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Criteria for the boundedness of a certain class of matrix operators
from [,, into [,

One of the main aims in the theory of matrices is to find necessary and sufficient conditions for the elements
of any matrix so that the corresponding matrix operator maps continuously from one normed space into
another one. Thus, it is very important to find the norm of the matrix operator, at least, to find upper and
lower estimates of it. This problem in Lebesgue spaces of sequences in the general case is still open. This
paper deals with the problem of boundedness of matrix operators from [, into lq,, for 1 < ¢ < p < 0o, and
we obtain necessary and sufficient conditions of this problem when matrix operators belong to the classes
OF satisfying weaker conditions than Oinarov’s condition.
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Introduction

Let 1 < p,q < o0, % + pl = 1. Let uw = {u;},v = {v;} be sequences of positive numbers, which will

be called the weight sequences. Let I, the space of all sequences f = {f;}3°; of real numbers such
1

that [|f]lp = (z Ivzf1|p> | <p<oo

=1
We consider the problem of boundedness for the following matrix operators

(A*f), Za”f],wl (1)

oo
=> aifi, j>1 (2)
i=j
from I, into lg,, where a;; > 0,7 > j > 1, i.e. the vaidity of the inequality

1A Fllgu < Cllfllpo, VF € Lpo. 3)

The matrix operators (1), (2) were studied in many papers in different sequence spaces. The almost
complete collection of these results is presented in the work by M. Stieglitz and H. Tietz [1]. There the
mappings of matrix operators are considered in 11 sequence spaces except its mapping from [, into
lqu- The remaining case is still an open problem.

When a;; = 1,7 > j > 1 operators (1), (2) coincide with the discrete Hardy operators, which have
been studied by many researchers, and main results were obtained in [2-7].

In the general case, the question is open on conditions on the entries of a matrix (a;;) that giving
boundedness of operators (1) and (2). For several classes of matrices, criteria for boundedness of the
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operators (1), (2) are known. One of the first studied classes was the class of operators matrices of
which satisfy the following discrete Oinarov’s condition: there exists d > 1 such that

1
p (aik + arj) < ai; < d(aik + ag;)

foralli >k >j>1 (see [8], [9]).

In 2012 in paper [10] the wide classes O;F, O,,;, n > 0 of matrices were presented, which defined by
conditions on a matrix (a;;) that are weaker than Oinarov’s condition, and the necessary and sufficient
conditions for boundedness of these operators for 1 < p < ¢ < oo were obtained, where their matrices
belonged to these classes. However, the problem of boundedness of operators (1) and (2) with matrix
from the classes O;F, O, , n > 1 for the case 1 < ¢ < p < oo is still open. But the first results for this
case - the criteria of boundedness for matrix operators from OF are found in [11], [12].

In the present paper, we find criteria of boundedness for operators (1), (2) from I, into lg,, where
their matrices belong to the class 02i when 1 < ¢ < p < o0.

Convention: The symbol M << K means that M < cK, where ¢ > 0 is a constant depending only
on unessential parameters. If M << K << M, then we write M ~ K.

We assume g; =0 when i <1 and A~ g; =g — gi-1, AT gi = gi — git1.

1 Preliminaries

Let’s give the definition of classes Of, Ogc.
Definition 1. Let (a;;) be a matrix which is non-negative and non-decreasing in the first index for

all i > j > 1. A matrix (a;;) belongs to the class Of, if there exist a non-negative matrix (aij’-o), a

number r; > 1 such that the estimates
L /10 1,0
- (aiz; + akj) S g ST (ai;’c + akj)
hold for all i > k > 5 > 1.
Definition 2. Let (a;;) be a matrix which is non-negative and non-increasing in the second index

for all i > j > 1. A matrix (a;j) belongs to the class O, if there exist a non-negative matrix (a?]’.l), a

number 7; > 1 such that the estimates

1 0,1 _ 0,1
E (aik + akj> <ay <71 (aik + akj)
hold for all ¢ > k> j > 1.

