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On the Fourier transform of functions from a Lorentz space Ls;
with a mixed metric

The classical inequalities of Bochkarev play a very important role in harmonic analysis. The meaning of
these inequalities lies in the connection between the metric characteristics of functions and the summability
of their Fourier coefficients. One of the most important directions of harmonic analysis is the theory of
Fourier series. His interest in this direction is explained by his applications in various departments of
modern mathematics and applied sciences, as well as the availability of many unsolved problems. One
of these problems is the study of the interrelationships of the integral properties of functions and the
properties of the sum of its coefficients. The solution of these problems was dedicated to the efforts of many
mathematicians. And further research in this area are important and interesting problems and can give
new, unexpected effects. In the article we receive a two-dimensional analog of the Bochkarev type theorem
for the Fourier transform.

Keywords: Lorentz Space, Hausdorff-Young-Riesz theorem, Bochkarev’s theorem, Cauchy-Bunyakovsky
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Introduction

This article is devoted to the Hardy-Littlewood inequalities for an anisotropic Lorentz space. This
inequalities characterize the connection between the Fourier coefficients and integral properties of the
function. The study of relationship between the integrality of a function and the summability of its
Fourier coefficients has been the subject of many papers. There are well-known classical results in this
direction, such as Parseval, Bessel, Riesz, Hardy-Littlewood, Palley, Stein [1,2], also modern works
[3-11] and others. However, the Hausdorff-Young-Riesz theorem does not extend to the spaces Lg ., if
r# 2.

In 1997 Bochkarev S.V. [12] established that, in contrast to the spaces Ly, 1 <p < 2,1 <r < oo,
in the Lorentz space L, 2 < r < oo the direct analogue of the Hausdorff - Young - Riesz theorem is
not satisfied. And he derived upper bounds for the Fourier coefficients of functions from Lo, replacing
the Hausdorff-Young-Riesz theorem and proved that for some class of multiplicative systems these
estimates are unstrengthened.

Theorem (S.V. Bochkarev). Let {¢y,},-; be an orthonormal system of complex-valued functions on
[07 1]7

léull < M, n=1,2,..

and let f € Lo,, 2 <17 <oo. Then the inequality

1

n
sup — — >k < Clfllz,,.
neN [n|2 log(n +1)27r 7= 7
oo

holds, where a,, are the Fourier coefficients of the system {¢,} .
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In 2015 an analogue of Bochkarev’s theorem was received for the Fourier transform of a function
from the space L ,(R).

Theorem A [13]. Let Ry = {A = U A;, where A; are segments in R}, then for any functions
feLly, (R), 2<r<oo the following mequalzty holds:

1
sup sup . / F(&)de| < 23] £,
N>8AC§RN ‘A‘2log2(1+N )2

The aim of this article is to obtain a two-dimensional analog of the Bochkarev type theorem for
the Fourier transform. To do this, we need to introduce the following definitions:

Definition 1 [14]. Let p = (p1,p2), T = (r1,72) and satisfy the following conditions: 0 < p < oo,
0 < 7 < 0o. The Lorentz Space L;7[0,1]? with a mixed metric is defined as the set of all measurable
functions defined on [0,1]2, for which the norms are finite:

1 1 *2\ T "2

L L " dty dts
17025 = M1 N2y ey = / 5 / (tflf*l(tl,») . .
0 0 1 2

t2
in the case 0 < 7 < oo, and

1 1

12500 = supt gt fTR (s o)
t1

in the case ¥ = oo.
Definition 2 [15]. Let f € Ly (IR?). Its two-dimensional Fourier transform is defined by the following
formula:

f(&1,6) = / /f($1,$2)62”i(mlgl+m2£2)d9€1d$2-
Main results

To prove the main theorem, it is necessary to prove an auxiliary lemma:
Lemma. Let % <q,q2 <2and f e Lq—j(RQ). Then for any measurable sets A; and Ag of finite
measure in Ry the inequality

swp sup [ [|f(6.)]dadea <

A1CRy A2CR
1CRy A2 N|A1|CI1’A2|‘12 Ay Ay

<c (z(qq_l)) (@) (2((1‘12_1)) ) 1fllz,
holds.

Proof. We consider the following inequality

/ / f(&1,&)d61ds| =

1 Az
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(/ / f(wy, m9)e 2™ 1017282 gy day | dEydEn| <
1 A2

< | Ay]| Ay / / (@1, w2)|dardes = | Ay As] 1., (1)

—00 —O0

and from the Cauchy-Bunyakovsky inequality and from the Plancherel theorem we have:

//f(flyﬁz)dfld& SENEE (A// 51,52 dgldgg 5 —

1A2 1A2
5
1 1
SYNHIVNE // (w1, 22)) daydes | = | Ay Aal3 | £,
1 Az

Consider representation (2) f = foo + fo1 + fio + fi1 constructed like the following.
Let 0 < 71,72 <00, Xa,, (1’1) be a set characteristic function €2g,.

