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Solution of a two-dimensional parabolic model problem in a
degenerate angular domain

In this paper, the boundary value problem of heat conduction in a domain was considered, boundary of
which changes with time, as well as there is no the problem solution domain at the initial time, that is,
it degenerates into a point. To solve the problem, the method of heat potentials was used, which makes it
possible to reduce it to a singular Volterra type integral equations of the second kind. The peculiarity of
the obtained integral equation is that it fundamentally differs from the classical Volterra integral equations,
since the Picard method is not applicable to it and the corresponding homogeneous integral equation has
a nonzero solution.
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Introduction

Recently, in connection with the intensive development of modern contact technology and due to
the high speed of electrical devices, more reliable measurement of the temperature field of the contact
system has become relevant. And, no less important, it is necessary to study the dynamics of its
change over time. At the same time, the temperature field of high-current contacts must be studied
taking into account the change in the size of the contact area, which changes both due to the action
of electrodynamic forces and due to the melting of the contact material at high temperatures.

When the electrodes are opened on the contact surface, the melting temperature is reached and a
liquid metal bridge appears between them. As a result of further opening, this bridge is divided into
two parts and the contact material is transferred from one electrode to another, that is, bridge erosion
occurs, which can eventually disrupt their normal operation.

To solve this kind of heat conduction problems, it is necessary to use generalized heat potentials
and further reduce the original boundary value problem to singular Volterra type integral equations.
From a mathematical point of view, the peculiarity of the problems under consideration is that, firstly,
the domain in which solutions are sought has a moving boundary, and secondly, at the initial moment
of time, the contacts are in a closed state and the problem solution domain degenerates into a point
[1-14].

The problem considered in this paper is called a model one, since the case is studied when the
boundary of the domain in which the solution of the problem is sought moves according to the linear
law x = t. In the future, it is planned to study this problem in the case when the boundary of the
domain will change according to an arbitrary law x = ~(t), v(0) = 0.
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1 Statement of the boundary value problem

We consider the following two-dimensional boundary value problem in spatial variables in a cone

Q = {(m,y,t)| Vri+yi<t, t> 0,} with a lateral surface I' = {(a:,y,t)] Vaz+yi=t, t> 0} for

the equation
ou 5 (0% d%u 9, (1 Ou 1 Ou
8t_a<&ﬁ+8f>_a6 2 oy o M

with a boundary condition

u(x>yat)|F :g(x7y7t)7 (2)

where 0 < 8 < 1, g(z,y,t) is a given function. It is necessary to find a function u(zx,y,t) satisfying the
equation (1) in @ and the boundary condition (2).

Such boundary value problems in domains that change with time and degenerate into a point
arise, for example: when describing the heat transfer process in a moving medium velocity of which
is a function of the coordinates; in mathematical modeling of thermophysical processes in the electric
arc of high-current disconnecting devices, while taking into account the effect of contracting the axial
section of the arc into a contact spot in the cathode field. They are also relevant in the creation of new
technologies in metallurgy, the production of crystals, laser technologies, etc.

Passing in (1),(2) to cylindrical coordinates, in the domain @ = {(r,t)| 0 < r < t, t > 0}, we obtain
the following boundary value problem for the axisymmetric case:

ou 2'1—2ﬂ'8u+2 0%u

E:a r E G.W’O<ﬁ<17 (3)
u(r, t)‘r:O - gl(t)7 > 07 (4)
U(T', t)’r:t - 92(t>7 t>0. (5)

2 Representation of a solution of the boundary problem (3)—-(5) using heat potentials

The fundamental solution for the equation (3) is the function
1 8. 51_5 r2 4 &2 ré
G )= — . S TS s
(&t =) 222 t—r P [ 4a?(t — 7')] o <2a2(t - 7')) ’

where £ is a parameter, Ig(z) is the modified Bessel function of order 3. We will seek the solution of
the problem (3) — (5) as the sum of double layer heat potentials