Definition 3. Let (a;;) be a matrix which is non-negative and non-decreasing in the first index for
all i > j > 1. A matrix (a;;) belongs to the class Oy, if there exist a non-negative matrices (a2"),

]
(a?]’-l), (al(-;-)), a number 73 > 1 such that (al(-;)) € Of,
L 120, 21 20 , 21 (1
E <ai,; + ayj, a,gj) + akj> < a;; <o (ai,; + a. afgj) + akj>
foralli >k >j>1.
Definition 4. Let (ai;) be a matrix which is non-negative and non-increasing in the second index
for all @ > j > 1. A matrix (a;;) belongs to the class Oy, if there exist non-negative matrices (a?f),
(aij’?), (ag;)) , a number 71 > 1 such that (agjl-)) €0y,
1 1 _ 1
g (aik + agl,ﬁ)al,lc’j2 + a,ﬂf) < a;; < T (aik + agk)a}cf + a%f)

foralli >k >j>1.

Mathematics series. No.3(111)/2023 123



A.M. Temirkhanova, A.T. Beszhanova

Let us consider some examples of matrices that belong to the classes Of and Ogc.

Example 1. Let o > 0. Let {a;}5°, be a non-decreasing positive sequence and {b;}5°, be an arbitrary
positive sequence, such that a; > b;, i > j > 1. Then a;; = a( ). (ln ) € Of, when ¢ > 5 > 1.
Indeed, foralli > k> j52>1

1 _ a; G ¢ - a; ¢ ag “ 1,0 (1)

«
where allk0 = (ln ak) .
Example 2. Let {a;}5°, and {b;}°, satisfy the conditions from Example 1. Moreover, we assume
that {w;}92, is a non-negative sequence. Then a;; = : Z W (ln ) €Oy, i>j>1

Indeed, for all ¢ > k > 5 > 1 we have

_ 20 (1) (2)
=y + azk ak] + ak] )

[0
whereaé?z(ln%f) €Of zk: _Zws(ln )7 ka—Zws,Z>k>321.

«a v @
In the same way, one can show that al(-Jl-) = <1n Z—;) € O; and agj) = 2_: Ws (ln Z—;) € 05,
i>j >1,if {a;}32, is an arbitrary positive sequence and {b;}:2; is a non-decreasing positive sequence,

such that a; > b;, 71> j > 1.

Remark 1. As it is shown in [10] the matrices (a?]’.o), (a?j’-l), (a(l-)), (a%’-z), (ail]’?) can be considered
non-decreasing in ¢ and non-increasing in j.

Lemma A. |9] Let v > 0,1 <n < N < oo and let {hi} be a non-negative sequence. Then

k=n \i=n

) £ (5

k=n \i=k

Let us state the necessary assertions from [5], [11] in a convenient form.
Theorem A. Let 1 < q < p < oo. The inequality

i Zk:fa‘

k=1|j=1

<C (Z \fkvmp) R (6)

k=1
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holds if and only if

o foo \7O kN
F = Z Zu(j <Zv;p> v, ” < 00.

k=1 \j=k i=1

Moreover, F =~ C, where C' is the best constant in (6).
Theorem B. Let 1 < ¢ < p < oo and the matriz (a;j) belongs to the class O . Then inequality (3)
for operator (1) holds if and only if B = max{By, B1} < oo, where

p—q
_P_ p(g—1) “pq
[e%) [e%) p—q k p—q pa
_ 1,0\q, q —p’ —p’
By = g g (aj; ) E v; vy, ,
k=1 \j=k i=1
P—q
_q_ q(p—1) “pq
[e%) [e%) p—q k p—q pa
_ q p = q
Bi=|> |2 > aly; uf
k=1 \j=k i=1

Moreover, B =~ C, where C is the best constant in (3).

2  Main results

Our main results read.
Theorem 1. Let 1 < ¢ < p < oo and (a;;) € OF . Then operator (1) is bounded from I, into g, if
and only if M+ = maX{MIO, M2+,17 M;fz}, where

» p(g—1) %
o) 00 = i p—a
+ _ 2,0Nq, q —p’ —p’
My, = E : E :(asi )l v, Y; )
i=1 \s=i J=1
» p(g—1) %
0 o0 q p—q 7 o p—a 7 %
+ 2,1 q (1) -’ - (1) -’
My, = E E (asi ) ul E a;; v; A E a;; v; ,
i=1 \s=t J=1 J=1
» ) p(g—1) ‘ %
00 00 p—q 7 p—q 7
+ _ q p' —p' - PP
My, = E E ul E iV, A (aij) v;
i=1 \s=i j=1 j=1

Moreover, | AT ||py—squ = M, where | AT ||py—qu is the norm of operator AT from I, into lg,.

