құрылған үйiрi үшiн олардың классикалық Бесов кеңiстiктерi мен
байланысы көрсетiлген.

Кiлт сөздер: гармоникалық интервал, спектр, гармоникалық интервалдардың спектрi бар тригоно-
метриялық көпмүшелiктермен функцияның ең жақсы жуықтауы, Дирихле өзегi, функция кластары-
ның үйiрi.
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О приближении функций тригонометрическими полиномами и
свойствах семейств классов функций по гармоническим

интервалам
Статья посвящена исследованию по теории приближений. При приближении функций тригонометри-
ческими полиномами спектр выбирается из различных множеств. В работе спектр состоит из гармо-
нических интервалов. Приборы, различные процессы, восприятие органов чувств имеют ограничен-
ный диапазон. При математическом моделировании многочисленных практических задач и дальней-
шем исследовании таких математических моделей достаточно найти решение в заданном диапазоне.
Проведение исследований таких моделей возможно в некоторой степени с помощью гармонических
интервалов. Для доказательства основной теоремы была приведена вспомогательная лемма и исполь-
зовались элементы теории приближений по гармоническим интервалам. Для построенных семейств
классов функций, связанных с наилучшими приближениями тригонометрическими полиномами со
спектром из гармонических интервалов, показана их связь с классическими пространствами Бесова.

Ключевые слова: гармонический интервал, спектр, наилучшее приближение функции тригонометри-
ческими полиномами со спектром из гармонических интервалов, ядро Дирихле, семейство классов
функций.
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