B LoG(r &t — 1)
u(r,t)—/o —35

LOG(r &t — 1)
d _ N/ 7
&Jmﬁr+é 5

where p(t) and v(t) are potential densities to be determined.
Let’s transform the function (6), for this we calculate the derivative:

OG(rét—7) 1 Bl rt4¢ r¢ e
o e o ) e (s ) e ()

1 rf(1-2p) rt 42 ré
e a e o | am ) ()

v(T)dr, (6)
£=0

92 Bulletin of the Karaganda University



Solution of a two-dimensional ...

where we have used the relation [15; 975]:

Iy(z) = Ip-1(2) — gfﬁ(z).
Next we find
OG(r,&,t — 1) B 1 28 1 2 .
N R ) e o LN () B {_4a2(t—7)] )
and
oG t—7)) _
o€ e

n 1 %1 -2p8) . r2 4 72 7 rT
N e e ).
202 (t—71)7P P a2t —7)| P \2a2(t— 1)
We transform the last equality as follows:

OG(r,&,t — 1)
23

E=r

where we introduced the notation

Ig-1,(2) = Ig-1(2) = Ip(2).
We substitute the obtained relations (7), (8) into the equality (6), and then we obtain the integral
representation of the solution for the equation (9):

72 1 72

+/0 (2a2)7+1 " 28(t —)f+1  pr(g) P [‘W(tﬂ

} (7, 9)

where .
t=Pea? u(t) € Loo(0,00).
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3 Reduction of the boundary value problem (3) — (5) to a singular Volterra type integral equation

We require that the function wu(r,t) defined by the equality (9) satisfy the boundary conditions
(4),(5), which will allow us to define the functions u(t) and v(t).

t 1 r2f 1 r2
! /0 2a2)P (- argg) P [_4a2(t—7)] ' ’/(T)dT] -

1 LR S L r? (r)d
=——— —.——.lim | ————exp|————| -v(r)dr =
(2a2)P1 25 " BL(B) »50 Jo (t— 7)ot P | T aa2(t — 1)
B N I 1 Lo
C||4a2(t—1) 7| (2a2t)8T1 28 BI(B)
. 0 20 (4a2)BHL . AL 2 _, r2
X}ﬂg% 2 r26+2 4222 'V(t_élcﬂz)dzz
a“t
1 11 4q?)P+1 > 2
= —— _(a) - lim eyt — r dz =
(2a2)8+1 26 BT(B) 4a? >0 )2 4a’z

4a2t

N N PSR R S NS Sy Lo
-5 50 | &2 = 53 5rc5 - TE) - 00 (1) = 01(0).

from here one of the sought-for densities v(t) is directly determined

v(t) = 2a*Bg(t).

Therefore, ,
u(r,t) =Yy (r,t) + gi(rt), (10)
i=1
where t rﬁTl_B(r -7) - (r—)? T rT
uy(r,t) :/0 ait— e 4al(t-m) . e 203(t-7) . Jg (2@2(15—7')> p(r)dr,

t 6+1 17/8 (7”*7')2 TT
rPtir - - rT
7t — - . 4a2(t—7) . 202(t—7) . [5 - d ,
ua(r,t) /0 1ai(i = )2 e e 8-1,3 <2a2(t—7'))'u(7—) T

Epf1-28) U e r
u3(7", t) _/0 m e 4d?(t—7) .o 2a2(t—7) 'IB <2a2(t_7-)> ,U(T)dT,

_ 11 1t r’
0= s 3 57 o S|

Remark 1. If g1(t) is bounded, then gy (r,t) is also bounded.
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Indeed,
1 1 1 t r26 2
1)< . t - . - |dr=
00 < 35 gy 901 | o |y |
72 H 1 11 >
- — .l = L .4ﬂ.a2ﬂ.|gl(t)|/ P e dr =
2(4 _ 28 98 r
‘ 4a?(t — 1) (2a2)8 28 T(pB) 4a22t