Our corresponding result for operator (2) reads as follows.

Theorem 2. Let 1 < g < p < oo and (a;j) € O, . Then operator (2) is bounded from I, into Iy, if
and only if M~ = max{Mg,, My, My, }, where

p p(g—1) Pq

e’} i p—q 00 P—q
- _ 0,2\q,,q —p’ —p’
Moo = Z Z(ais )ud Zvj Y )

i=1 \s=1 j=1
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» p(g—1) p;qq
e’} 7 q P—q e’} o p—q e’} o
- 1,2 q (1) —p’ + (1) —p’
M= | 3|20 (i) ut > (af) v; At (@) v !
i=1 \s=1 j=i j=i
p—q
b p(g—1) pq
o0 7 p—q p—q o0
- _ q + =P
Moy =| D | D ul Z%J AT D (ai)y;
i=1 \s=1 =i

Moreover, ||A™||py—qu = M™, where ||A7||py—qu is the norm of operator A~ from [, into .

Using the conjugacy of operators (1) and (2) from Theorem 1 and Theorem 2 we obtain the following
results.

Theorem 3. Let 1 < q < p < o0 and (a;;) € OF . Then operator (2) is bounded from I, into Iy, if
and only if M~ = max{MiO, My, My, }, where

q(p—1)

J
(e’e} [e’e} p—q 7 PrP—q
- 2,0Np’, —p’ q q
M;o = E : § :(asi )P v, E :“j Uu; )
Jj=1

i=1 \s=t

5
_.
|

[~

VR

(]2
—
S
» N
L
SN—
=S
4
@ |
’.d\

~_—
S

i
—
S
SR
N
_Q
<
2

S

i

_
o
—~
S
Se
N
(=}
<
[}

q(p—1) . -4 . Pyq

00 00 p—q
/
M., = 4 q,4 - q .4
2,2 = Z Z”s @5 A Z%“J

=1 \s=t

S
bS]
|
Q
~

Moreover, || A7 ||pv—qu = M~, where ||A™||py—qu is the norm of operator A~ from [, into ly,.
Theorem 4. Let 1 < ¢ < p < oo and (ai;) € O, . Then operator (1) is bounded from [, into lg, if
and only if MT = max{Man, MIQ, MIQ}, where

» p(g—1) Pq
0 7 p—q 00 P—q
S q q
Miz = | 2| 2 (0" > il
i=1 j=i
» p(g—1) %
00 % p—q 00 P—q 00
o (W\q, q + (Dyg,,a
12— E E Us E:(aji)uj A (aji)uj .
i=1 j=i j=i
» plg=1) %
00 7 p—q P—q
o= | 2o (2w Z * Z
M3, U aﬂ ] A aﬂ ]
i=1 \s=1

Moreover, | A" ||py—squ & M™, where ||AT||,y—qu is the norm of operator A from I, into ly,.
Since the proof of Theorem 2 is completely analogous to the proof of Theorem 1, we introduce the
proof of Theorem 1.
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Proof. Necessary. Let operator (1) be bounded from ,, into lgu, ||A™||pp—qu < 00, i.e. the following
inequality holds:
. q H 1
00 % q 00 P
> (St | o) < 1 (3o 07) g
i=1 \j=1 i=1

for all non-negative sequences f € I, in particular, for non-negative finite sequences f € l,,. By

applying (4), a relation a;, >> a?jo, 1> j > k > 1 from Definition 3 and using the Abel transform, we
obtain
~ q—1
DAL w ot O ot BRTES
=1 =1 j=1
J q—1 00 i q-1 00
2,0
>SS (z ) =3 (3n) D -
i=1 j=1 =1 j=1 s=1 =7
00 J n q—1 0o
2,0
Yo (Ta (X)) Dum
=1 n=1 = i=j
00 i n q—1 0o q—1 0o
2,0\g 2,0
=3 (Z fs) At L efm | + Jim, an (Z fs) D (@)l
j=1 \n=1 s=1 =7 i=N+1
00 7 q 0o N n q—1 00
2,0 . 2,0
> (0] & (Stmt) « gm (S0 (S0) ) 3wt
j=1 \s=1 i=j n=1 s=1 i=N+1
Due to the finiteness of f and afj’-o is non-increasing in j, we have
N n q—1 00
: 2,0
| 2 (Z fs) > (@)l =0
n=1 s=1 i=N+1