Quy = {(z1,22) : [f (21, 22)] > f7 (71, 22)} U €ay,
where ey, is a measurable subset {(z1,x2) : | f(z1,22)| = f* (71, 22)} such that:
w1 (Qgy) = 71.
This set is always available, since for a fixed zo
p{(z1, w2) « | f (21, 2)| > [ (71, 32)} < 7,

p{(w1, x2) | f(a1,22)| > f*(71,22)}.
Denote by gp and ¢; the functions

go(z1,22) = f(21,22) X0, (T1),

g1(x1,22) = f(x1,22) — go(x1, 22).

In turn, each function gy, g1 can be represented as

go = foo + fo1, 91 = fio + f11-

Let
Wo = {x2 € (0,00) : [lgo(-s z2) |z, > (llgo(-,22)l|L,) ™ (72)} U eo,
where
eo C {z2 € (0,00) : |lgo(-sx2)||lz, = ([lgo (-, z2)[[£,)** (72)}, p2(Wo) = 72,
and
Wi ={z2 € (0,00) : [|g1(-;2) [, > (l91(-s 22)[[1,) ™ (72)} Ve,
where

e1 C{x2 € (0,00) : [[g1(-s 22)l[, = (l91 (-, 22)||Lo) s p2(Wh) = 7.
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Then
foo(x1, 22) = go(1, z2)Xwy (22), for(x1,22) = go(x1,22) — foo(z1,22),

fio(z1, 22) = g1(x1, x2)xw, (z1), fii(zr,z2) = g1(z1, 22) — fio(z1, x2).

Thus representation is constructed

[ = foo+ for + fio + f11.

Then for an arbitrary 7 = (11, 72) € (0,00)?%, we get

JNECAAE

1 Aa

<|[ [inter @i+ | [ [ in.guade|+

1A2 1A2

4 / / Fro(6r, €2)d1des)| + / / (€, E2)derdes| = I+ I + I + I,

1A2 1A2

For I; we use inequality (1) and get the following estimate

L < |A1||A2|M1M2//|f00(1‘1,$2)|d$1d$2-
00

Now let us estimate I

2 3
I, < |Ag|2 (A/ (A for(&1,62)der | déa | <

1
+o0 400 2

§|A2|% ////fm x1,x2)e 2m1£1x2£2d$1d$2dfl & | <

1 —O00 —00

2
S’A2|% (A//fm x1, x0)e TS dy dEy | e T8y, | dEy

Applying Plancherel theorem, we get

2 3
—+o00 —+o00
I, < |A2\% / //f01(331,$2)6_2“ix151dﬂ71d§1 dzoy | =
e N
1
+00 +00 2 2
=|A2|% ///f01($1,$2)€_zmzlﬁd$1d§1 dra | <
—o0 |4 —oo
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9 1/2

+o0
<C\Al|’x42|2 /( | for(z1, @2)|dzq | dao

Let’s estimate I3

—

Iy = //f1o(§1,§2)d€1d§2 =

1 As

“+00 400

= /// /f10($1,$2)€_2m$151$2£2d$1d$2d§1d§2 <

1 Ay —00 —00

—+o00| 400

/// /flO 1, x2)e 2 dyy | dEy eI T282 ey g <

Ay Ay —o0

—+o0| +00

SC|AQ|// /f10(5517f02)62mm1§1dw1d§1 dzxs.
Ay — 00

Using Cauchy-Bunyakovsky inequality, we obtain

NI

+oo| +0oo 2
I3 §C|A2\|A1!% / / /flO(fEla132)6_2m$1§1d$1d£1 dxo <
Al — OO o
1
+oo +oo 2\ 2

§C|A2|‘A1|;/ / /flo(ibl,1'2)6_27rm1§1d1'1d£1 dl‘z.

—oo \A; Foo

Using Plancherel theorem, we get the following

+o0 +oo 2 %
1
13 < C’A2||A1|2 / /flo(:El,iL'Q)dl'l d:L'Q.