-~ )
= g ()] —— 27
g I

Now let us satisfy the boundary condition (5).

w(r,t)|,—, = lim u(r,t) = ga(t) = q1(t,t)+

r—t—0

n /t tB+1r1-8 t—T tT 7 tr n
———————exp|———|exp |—=———| I5— —
o l4at(t —7)2 P a2 D752 t—7) | PP\ 2a2(t — 1)

oy || o g 1 () o

As a result, we obtain the following integral equation for the unknown density u(t):
E(8(1—2p) t—7 tr tr
)= [ {2 e |- LI N A (S —
w01 [ G oo [ | oo =) 1 (e =) +
n th+ir1=8 o t—T . tT I tr n
———Sexp|——— | exp | —=———| I5- —_—
22t — )2 P | T a2 | P | 22t — )| PP\ 22t — 1)
tBr1-8 t—1T7 tT tT
- — I dr = F(t). 11
* 2a%(t — 1) P [ 4a? ] P [ 2a2%(t — T):| : <2a2(t — T)) } u(r)dr ®) (11)

F(t) = —2a%ga(t) + 2a2G1(t, 1).

We introduce the following notation

_ t _ t
' exp [W} p(t) = pa(t), t"Fexp [4@2

<|lgi(®)|, V(rt)eq.

where

] F(t) = Fi(t).
Then the last integral equation is transformed into the following equation:
¢
ia(®) ~ [ Nt (i = ), (12
0

kernel of which has the form:

and, moreover,
t(1—2p) tr tr
Nt =——exp |- | Iy [
1) =" eXp{ 2a2(t—7)} 6<2a2(t—7))+
P R T
2a2(t—7)2 V| 2a2(t—7)] P\ 2a2(t—7) )"

N67) = 5= = |~ ¥ (s —))

A feature of this integral equation follows from
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Remark 2. The kernel of the integral equation (11) satisfies the equality

t
1—
lim [ N(t,7)dr = 7ﬂ,
t—0 0 /8
moreover, Vt > 0, V3 € (0;1):
t 1— B t
/ Ny(t,7)dT = ——, lim/ Na(t,7)dr = 0.

Indeed,

o= {25 o i) (=)
t?

tT

tT 7 tT d . B B
g [z | v () = -
_/ (1—25)-12-z-e_z-lg(z)dz+/ e {Iy1(2) — Iy(2)} dz =
0 z 0
=(1-28) /OO % e Ig(2)dz + 1 = ||(2.15.4.3) [16;272] | =
0
—ﬁT[ 1+5]+1—5’
t t t tr tr
[ waerie = [ sy [ ) 1 () -
tr oy . to[e1 B
ot 1 g, 31 ¢
_M.ﬁ.r[ 1+52]_2a2ﬁg>0.

4 Solution of the characteristic integral equation

In order to find a solution of the integral equation (10), we first study the following characteristic
integral equation:

) - /0 Ni(t, 7Yy (F)dr = B(2). (13)

Remark 3. Remark (12) implies that for % < p <1, (O < % < 1) the integral equation (13) in
the class of essentially bounded functions has a unique solution that can be found by the method of
successive approximations.

By Remark 2 for 0 < 8 < % (% > 1) equation (13) is indeed characteristic for the equation (11).
Instead of the variables ¢, 7 we introduce new variables x, y:

=l m0=m(3)=w),  e0 =0 () =m0 (14)

Then the equation (13) reduces to the following integral equation with respect to the unknown
function us(y):
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() - [ M (y — 2)s()de = B (y), (15)

M-t-0 =2 o0 () 1 (=) *

Remark 4. If we find a solution to the equation (13), then we will obtain a solution to the equation
(11) by applying the equivalent regularization method to the solution of the characteristic equation
[17,18].