Then
q

oo J q oo
Z Zawf] ul >> Z (Z fs> AT Z(a%O)QU;}
j=1 \s=1

=1 = Z=j

Hence and from (7) it follows that

Q=

) J k. 00 o0 %
> (Z fs> AT (0 << A" lpv—qu (Z(fm)p> :

j=1 \s=1 i=j i=1

Then according to Theorem A, we get

_p_ - B
- P " p(pqiql) Pq
2,0 —p/ —p/
00 > || ATl py—squ >> Z ZA+ Z @5 )T <szp> ve” =
k=1 \j=k 1=J s=1
D p(g—1) %
) o0 P—q P—q ,
= 2,0yq,,4 -7 —p — vt
=12 (Z(“m )q“z‘> (Z Us p) U = Myo. (8)
k=1 \i=k s=1
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Inequality (7) holds if and only if the following dual inequality

4 W 1
) 9] , ) A\ ¢
Z Zaijgi ij_p << HA+Hpv—>qu (Z(giui—l)q ) (9)

j=1 \li=j =1

holds for all non-negative sequences g € [y ,-1, in particular, for non-negative finite sequences g €
ly 4—1- Using (5), a relation a;; << agj, k > i from Definition 3 and applying the Abel transform, we

qu
obtain ,
o] o] P p'-1
Z Zaijgi Uﬁ ~ Zzamgz (Z angs) U;pl >>
Jj=1 \i=j Jj=11i=j
p'—1 ) o) 00 p'—
235 (Y] 7 =X (2) >t -
=1 1i=3 =1 s=1

/

S e

00 00 00 p'—1 o) o 1 N , ,

n=N+1 s=n
oo oo oo oo p'-1 N

~ —p’ : p =7

~ ng Z% o)+ Jim D0 g | D N
; n=N+1 s=n

Due to the finiteness of g we have, that

/

00 00 - N , ,
A Z Yn (ZQS> ;a“?vj”j_p =0.

n=N+1 s=n

\\H

Since A~(S20_, a¥v;?) > 0, we assume w; = (A‘(ZJ 1 apjvj p/)) . Then

J=1"5"]
p/ ’
00 00 0o 00 p
2 : 2 : —p’ 2 : 2 : 4
aijg; v; >> Js w; -
j=1 \i=j i=1 \s=i

Hence and from (9) it follows
9] (9] P ) p () 7
> (Z gs> W | << A s (Zwiu;l)(I) - (10)
i=1 \s=i i=1

We pass to dual inequality (10), i.e

1
q

i=1

00 i q 00 %
Z (Z fs) “;1' << A% lpv—squ (Z (fiwz‘_l)p> , 0 f €l
s=1
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Then by applying Theorem A, we obtain

P—q
_p_ p(g—1)
[e%) [e%) p—q k p—q e
+ q P’ P —
00 > [|AT ||l pv—squ >> E E u; E wh wy, =
k=1 \j=k s=1
P p(g—1) %
o) o) r—q k ) r—q k
_ q — p' —p - p - _
= Z U; Z A Qi5V5 2 Z A Vs =
k=1 \j=k i=1 j=1 7=1
p(g=1) %
00 00 P k rP—q k
g g u? E a’ v7? A~ E o’ 7P = M, (11)
J kj~j kj~j 2,2
k=1 \j=k j=1 j=1

From Definition 3 it follows, that a;; >> a?,;la,%),i >k>j>1.Thenfori>k>j>1

2,1 (1 2,1 (1
ajj >> a; a,(cj) a;; a,(cj)ﬁ (12)

1, j<k<i
ek_{7 j— —/L7

where

0, k>1, k<j.