Applying for Iy Cauchy-Bunyakovsky inequality and Plancherel equality, we get the following estimate

L=| [ [ Futee)ides] < 1402 (A/ [ edade| B

1A2 1A2
—+00 +00 5
= |A;|Y/?|Ag)'/? //|f11(a:1,m2)|2dx1da:2

Substituting the obtained estimates into relation (3), we have
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“+00 400
// (&1,&2)d61d | < A4 \AQI/ /\foo x1, x2)|dxdrs+
1 Ag —00 —00
1
+oo [/ 400 2 2
+|A1]|Ag|2 / /Ifo1(m1,:rz)|dx1 dry | +
1
“+oo [/ +oo b)
1
+1A2||A1|2/ /Iflo(xl,m2)|2dx1 dat
1
+00 +00 2
1 1
+‘A1’§‘A2’5 //’f11($17x2)|2d$1d1'2
Further
*2
[ [ iteede, <A1A2/(/f*l .- dtl) dty+
L As N
[e’e) [e'e) *2 2 %
saals | [ [rrendn ) | a| o+
0 T to
*9 %
H&H&/“ /*whWﬁl iyt
to
1
o0 [ele] *9 2
+A1]2|As)2 / /(f*l(tl,-))thl dty | =
T2 71 to

=J1+ Jo+ J3 + J4.

Now we estimate each term. To estimate J; we use Helder’s inequality

27T a \
’Al ]A2|/t§2t 2 (/thltfl f*l(tl")tl) tz <
1 2

0 to

1
oo [e'%s) *2 3
2 1 2
<A_%(/ﬁ(/03wm»)“ﬁ “ﬂ x
1 to
0 0 to
X / t
0
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[N
=

) d o0 d 2
a4 dty o b2
= |Au]|A2[ll fllz, 5 /tllt1 /t22t2 -
0 0
q/ % q/ % ¢
~ Aullaellsleg (2)° (%) nF it

1
q 42 P
= A A 2 b q2.
|Av[[A2|[| Fllz, 5 (2(q1 _ 1)> <2(q2 - 1)> T

To estimate the term Jo we also use Helder’s inequality

NI

1
o) 1 *9 2 2
1
T N R RIS I T
2 0 to
1
S 1 1 ! w2\ 2 B
= = = dt todt
| [ e | [l rwa ] ) B
t to
T2 0 to
00 | T1 ) 9 d *2 d 2
= = t t
<tafladt | for | [(rmwn) T 2]
t1 to
2 0 to
00 ) 1 d d 1/2
1-= t t
X /tg 2 /t 1 72 =
t1 to
T2 0
1 1
Toza\ [ 7%\ d )"
. 1 T 012 aq 1
= el s | 6 52 ) () <t1 )t
T2 0
1_1
Since g2 < 2, the second integral is estimated in terms of 7, . So
/Ny L 11
1 ql 2 7 55— =
Jo < [AL[|A2|2 ([ fllL, <2> e
1 o\ ok il
o s q1 a2
— Al (57 ) 7
Now we estimate J3
1
T2 o0 *9 2
h::AﬂﬂAﬂ/1 (/ P )2 || ds =
0 t
1
%) 9 *92 2
L L -+ t1dt todt
1A1|2|A2|/t2 S (g rmen) i) e
t1 212
T1 to 2
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We use Helder’s inequality

[
3
3
*
V)

N|—=

L 11 -1 L L 2 dty dts
Jg < |A1]|2|As| sup tlz “a /t2 2 /(tfl t5° f*l(t1,~)> —

T1<t1<o0

=

T1<t1 <00

1
= [ Afllegam "7

[ SIS
e
_
|
S =
VR
[\V]
—
)
S
||
—_
SN—
~
ol

It remains to estimate the last integral

T [ 00 *2 %

1o o oo Ll-a sl
Ji < |A1]Z|Ag]2 (S )) by et ty diy | diy
0 T2 to
Since go < 2, we get

1
* 2

1 1 T L L 2 dtq ’ dts 11 1 1

J4 < ’A1|§|A2‘§ / /(tfl t52 f*l(t17')> Z E 7_12 a1 722 q2 <
0 T2 tg

11 1_ 1

Thus, we have

1

/ / F& )| < Ifle,a <IA1IIA2| (2(qq—1)>

1 Az

()

1—[% 1—qi
X7 My P4

ol
—

|

|-
=

|

|~

1 q 2
Ayl At (1 w2 e
Hallaalt (5t R

11 4_ 1 11 1_1

2 -1 1
+|A1|;’A2|<2((12Q2_1)) 7_12 q17_2 a2 +|A1|%|A2‘%712 q17_22 q2>‘

—1 —1
- (z=n) (za2)
Choosing 71 = ~~4—4— and 7 =~~~/ we get

A1 [Az]
//f(&,fz) < Al (‘AlHA?, (2((11(11—1))2 (2(‘12(12_1))2 "
1 A2
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1 1

| -1

T a L q2 2 1

X [ ————— Ay|n = Aglez 4
(2@—1)) 4] <2<q2—1>> 42|

1
1 q1
A gl (2@1 L 1)>

N

L
a1 a1 L1
A
<2(Q1—1)> al
Q2 a2 2 1_1
X | ——— Aol 24
(2(Q2—1)> 142

1 1
1 72 2 Q1 a2 11
Aq|z]|A A 2
il 2’<2(q2—1)> <2(q1—1)> S

q1 —
11
q2 q2 2 1 1
X | ——— Aglaz 2 ],
(2((12—1)) 4z )