where

5 Solution of the homogeneous characteristic equation

The equation (15) differs fundamentally from the Volterra equations of the second kind, for which
the solution exists and is unique. The solution of the corresponding homogeneous equation

el - [ T M_(y — 2)n(a)dz = 0, (16)

in the general case may also be non-trivial. The eigenfunctions of the integral equation (16) are
determined by the roots of the following transcendental equation [18; 569] with respect to the parameter

p:
o o
M_(—p) = / M_(z)-eP*dz =1, Rep <0, (17)
0
since, by applying the Laplace transform to the equation (16), we obtain
3(p) - [1 = M_(=p)] =0, Rep<0. (18)

In order to find the image of the function ]TJ\_(—p) we use:
1) the formula (29.169) [19; 350]; )
2) the property: let f(¢) = f(p), then 1 f(t) = fpoo f(p)dp [20; 506|. Thus, we have

M- (=) =200 - 205 (V) 13 (Y2 )+

[ () () () ()

—00

To calculate the last integral, we use the formula (1.12.4.3) [16; 44]:

e (50) e (59) - (500 (50 -

a® ) o .
- H\/? = :Z/OOZ[KB—I(Z)IB—I(Z) — Kg(2)Ig(2)]dz =
— 2 [ee}
- (1 ! (6z21)> To-1(2)K g1 (2) = I’B—l(Z)K'ﬁ—l(Z)] =
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o0

— 22 [(1 + fj) I5(2)K 4(2) — I/B(Z)K/B(z)} =

v—P

= 72 [(1 e ;21)2> Is 1(2)Kz_1(2) —

e+ P @ Ko+ S o) OOF -
2 [(1 + fj) I5(2)K5(2) — {Iﬁ_l(z) - f]g(z)} {—Kﬁ_l(z) - fKﬁ(z)H OOF _

= [(2*+ (B—1)%) I3_1(2)Kp_1(2) + 2°15(2) K3(2) —

2 (8= DIs(2)Ks-1(2) + (8 = DIs(2)Kp(2) = (8 = V)P L1(:)Kp1(2)] [ Yoz —
- [(22 + BQ)Ig(z)Kﬁ(z) + zQIﬁ_l(z)Kg_l(z) +2815_1(2)Kp(z) —
~2B15(2) K 1(2) — BT (2)Kp(2)] Yoz =
= [Hls(2)K () - 2151 (VK2 | o, =
= [2205(2)K-1(2) = (215(:)Kp1(2) + 2151 () K ()] |5 =

(), ()

o0
= 2:15(2)K 5, (2)] - - -

where we used the following relations:

K'a(z) = ~K3a(2) - T K5(2),
K's1(2) = —Ks(2) + 21K (2),
Ia(z) = Is1(2) — C15(2),
Iya(2) = I5(2) + 22 1 (2)

Then the equation (17) will take the form:
21, <Cp) [(1 —28)Kj (Cp) — La_pKﬂ_l < v _pﬂ —0, Rep<O0,

where Kpg (@) is the Macdonald function.

Let’s assume that Iy ?) = 0. According to the definition of the Bessel function for the imaginary

a

argument Ig <@) = e‘gﬁijﬁ <@), where Jg (1\/jp> is the Bessel function — cylinder function of
the first kind. The function Jg(z) for any real § has an infinite set of real roots; for § > —1 all its
roots are real and equal iz = ag, 2z = —iag, ap € R, k € Z\{0} [21], i.e. in our case @ = qy,
where o € R. Hence pp = aza%, which contradicts the condition Rep < 0.

Thus, it is necessary to find the roots of the equation for 0 < g < %
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o o IR Y ) P s

It should be noted that for % < 8 < 1 this equation has no roots. This means that in the equation (18)
1- M—(_p) 7é 07

whence it follows that fz(p) = 0. That is, the homogeneous integral equation (16) has only a zero
solution in this case. For 0 < 8 < % the equation (19) has a unique real root py < 0, and the root
po = 0 corresponds to the case g = % And for 0 < B < % the root is pg < 0. This means that
the equation (16) for 0 < 8 < 3 has a non-zero solution ps(y) = CeP¥, py < 0. Then, returning to
the original variables (14), we obtain that the homogeneous integral equation corresponding to the
equation (13), for 0 < 3 < 3 has an eigenfunction

1 PO _ _t
t

M(O)(t):C’-tl—_B-e “4a?, pg <0, C = const.

