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On a boundary-value problem in a bounded domain for a
time-fractional diffusion equation with the Prabhakar fractional
derivative

We aim to study a unique solvability of a boundary-value problem for a time-fractional diffusion equation
involving the Prabhakar fractional derivative in a Caputo sense in a bounded domain. We use the method
of separation of variables and in time-variable, we obtain the Cauchy problem for a fractional differential
equation with the Prabhakar derivative. Solution of this Cauchy problem we represent via Mittag-Leffler
type function of two variables. Using the new integral representation of this two-variable Mittag-Leffler type
function, we obtained the required estimate, which allows us to prove uniform convergence of the infinite
series form of the solution for the considered problem.

Keywords: Time-fractional diffusion equation, regularized Prabhakar fractional derivative, Mittag-Leffler
type functions.

Introduction and formulation of a problem

Application of Fractional Calculus in mathematical modeling of real-life processes became crucial
and appropriate mathematical tools have been developed [1-5].

A number of stochastic models for explaining anomalous diffusion have been introduced in literature
(see, for instance, [6-9]).

There are other applications of time-fractional diffusion, for example, in the image denoising model
[10].

Let us consider the following time-fractional diffusion equation

PcDg‘t’ﬁ’%éu(t, T) — Uz (t,z) = f(t,x) (1)

in a domain Q ={(¢t,z): 0 <z <1,0<t<T}. Here f(¢,x) is a given function and

PC 7/87 76 — P ’ _57_ 75 dm
Dy y(t) =TI ! Wy(t)

represents regularized Prabhakar fractional derivative [11| and

t
Prosady ) = / (t— LB [6(t — €] y(€)de, t > 0
0

represents Prabhakar fractional integral [12]. We note that above-given definitions are valid for o, 8,7, €
C such that ®(a) >0 and m — 1 < R(S) <m, m € N.
We formulate a boundary-value problem for Eq.(1) in the particular case (0 < 8 < 1) as follows:
Problem: To find a solution of Eq.(1) in €2, satisfying the following conditions:
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e regularity conditions: u(t,z) € C(Q), u(-,z) € C*,(0,T), u(t,-) € C%(0,1);

e initial condition: u(0,z) = ¢¥(x), 0 < x < 1;

e boundary conditions: u(t,0) = u(t,1) =0, 0 <t <T.

Here the function ¢(z) is a given function such that ¢(0) = ¢(1) = 0 and a class of functions C}’
is defined as follows:

Definition 1. [13] We say that f € C,la,b], if there is a real number p > p (1 > —1), such that
f(z) = (x—a)? fi(z) with f1 € C[a,b]. Similarly, we say that f € C}/*[a,b], if and only if fm e Cyla,b).
We would like to note related works, where the main objects are PDEs involving the above-

mentioned Prabhakar fractional derivative or some generalizations.
The following Cauchy problem for the time-fractional diffusion-wave equation

DZWJFV’_/\’mg(x,t) = Cgpe(x,t), x€R, t >0,
g9(x,0%) = d(),
gi(z, )]0+ =0, c €ER, ¥ >0, >0,0<y+v <2

was the subject of investigation in [11|. The authors used the Laplace-Fourier transform to find a
solution to this problem in an explicit form. The solution was represented via Prabhakar and Wright’s
functions.

The explicit solution of the Cauchy problem in ¢ > 0, z € R has been found for the following
time-fractional heat equations [14]:

DR u(,t) = Kuge (2, t)

Py,
and
CDZ:S:&u(:c,t) = Kugy(z,t),
where

: - d (1)
Dy o O = B, 00 wor i Eo(on-mworf 1)

d
C 9
Z:)L0+f() pl Hw0+dtf(t)

€(0,1), v €[0,1], v,w e R, p>0,

t
B s 10 = [(¢ =0 E7 e~ 91 )iy
0

is the Prabhakar fractional integral [12].
The following PDE involving the Prabhakar derivative

D;BMOJru(az, t) = a(x)ugg(x,t) + b(x)ug(x,t) + c(x)u(x, t) + d(x, t)

was investigated together with the appropriate initial conditions [15]. Using the Sumudu transform,
the authors have found an approximate solution to the proposed problem.

Authors in [16] studied the following time-fractional heat conduction equation with a heat absorption
term in spherical coordinates in the case of central symmetry [17]:

2
DTt = a <Trr(7“»t) + TTr(r,t)) —bT(r,t), t>0,0<r<R.

Imposing initial 7(r,0) = 0 and boundary T(R,t) = pt® (3 > 0) conditions and using the Laplace
transform, they found exact solutions for this problem.
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The distinctive side of the present problem is that we consider the boundary-value problem in a
bounded domain and use a method of separation of variables. We will get the solution to the problem
in an infinite series form represented by the new Mittag-Leffler type function of two variables. In the
next section, we provide the main result (a unique solvability of the problem) and corresponding proof
with details.