Let ¢ = {¢;}5°, be a sequence of non-negative numbers such that > "2, ¢; = 1. Multiplying both parts
of (12) to ¢ and summing up by k € N, we have

aj; >> Z afklagj Dk (13)

Then using (13) and changing the order of summation twice, we have

q

00 i 9—1
Zulq Zaijfj = Z Zaljf_] <Z azsfs) =
i=1 Jj=1

=1 7=1

-y (Sala 1 (z( fsasam) fs>

s=1

00 i k
- Zuf Prag Zakj (ZV’ a;; fs>

s=1

00 k
> Z Pk (Z ak] Z uga?kl (Z Pra; TS) fs) >>

i ¢—1
1 2,1 2,1
E iy E ufa; (Z %%’) or =
= =Kk

k=
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[e9) k
=3 Za,g.)fj hi, (14)

(2

00 ] q-1
where hy, = Y u‘?a?]’cl (E cpTa?f) ¢k From (7) and (14) it follows
i=k T=k

00 k q é [e's) %

1
§ : § :agcj)fj hy << |4 lpv=qu <§ (fivi)p> , 0 f € lpy.
k=1 j=1 =1

By applying Theorem B and taking into account (4), we get

ﬁ & a(p—1) %
. oS oS N P—q
1A o >> Bri= | 3| Dk | | D (@) i
k=1 \j=k i=1
. LA Ch NN o
Using that By < oo and Y~ (ay; )P v; ? is increasing in k, we have
i=1
- - ﬁ X q(p_—l)
0= aim Sh (Son]  (TEeype) s
T Noso k : J : ki i =
k=N j=k 1=1
ﬁ N a(p—1)
> lim i h ih Z(a(l))p/vfpl o
= Noeo k J : Ni) Vi :
k=N j=k i=1

Further, using this relation to the Abel transform in By, (5) and the following elementary estimate

b —a’ =~ b7 b—a), (15)
where b > a > 0,v > 0, we obtain
PrP—q
00 00 00 ﬁ k q(pp:ql) P
Dy —p'
Al == B [ 308 [ S0 (S0 (Zm,i})p o -
k=1 j=k s=j i=1
pr—g
o) o) 0o ﬁ k Q(pqul> pa
D\p —p'
[ () ) a (e -
k=1 \ j=k s=j =1

2
RS
M8
M8
QD‘
ik
1
o
VRS
M -
=,
S@
<.
N————
=
k]
x|
1V

k=1 \j=k i=1
P—q
- - ﬁ i o / P;Q:q) & " , Pq
1 o _ 1 A
(S (Sn) (Dur) e (e |
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where

q—1 ) q—1

oo (2
2,1) (2 1) B 2,1) (2,1)
fa; Z ora; e =D ui Y ey e | 2 e
, - p—

gk
Sa
I
¢
(]2

j=k j=k i=j i=k j=k
00 % 2.1) e
2,1
~ 2 ul| 2w
i=k j=k
o0
Therefore, due to Vo : > ¢ = 1, we have
k=1
AT llpvsqu >>
q ﬁ ) p;q_ql) K %
1 _ 1 /]
s [ (S0 (X0 (Sewar) o (S
k=1 \i=k s=1 s=1
Assume, that ¢; = 0;(m), m > 1, where
1, 5=
ojmy =4 1
0, j#m.
Then taking into account that afj’-l is non-increasing in j
AT lpo—squ >>
pP—q
%) S q ﬁ k L;qfql) k pq
2,1 1 ) _ 1 VA
>> sup Z Zuf Za 9;( <Z(a,(€s))p v5p> A (Z(a,is))p vsp> =
mzl\ 321 \i=k j=k s=1 s—1
p(g—1) =
(& (1) o - (1) :
- (D) (Do) s ()| e o
k=1 s=1 s=1
Thus, from (8), (11) and (16) it follows
M* = maX{MQanMz—flaMQfQ} << A" [lposqu < oo (17)

n
Sufficiency. Let Mt < 0o and 0 < f € . Z is the set of integer numbers. Let’s assume > = 0 when

k> n and a;; = 0 when i < j. o
For all 1 > 1 we define the following set of integer numbers:
Ti={keZ:(r2+1)" < (A7)},
where 75 is the constant from Definition 3 and we assume that k; = maxT;. Then
(ro + D)% < (ATf); < (ro + )%+ Vi e N. (18)

Let mj = 1 and M} = {i € N : k; = k1 = kp, }. Suppose that mg is such that sup M; + 1 = ma.
Obviously mg > mq and if the set M; is upper bounded, then mo < oo and mo—1 = max M7 = sup M.
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Suppose that we have found numbers 1 = m; < ma < ... < mg < 00, s > 1, then we define ms;; by
msy1 = sup M + 1, where My = {i € N: k; = k. }.