Accordingly, for 8 = %, the eigenfunction has the form:

M(O)(t) — C’-i . e‘ﬁ7 C = const.

Vit

6 Solution of an inhomogeneous characteristic integral equation. Construction of the resolvent.

The equation (15) cannot be solved by directly applying the Laplace transform, since the convolution
theorem is not applicable here. Let’s apply the method of model solutions [18; 561]. Then the solution
of the equation (15) has the form

=5 [ +: %dp — 00+ o | +: B (—p)®r () dp.
where o e
Bi) = [ ey, B (p) = P Rep <o
M_(—p) =1+2I3 (Vjp> [(1 28)K <‘/?> VP (\/7’)] , Rep < 0.
If ]-{ii(—p) = R_(y), then the solution of the equation (15) has the form

W) = 0i0) + 5 [ Ry - (@) (20)
Y

To find the resolvent R_(y), we write its image in the following form:

(7)1 () PR (62) 0 s, ()

T (A e () e ()]

a

a

a

and use the following properties [19; 191]:
L If ¢(t) = @(p), then
1.
olat) = —p (£> , o> 0.
a’ \a
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1

2. If p(p) = ¢(t), then
o (Vp) = ENA
VP z and find the original expression

a

For convenience, we introduce the notation
1 —2Ig(2) [2Kpg-1(2) — (1 = 28)Kp(2)]
213(2) [2Kp-1(2) — (1 = 28)Kga(z)]

R*(z) =

According to [20; 519]:
= Az <X A(z oy
R*(Z) = Bézi = 2 B/((Z];)) ce kY,

where z; are zeros of the function
B(z) = 2Ig(2) [2Kp-1(2) — (1 = 28) Kp(2)] -
1) Let yg(z) = 2K3_1(2) — (1 — 28)K3(z) = 0. This equation, as noted earlier, has one root z for

2) Let Ig(z) = e‘gﬁiJ[g (iz) = 0. Therefore, iz = ay or z; = —iay, where oy, € R.
A
(ZO) CeTA0Y — R*_(y),

0<B<3.

Then

r 2) — A(Z) . = A(Zk) CeTERY — A(Zk) L2y

=56~ 2 B o Bl T B
where

B(z) = 2I3(2) [2Kp_1(2) — (1 — 28)K3(2)]
B'(z) = 215-1(2) [ Kp-1(2) — (1 — 28)Kp(2)] + 2(1 — 28)I5(2) Kp-1(2)+
+ <45(1;25) - 22) I5(2)Ks(2).
Thus, we obtain that for 0 < 8 < %:
e ?kY
B0 = 2 3T B () — (L= 29K )
2} ) (21)

0

+
2Iﬂ(ZO)K/3_1(Zo) [1 — ﬁz
1
2] '

70 =
215(20)Kp-1(20) |1~ 15528

1

We introduce the following notations:
2 (z) [ Ko (o) — (1 28) Kp(2p)]

Apk
From equality (21) we have
- — 2 o) 22 .
a 2VTY2 o) 0
2 o0 22
+ - Apo - / pe 0T gy
2\/my2 0
Bulletin of the Karaganda University

100



Solution of a two-dimensional ...