We get the following inequality:

1

1 1 q («n_%) Q2 (fm )
< M|Ay|ar|Agle <2(611—1)> <2(q2—1)> £z, 2

SIS

or

f&, €)d1de| <
V417 Aol \Aﬂ "4 A,

< (325) (@) =y @) 1£lls,

Taking the least upper bound over all A; C Ry and Ay C Ry, we obtain the assertion of the lemma,
that is,
wp sup [ []f(6.)]dadee <

ARy A2y | Ay 75| A5 ] ]

1 1

<c (2(;1_1)) (@) (2(;2_1)) ) 11z,

where |A| is the number of elements in A.
Theorem. Let @y my (21, 22) = @y (21) - Ymy (22), m1,m1 € N be an orthonormal bounded system
of functions. Then, for any f € LZF(RQ), where 2 < rq, 79 < 00 the inequality holds:

1
sup sup + X

1 1
iz 128 Ay 3| As| 2 (logy (| Au| + 1)) 71 (logy(|As| +1))2

A{CN AgCN

D=

T

S

< [ [|iene)]ddea < £,

Ay Ao
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Proof. Let |Ay],|A2| > 8. Then for any (g1, ¢2) such that 1 < q1,¢2 <2 and f € L35 the following
estimate is true

1fllz,s < Iflles MME, 0 (4)
11,1 1 _1_1 .
where =3t =37 Now we consider
/ =
1 1 Tl Tl d i d 9
t1 to
U, ., = ti ey — | =
o= | [ [ ) &
0 \o
1 - -
I R G N e B A R F P
= tl 2 — =
131 to
0 0
1 1
rt rl 1 1
_ 1 ' 1 ’ ( 2q1 )r/l < 2q2 >"é
1 1 1 1 2 — 2 —
1GoD) W@y o) \eoe

According to the previous inequality, we obtain

1

1

21 \"7 [ 2q2 \ 7
< otz .
1fllL,, < <2 _q1> <2_q2 1Ly,

1 A~
MZZV(&’&WW&S

<o () (i) s

Taking into account (4), we get the following inequality

> Y Jiee) \d51d52<0<(q_1)>(;1—5) <2(qj2_1)>(;2_;)x

’A1|q1 |142|q2 k1€A1 ka€Ag
2 \7 [ 2
g1 \n q2
><< — > ' ( ) £l s, -
2—q 2—qo

Taking into account the arbitrariness of parameters ¢; and ¢o, we set

Applying Lemma 1, we get

NI

21 A
g = ng‘ 1| <2,
21 A
q2 = Og2‘ 2| < 2)
1 1 1 1 1 1
r e AT = AR =2z, [Ag| = 2|42

1 ~
tian | [ el
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1 1
logo [A1] logg [Ag]
1 1
<4M X

B 11 11
2(2 o3 |A1|> 2(2 Tog; |A2\)

1

1
x (log [A1])™r (logy [A2]) ™2 || f]|L, .-

Considering | 41|, |A2| > 8, we get the following estimate

1
| A1]2| Az (logy |A1])

1 T 1//‘f@l»&)‘dfld&§C||f||L2i-
% (logs 14z 7§

[NIE

Taking the least upper bound over all Ay and As from N, we get

1
sup  sup X

1 1 i_ L
[alzs Laalzs | Ay [2| Ao (logs (| Ar| + 1))2 7 (logy (| Aa| + 1))

N|=
3=

X//‘f(§17§2)‘d§1d§2SCHJCHLQ’T-

A1 Az

Conclusions

The results obtained in this study specifically the Bochkarev-type inequality in a space of a mixed
metric, allow us to effectively address problems concerning Fourier series multipliers [16-18|.
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JI.H. lymuses amomdazv. Eypasus yammuk yrusepcumemi, Acmana, Kaszaxcman

Apanac merpukabl Ls; JlopeHi| keHicriringeri Pypbe
b yHKIUSATIAPBIHBIH, TYPJIECHAIPYJ/IepPil >Kalijibl