Let Ng = {s € N: m4 < oo}. Further, we assume that k,,, = ns, s € Ny. From the definition of mg
and from (18) it follows that, for s € Ny

(rg +1)" < (AT f); < (ro + 1)"5+1,m3 <i<mgp—1 (19)
and N = UseNO [ms, mst1 — 1], where [mg, msy1) N [my, myyq) # 0.
By using (19), Definition 3 and ns_9+1 < ng— 1, which follows from the inequality ns_s < ns_1 <

ns, we can estimate the value (ro + 1)"s~1:

(7"2 =+ 1)”3_1 = (7“2 + 1)”3 — 7’2(7“2 + 1)7“_1 < (7"2 + 1)”5 — ’I"Q(’FQ =+ 1)”5724_1 <

mes_1—1

ms
S (A+f>ms - 712(14+f)m571_1 = Zamszf'& — T2 Z a’msflifi =
i=1 i=1
ms ms—1—1
= Z amsifi+ Z [amsi_TQG’msfl_li]fi <<
i=ms_1 i=1
ms m5,1—1
1
<< Z mifi + Z [rgafn(:m - 1+r2aznlm 171a£,11_1_1i]f¢ <<
T=Mgs_1 =1
ms—1—1 ms—1—1
<< Z amﬂfl—i—rgamsms 1 Z f2+r2amsm Z ams 1t (20)
1=ms—_1
Then taking into account (20), we get
msy1—1 msy1—1
1A 0G = 3 3 wlATHT< D (o )T B <
s€Ny i=mg s€Ny 1=mg
mg ms—1—1 ms—1—1 m5+1 1
1
S(r2+1)2q Z Z amsifl+r2 msms 1—1 Z f1+’r2 msms 1—1 Z agnzfl—lifi Z u <<
s€ENg \i=ms_1 =1 i1=ms
mg qm5+1 1 ms—1—1 qms+1_1
<< Z Z amsifi Z U + Z ( Ay gmg 1 — 1) < Z fl) Z u1q+
s€Ng \i=mgs_1 =My s€Ny i=1 i=mg
q ms—1—1 qms+1*1
IDSICHI H (b SRR S E
s€Ny =1 i=mg
= S22+ 520+ 52,1 (21)
By applying Hélder’s inequality twice and (5), we estimate S 2.
q
ms m9+1 1 ms P ms . ) p’ mgy1—1
Soo= D | D amafwwlt ) Y W< D )| | DD ah ot D0 ul<
sENg \i=ms_1 =M sENg \i=ms_1 i=ms_1 i=mg
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< Z Z (five)?

sENy i=ms_1

aq ’ )
<27 fllf Z Z V7"

o0
AT (za
i=1 =i

where

0 p—a p—q
= u ul a?
2,2 j mn n

Jj=t

Using the Abel transform, (5) and (15

q

), we have

pq o0 (o) o0
rp—a __ + q q
Myt =3 AT ul | Y o]
i=1 k=i ji=k

S

=1 k=1

P

“S(E) (Be)

Therefore

To estimate So, we assume

m(ms—l - 1) =

and we use Theorem A.

q

pP—q

o0
q
Z uj
j=k

S22 << (My)[If1I3,

Z 2,0
amsmsfl—l

s€Ng

%0 = Z (afﬁgms—l—l)q (msi_l fi>q

n=1
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p—q
D) q P
P=4 mgy1—1 mg+1—1 pP—q
q q
E w] u; <
1=ms Jj=t
a(p—1) %
p—q
= |l
n TL lpw
a(p—1)
4 a(p—1)
9 p—q
§ :am Un -
. a(p—1)
7 P—q
- P, —p ~
A ( E @V, ) =~
n=1
7
/
- P +
E a;,, MQ’2 < 00
n=1
(22)
qm5+1—1 q
) u;, t=mg1—1,
=My
1 7'é mgs_—1 — 1.
msy1—1 oo n q
q _
> ul=> (D fi] m<<
i=mg n=1 \i=1
p(g—1) %
p—q
/ /
—Pp q
Uy £ 13- (23)