Lemma 1. The resolvent R_(y) satisfies the estimate

A
R_(y) < —
(y) N
Proof.
2 oo 12 2
R_(y Z Aﬁk/ Te” 4y —iQa xdm—i-Aﬁ,O/ re 4y z0a zdl‘ <
Q\fy keZ\{0} 0
TS A+ ul
< 0—- + :
S B,k 8,0
2\/§ kezZ\{0}
Since |Ag | = C = const, we estimate the sum ‘Zkez\{o} Ag,k‘:
> Al =| X ) — (R
keZ\ {0} kez\fo) T BTIVER) IER A1k Bk

Kp(z) = B3P HD (i2);  Ip(z) = e 3P 5(02);
= 2 = —lQy; Z ) = tay;

Jp(=2) = ePmig(z);  HY(=2) = —e PTHP (2)

= 1
= (Jm(ak) wH Y, (an) + (1= 28)H ()|

am

1
eB=DmiJ5 1 (ap) [_ake*(ﬂfl)mﬂgl(ak) +(1— 26)6%1’]{?(%)]) =

| HV(2) = Js(2) +iNs(2);  HY(2) = Js(2) — iN(2) || _
Js(ar) =0
I i (677 <
— <
™ i (ards—1(o))? + (arNg—1(a))? + 200(1 = 28)N 5 () N (k) + (1 — 28) N ()
2 [ o N )
= == <
™ |2 (andpo1(ar))” + (o Ng-1(e))” ' T kz kHél_)l(ak)HLgQ_)l(Olk>
2| [~ d(ay,
< = / ) (@) %) = 1/(1.10.3.3) [16; 42] |
T\ ap - Hy” (o) - Hg” (o)
2| « H/(f_)l(oék) 1 Hg_)l(ozk) Hg—)l(o‘k
T r| 4 ) =5 2 -a Tr-arg—q =
Hﬁ—ly(ak) o Hﬁ_l Qg Hﬂ_l(ak) o
_1 (2) () ™
=3 ‘argHﬁ nen — argH (o) gg.
101
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Thus, we get

a2 a?(m +2C5)  CpM)
R (y) <——- A +|A < = ,C(l):const.
(v) NG ke;\:{o} sk + [Agol iy NG

2 2

a a“Tm
R Y gl iE
2\/‘@ kez\{0} 4\/‘@

Lemma is proved.

7 Solution of the characteristic equation

We found a solution of the equation
o) = [ My = )i = 0,0,
which for 0 < 8 < % has the form
pe(y) = ®1(y) + /yoo R_(z — y)®y(x)dx + CePoY.

Returning to the original variables, we write the solution of the characteristic equation (20) as
follows:

t
R_(t
w1 (t) = ®(t) —I—/ T<2’T)<I>(7')d7 +Cet.
0
For the convergence of the last integral it is necessary that

Bo(t) = = - B(t) € Loo(0, 00).

| =

Then we write the solution of the characteristic equation (20) as

pi(t) =t- Po(t) + /0lt R(t,7) - ®o(7)dT + Ce't,

where

R(t,7) < C-

S

\]

T

The last inequality follows from Lemma 1.

8  Solution of the initial integral equation. The Carleman-Vekua reqularization

Theorem 1. Initial integral equation (11) for any function t—Peta - F(t) € Loo(0,00) (0< B < 3)
has the unique solution in the class of functions

t
t_ﬁ exXp |:42
a

}u(t) € Lo (0, 00), <O<B< ;)

which can be found by the method of successive approximations.
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Proof. We rewrite the initial integral equation (11) as

/Nlt’T),ul( dT—F1 /NQtT,ul d (22)

Assuming the right-hand side of the equation (22) to be temporarily known, we write it in the following
form:

[1— Mpuz(t) =
t 1 1 [t~ F(7) C
— /0 M (t, 7)o (r)dr = EF(t) + t/o R(t,T) - . dr + ?e v (23)
where
1o (t) = %m(t),M(t,T) TN (t,7) / e Y& e

The following estimate for the kernel M (¢, 1)
Dy
Vi—T

holds. Thus, we show that equation (23) for each C' # 0 has a unique solution

M(t,7) < —i—bvg, 171, Dy = const

12 (t) = M2,part (t) + CMQ,hom(t)y

where ,
f2nom (t) = [1 = M) ulO(8), pa(t) = tPea? pu(t).