TapMoHUKAIBIK TaIIayIa KIACCUKAIBIK, BouKkapeB TeHCI3IIKTepl ©Te MaHBI3IbI POJT ATKAPaabl. By TeHCci3mik-
Tepaig MoHI OYHKIUAIADIBIH METPUKAJBIK CHIATTAMaJjapbl MeH oiapAblH Pypbe KoddbuUImEeHTTEPiHIH
KOCBIHJIBICBI apaChIHIaFbl OAMIaHBICTA YKATHIP. | ApMOHUKAJIBIK, TAJIIAYIbIH MAHBI3Ibl OAFBITTAPBIHBIH, Oipi
®ypbe KaTapaapblHbIH Teopuschl. OHBIH 6yJT cajlara JereH KbI3BIFYIIBUIBIFBI Ka3ipri MaTeMaTnKa MeH KOJI-
TaHOAJIbI FBIIBIMIAPBIH OPTYPJIl casiaJapblHIa KOJIAAHBLIYBIHA, COH/IA-aK KOITEreH IIeNIMEreH Mocee-
Jiepfiil 60stybiHa GaitmanbicThl. OChl MaKcaTTapAbIH Oipi (DYHKIUSHBIH HHTEMPAJIILIK, KACMETTEPI MEH OHBIH
KO3 PUIMEHTTEPIHIH KOCBIHIBICHIHBIH, KACUETTEP] apachblHIarbl OaiflIaHbICTRL 3epTTey. Konreren marema-
TUKTEP/IiH, eHOEKTepi OChI ecenTep/Ii Menryre apHaJsabl. By casagarsl opi Kapalrbl 3epTTeyiep MaHbI3/IbI
JK9HE KBI3BIKTHI 3epTTey OOJIbIN TabbLIa bl XKoHe KaHa, KYTIEreH HOTHXKeJepre oKelyl MyMKin. Makasaga
®ypbe Typiienyi yimia Boukapes TunTi TeOpeMaHBIH €Ki OJIIIIEM Tl aHAJIOTHI AJIBIHFAH.

Kiam coesdep: Jlopenn kenicriri, Xaycaopd—dur—Puc reopemacsl, Boukapes reopemacsi, Komu-ByHsikoBckumii
TeHci3mairi, Xeabaep TeHCI3iri.
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O npeobpaszoBanuu @ypbe dyHkiuit B npocrpancrse Jlopenna Ly -

CO CMEIIaHHON MeTPUKOu

Kitaccuueckue nepasencrsa BoukapeBa Urpaior oYeHb BaXKHYIO POJIb B TapMOHUYECKOM aHaJm3e. CMbICI
9TUX HEPABEHCTB 3aKJ/IIOYAETCs] B CBSI3M MEXKJY METPUYECKUME XapaKTEePUCTUKAMU (DYHKIUNA U CyMMU-
pyemoctbio ux Kod(pdunmentoB Oypre. OmHuM 13 BaKHEUINX HAIPABICHUN TapPMOHUYECKOTO AHAIU3A
siBJisiercst Teopusi psanoB Pypoe. Ero maTepec K 3T1OMy HAIPABIEHUIO OObSICHSETCS €r0 MPUJIOKEHUSIMHA B
Pa3IUYHBIX pa3esiax COBPEMEHHOM MaTeMaTUKY U TPUKJIAJHBIX HAYK, & TAKXKE HAJIMINEM MHOTUX HEPeIleH-
HBIX mpobsiem. OMHOM U3 TAKUX 33149 SIBJISIETCS N3y IE€HNE B3ANMOCBSI3€l MHTErPATbHBIX CBONCTB (DYHKITUN
¥ CBOMCTB CYMMBI ee KoaddurmenToB. Pertennio 3Tux 3a/1a4 ObLIN MOCBSIIEHbl YCUIN MHOIUX MaTeMaTH-
KOB. Ul masnbHeifIre uccjieIoBaHusl B 9TOI 00JIACTHU SIBJISTFOTCS BAXKHBIMU U UHTEPECHBIMU 38JIJa9aMU U MOTYT
MPUBHECTH HOBBIE, HEOXKUJIAHHBIE 3P DEKThI. B maHHO cTaThbe MBI TTOJIydaeM JBYMEPHBIH aHAJOT TEOPEMBbI
Tura Boukapesa i1 npeobpazoBanus Pypbe.

Kmoueswie caosa: mpoctpanctso Jlopenrna, Teopema Xaycmopda-FOura-Pucca, Treopema Boukapesa, Hepa-
BencTBo Kommu-BynsikoBckoro, HepaBencTBo ['esbjiepa.
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