() (2o
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o]

Taking into account Remark 1, we estimate > 7;:
i=n
oe] 90 ms+1_ m5+1_ q o0 20 q
Som= X (atn) X ouwi= XX (@) << 2 (a)
i=n smg_1—1>n 1=Mg smgs_1—1>n i=ms =n
Hence and from (23), we have
» p(g—1) %
o0 o 90 q H n ., r—q )
S0 << [ 2o (D (@) wt ) | X o | = (M) Al (24)
n=1 \i=n j=1

Now, by using Theorem B we estimate S 1.

q mg—1—1 qms+1_
o 2,1 1)
S= 3 (e ) ( S ) s
i=1

s€Ny i=ms

ms—1—1 qm5+1—1 q
1) 2,1 q_
<< Z < Z ame 1_]-Z Z aims_1—l ui -

sENy =1 1=Ms
00 k q

-y <Z oV fi) 0 < (max{Bo, B1})" I I, (25)
k=1 \i=1

ms+1—1
where O, = > > <ai’71ns_1_1)qu% when k =mgs_1 — 1 and 0 =0 when k #ms_1 — 1,

s€Ng n=ms

p—q
B p(g—1) Pq
[e’e) [e’e) pP—q k , p—q , pa
> I 1,0 —p —p
Bo= |2 Z(]k> 0; > Uk )
k=1 \j=k i=1
pP—gq
q (»—1) Bl
~ ~ P A o y / qppiq Pq
- 1 v
n- (0] (L) wr) e
k=1 \j=k i=1
) . s 1.0\, . £
Let’s evaluate the expression ajj, t; in By.
j=k
oo ms+1—1
1,0 ‘10 _ 1,0 a 2,1 4 _
Z ajk J Z amsfl_lk; Z anms—l_l un -

j=k sims—_1—1>k n=msg

ms+1_

S ()
- nms 1—1 a’msfl—lk Up,-

sims—1—1>k n=ms

In [10] it is shown that ai’}n lal 0 Lk << ai’g when n > mg_1 — 1>k > 1. Then
Z( ) 05 << Z( 0)
i=k
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Thus
p p(g—1) %
~ o o q H k / P /
By << Z (Z <ai’£) u%) (Z vi_p> v, " = M;fo < 0. (26)
k=1 \n=k i=1
By using the Abel transform, (5) and (15) we estimate the value Bj.
<4 a(p=1)
. P9 0 e e P k (1) p’ ) p=a
B =Y a3 0[S0 (af)" v _
P =k \j=i i=1
9 a(p=1)
0o 0o 00 p—a k o N\ P
S su(se) |a (Z (o) v;p> -
k=1 \ i=k j=i =1
p p(g—1)
s > p=a K (1) 4 / pma (1) p ’
= (e (X)) ) A (X () e (27)
k=1 \i=k i=1 i=1
Since
) met1—1 q [e'¢) q
Soi= 3 > () wh <D0 (aln)
i=k simg_1—1>k n=ms n==k
hence and from (27), it follows
p p(g—1) %
ad e q P=q k (1) P / p—a k (1) P ’
A 2,1 - - =
By << Z Z(ank) ud Z(aki) v; ¥ A Z(aki) v, P = M.
k=1 \n=k i=1 i=1

Thus, from (25), (26) and (28), we obtain
+ ot ) e
San << (max{ Mo, M1 1) I, -
Hence and from (21), (22), (24) we have
IAT Fllgu << max{Myo, M3y, M} f i, = M| £,

i.e. the operator A is bounded from [, into Iy, and takes place for the norm ||[AT||,p—qu << MT,
which with (17) gives us ||A"||pp—qu = M.
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A .M. Temupxanosa, A.T. Becxkanosa

JI.H. lymunes amundazo. Eypasus yammow yrusepcumemsi, Acmana, Kasaxcman

MarpunaJjblk oneparopJjap 0ip KJIacbIHbIH [y,-JaH [4,-Fa IIeHeJreHIiK
KpUTEepuiii