At the same time, if F'(t) = 0, then integral equation (23) has a solution ,ugo) t)=C-[1— M uO).
The theorem is proved.

9 Solution of the boundary value problem (3)—(5)

Theorem 2. If the conditions g1 (t) € Loo(0,00), t™Pga(t) € Loo(0,00) (0 < B < 3) are satisfied,
then the boundary value problem (3) — (5) has a solution u(r,t) € Loo(G).

Proof. From the integral representation (10) of the boundary value problem (3)—(5) we have

3
r,t) = Zui(n t)+ q1(r,t),

i=1

LpPrl=B(p ) (r—7)?
reT rT
.e T 4a2(t—71) . .e 2a2(t T <> T d7.7
/0 4@4 t—T 8 2@2(t—T) M( )

t T.B"rl 1— IB ('r2 7)2 2 rT
T 4a (t—7) . T 2a (t T) . -
/0 da*(t — 1) e - a1 <2a2(t - T)) ulr)dr,

t RY)
rP(1-28) —_=n s rT
‘[/‘ — - @ 7 . 4a2(t77) T 242 I - d
us(r 1) /0 2a%(t — )75 ¢ © f\2a2(t—7) uir)dr,

where

~ 1 11t r?
)= a3 5, e [—4@_)} )

Mathematics series. No.3(111)/2023 103



M.I. Ramazanov, N.K. Gulmanov, S.S. Kopbalina

Let t—®¢ia - 1(t) € Loo(0,00). Let us find out for what values of a the solution of the problem u(r,t)
will satisfy the condition u(r,t) € Loo(G). First, we estimate the first term.

exp |~ 3y | < exp 1]

e I e try(e)de <
= 1 a“ - N =
2422 J, (# _’_5)2—64—(1 B

o pBlBte L pBl-Ba 3, 1
< T 442 . _EI __‘12'7'F ] 2 —
e / O S [ ]
1+«
B VAL S0 U & LV S
Cre 2 - 23 <t) = a2 ¢

Now we estimate the second term.

1T < O] = const Y(r,t) € Q.

t T6+1 1-3 ('r2 7)2 2 rT
t) = " 4a (t—7) . T 2a (t T) . I R — d —
ua(rt) /0 dat(t—1)? © - s <2a2(t—7))M(T) !

exp [—4gzzz>i)] < exp [-55] |

2a2t T) _6

Lo BB o gl-Ba
< Che™ 1a? - / - : —Hra e ¢ Ig_1 5(€)d€ <
0 (g2 +¢)

<

Bra—p
< Cye . L !

(67

o0 ot t .
/0 e tI5 1 5(€)dE < Cye 17 52 < (Cy=const, V(rt)e€Q.

2a

And, finally, we estimate the third term.

toy (1-2p) (r—r)? rT
t) = AP TR L e 20T . Ig| ———— dr =
us(r ) /0 2a2(t — )78 - - B <2a2(t — 7')) u(r)dr

_ | e [-rmtn ) < e ) |
w2 =& N
iz 700 —22;8)ta—6 /0 = i—)ﬁ”“ﬁ Ce€I,(¢) d <
< Cyeiz. 0 2625)”_5 /0 2 < 1()de = Cer . 2625)”_5 T [ ﬁHé } _
— Cge 0? - u_;:é)ﬁﬁ“a : (%)B < 03(1_25265)*/7? 717 1% < Oy = const,  V(r,t) € Q.

Hence it is clear that for a > 0 the solution of the problem u(r,t) € Loo(G).
The estimate for the fourth term follows from Remark 1. This implies the validity of the main
result, Theorem 2.