Marpunajiap TeOpUSICHIHBIH, HETi3T1 MiHAeTTepiHiH 6ipl MATPUIIAJILIK OHIEPATOPILIH, Oip HOPMAaJIbl KEHIiCTIK-
TeH 0acKa HOPMAJIbI KEHICTIKKe y3igicci3 Ty yImiH MaTpuiagap sJeMeHTTepiHe KAXKeTT] YKoHe YKeTKLTKTI
mapTTapbid aHbIKTay. COHBIMEH KATap MaTPUIAJIBIK OMEPATOPIbIH HOPMACHIH HEMECE OHBIH, JI9JI YKOFAPFbI
JK9He TOMEHT1 OarasiayblH Taby MaHBI3ABI. Byt ecemn »Kaumbl xKaFmaiiaa Jleber TizbekTep KEHICTITIHIE aIllbIK
ecen. Bepinren maxkaJiaga MaTPUIIAJIBIK, OIIEPATOPBIHBIH, [py-maH lgy-Fa 1 < ¢ < p < 0o GosraHia IIeHesIreH-
Jiri KapacThIPbLIFaH >K9He OYJI eCeNTiH KaXKeTTi »KoHe YKETKIJTIKTI MapTTapbl aJblH/Ibl, MYHIAFbl MaTPHUIA
OQi nuckperti OifHApOB KJIacbIHA THICTI.

Kiam cesdep: MaTpUIAJBIK OMEpaTop, TYHiHIEC OMepaTop, CaJMaKThl Ti30eK, MIEHEJTEHIIIK, CAJIMAKTHI
TeHcizaikrep, Jleber casmakTol Kenicriri, OiHAPOB MAPTHI, Xap/u ONepaTophl, Xap/au TeHCI3Iir, MaTpuIa.
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Espasutickut nayuonasvruld yrusepcumem umernu JI.H. lymunesa, Acmana, Kaszaxrcman

Kpurepuii orpaHn4eHHOCTI HEKOTOPOIr'o KJIacca MaTPUYIHbBIX
OIIepaTOPOB U3 [y, B [y,

OpHOM U3 OCHOBHBIX 33189 TEOPUU MATPUIL ABJISETCS HAXOXKIEHNE HEOOXOMUMBIX U JOCTATOYHBIX YCJIOBHI
IJIs1 9JIEMEHTOB MaTPHUIlbl, IPU KOTOPBIX MAaTPUIHBIN OIlepaTOp HEIPEPBIBHO AEUCTBYET U3 OAHOT'O HOPMUPO-
BAHHOTO IPOCTPAHCTBA B Apyroe. [Ipu 3ToM oveHb BaXKHO HAWTH 3HAYEHUE HOPMBI MATPUIHOTO OIIEPATOPA,
B KpaiiHeM ciydae, 3a(pMKCHPOBATh TOYHbLIE BEPXHHWE M HHUXKHHUE OLEHKM. JTa 3ajada B JI€OErOBBIX IIPO-
CTPAHCTBAX IOCJIeJ0BATELHOCTEN B 00IIIEM CJIydae OCTaeTcsl OTKPBITON. B crarbe paccMorpeHa mpobiiema
OI'PAHUYECHHOCTH MaTPHUYHBIX OIIEPaTOPOB U3 lpv B lqu mpu 1 < ¢ < p < 0O U HOJYIEHBI HEOOXOMMbIE U
JIOCTATOYHbIE YCJIOBUA 3TOHN 3a4a4M, KOT/Jla MaTPUYHbIE OIIePATOPHI ITPUHA/IJIEXKAT KJIacCaM OQi, YIOBJIETBO-
pstroruM 6oJtee ciabbIM yCaoBUsM, YeM yciiosue OitHapoBsa.

Karoueswie €A06a: MATPUUIHBIA OLEPATOP, COIPS?KEHHBIN OIIEpaTOp, BECOBasl IOCJIEI0BATEILHOCTD, Orpa-
HUYEHHOCTh, BECOBBIE HEPABEHCTBA, BECOBOE MpOCTpaHCTBO Jlebera, ycmoBue Oitnaposa, omeparop Xapiau,
HEPaBEHCTBO Xap/id, MaTPHUIA.
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