The results of this work will be used in solving a similar problem in a funnel-shaped degenerate
domain, that is, when the boundary of the domain changes according to the law r = ~(t), 7(0) = 0.
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Axademur E.A. Bexemos amuwvindazv. Kapazandv, yrusepcumemi, Kapazanow, Kaszaxcman

ByphINITHIK >KOMBLIATHIH 00JIBICTA MOAEJbAIK €Ki eJIIeMIi
napaboJIaIbIK €CeIITi Ielry

ZKywmpbicTa 1mekapachl yaKbITTBIH, ©3repyiMeH KO3FaJIaThIH KbIJIy OTKI3IIITIKTIH IIeKapaJiblK, ecebi 3epT-
TeJITeH, COHBIMEH KATap E€CEINTi ety OOJIBICHI YaKBITThIH, 0ACTAIKbI COTiH/E OOJIMANIBI, SIFHU HYKTEre aii-
Hamaapl. Bepinaren ecenTi menty yImiH KBTIy MOTEHIIMAIAAPHI OICI KOJIJAHBLIFAH, OYJI OHBI €KiHIM perTi
Bosbreppa THNITI CHHTYJISIPJIBIK, MHTEMPAJIIBIK, TEHIEYTE TYPJIEHIIpyre MyMKIHIIK 6epe/ti. AJTbIHFaH UHTe-
TPaJIIBIK, TEHJEYIH €peKINeiri — oJ KJIACCHKAJBIK, BobTeppa WMHTErpasiiblK, TeHIeyIepineH Tybereiti
epexIesene i, oiTkeni oran [ukap o/1ici KO IaHbLIMARIBI )KoHE COMKeC OipTEKTI MHTErpaJsiIblK, TeHICYIiH
HOJIJIIK eMec IentiMi 6ap.

Kiam ceadep: XKbLIy OTKIZIIIITIK TEHJEYI, IEKaAPAJBIK, €Cell, KONBIIAThIH 06JIbIC, BOJbTEeppaHbIH, CHHTY-
JISIPJIBIK, THTETPAJIIBIK, TEHJEY1, PEryJIsspu3aliusi.
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M. . Pamaszanos, H. K. I'yimemanos, C. C. Konbanuna

Kapazandunckutl yrusepcumem umeny axademura E.A. Byxemosa, Kapazanda, Kasaxcman

Pentenne moesibHOI AByMepHOIl mapadoimdecKoil 3a/1a9m B YTJIOBO
BbIpOXKgalomieiica objgacTn

B pabore ucciiesioBana xpaesasi 3ajiada TEIJIOMPOBOAHOCTH B 00JIACTH, I'PAHUIA KOTOPOH Ipeobpasyercs
C M3MEHEHWEeM BPEMEHH, a TaKKe O0JIACTDH PEeIIeHUs 3a7a9h OTCYTCTBYET B HAYAJIBHBII MOMEHT BPEMEHH,
TO €CTb BBIPOXKTAETC B TOUKY. Jlyis pelreHns: IOCTaBJIEHHOHN 33291 MCIIOJIb30BaH METOJI TEILJIOBBIX ITOTEH-
[IMAJIOB, YTO TIO3BOJISIET PEAYIIMPOBATH €€ K CHHIYJISPHOMY WHTEIPAJbHOMY ypaBHEHHUIO Tuiia BoJibreppa
BTOPOTrO pofa. OCOBEHHOCTH MOJIYI€HHOTO HHTETPAIBHOTO YPABHEHNUST 3aKII0YAETCST B TOM, 9TO OHO IIPUHIIN-
NUAJIbHO OTJIMYAETCs OT KJIACCUUEeCKUX MHTETrPaJIbHBIX ypaBHeHn! BosbTeppa, Tak Kak K HEMY HEIIPUMEHUM
meron Ilukapa u cooTBeTCTBYyIOIIEE OJHOPOIHOE NHTErPAJIbHOE YPAaBHEHNE UMEET HEHYJIEBOE PellleHue.

Karoueswie caosa: ypaBHEHNE TEILIOIPOBOIHOCTH, KpaeBast 33/1a1a, BEIPOXK JAIOIIASICA 00JIaCTh, CHHIYJISIPHOE
WHTErpaJibHOE ypaBHeHHE Boabreppa, peryaspu3aims.
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