Main result

We search solution of the problem u(t,z) and the given function f(¢,z) as follows

u(t,z) = Z Un(t) sinnmx, (2)
n=0

f(t,z) =Y falt)sinnmz, (3)
n=0

where Uy, (t) are unknowns to be found and f,(¢) are the Fourier coefficients of the function f(t,z),
given as

1
fat)=2 [ f(t,x)sinnrz.
/

Substituting (2) and (3) into (1) and considering initial condition, we obtain the following Cauchy
problem:
{ PEDGITOUL () + (nm)2Un(t) = falt),
Un(o) = ¢n7

where 9, are the Fourier coefficients of the given function 1 (x), which are defined as follows

1

UV = 2/@[1@) sinnmz.

0

Let us first present some statements, required for the further stages. The first statement is devoted
to finding an explicit solution to the Cauchy problem for a fractional differential equation with the
regularized Prabhakar derivative.

Lemma 1. Let o, 8 € R, v,0,a0,a1,....am—1 € R, m =[] + 1, m -1 < g <m. If f(t) € CF,
then for any real number A the following Cauchy problem

{ PODE 0y () = Ay(t) = £(2)

- 4
y*(0) =ag, k=01, (4)

1

has a solution represented by

"t S 1,1,0 BV
t) = AT 5+k1" E Y, Y, L5 L,
v =5 5+ 5 wat i) 2<5+k+1757a;w171 )+ .
f 11,0 |\t —2)°
—|—F t— 2 ﬂ_lE < v, L L, a> da.
=27 {5 5 iy 11 ot — o)) T
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Here Es(-) is the Mittag-Leffler type function in two variables represented as

B, ( Y15 a1, 1372, 2 ’53) _
51,a3,ﬂ2,52,a4,53,53 ly
- ZZ 71 a1i+P17 ’72)0421 ! yj ) (6)
=0 =0 (61 + agi + B2)) ((52+a4i) F(53+,33j)

This function for the first time was mentioned in the work [18], but not studied at all.
Proof. In [19], the solution of the Cauchy problem (4) is represented in the following infinite series
form:

) _mfl agxk +§: > mzzla (L+d)y);  ACTDgIgos+G+)B+E .
T = F =0 j=0 k=0 T T(ai+ i+ DB+ E+1)

(7)

((L+14)7); N7 (¢ — z)ed+l+1DE-1
(

aj+ (i +1)8) fn(z)dz.

The double series in this formulae can be represented by the function defined in (6). Considering the
well-known definition of the Pochhammer symbol, namely,

I'(a+n)

@ =)

one can easily deduce (5) from (7) using (6) in the following particular case:
=701 =7, 51:1772:17 0[2:0, 61:/B+k+17 043:,8,

52:04752:%@4:’7753:1753:1-

The next statements are related to the estimation of the function (6), which is crucial for the proof
of the uniform convergence of infinite series. First, we present an integral representation of the function
(6) via known functions.

Lemma 2. Let R(d1) > R(y1) > 0. If ag = g and B2 = By, then the following integral representation
holds true:

E2< Y1, 0, Br; 2, a2 |$> _
61,0&3,52;52,044;(53,53 ‘y
1

= L 71—1 01—y1—1 pv2,02 o1 B
L(y1)T(61 — ) 0/5 —¢) Ea4 2( 23 )Eﬁ3,53 <y§ ) dg.

Here Eg, 5,(2) is two-parameter Mittag-Leffler function and

72,042 '72 azmz

044,52 — F a4m + 52)

Proof. On the right-hand side of (8) we use the series form of functions Erb,(z) and Ey, (z) and
will integrate term-by-term:

1 .
1 _ 72 ool :Ef Z = ygﬁl
Y1 1 51 —711—1 2
L(y)l(61 — ) 0/'5 Z I'(oui + 62) Z I'(B35 + 53

Jj=
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(o oo o] 1

_ ’}’2 aglx yj / ari+B1j+71—1 1— 51—’71—1d
L(m Zz:j [(oui + 62) I'(B3j + d3) ) ¢ 49 ¢

Using the definition of Beta-function and after some simplifications, we deduce the left-hand side of (8).
In particular, if v = 8 and @ = 1, we have

5 77 1;1,0 Az
B+k+1,8a7,v1,1 |62
1

! N - a
O NCEY E ) /5” "1 -¢PfthEo (Axﬁﬁ”) By (52%€) d.
0

It is known that
E'lngf(z) = E,,(2), E11(2) =
Hence, considering the fact that if A < 0, § <0, then

1By (MaPen)] < —C

< ey €S (O G ER),

one can get the following:

5 77 11,0 e\ |
P\BHk+18,07,71,1 |6 )] =

1
1 iy ek CICs
—rmr(mkﬂ—w/g = T e <

10y 1711 — )R rge = C1Cy —
SP(’Y)F(ﬁ-HH-l— /g d = (B+k—=7T(B+k) <

where C' is any positive real number.
Based on Lemma 1, we explicitly find U, (t) as follows

_ 248
— B 7> ’7/’17]-70 ‘ (’I’LT[') t
Un(®) = ¥n [1+t FE, <ﬁ+1 B,o57,7; 1,1 |6t -
£ 1;1,0 | — (nm)%(t — 2)P
t—Z’B_lE ( v, L3 L,
V)J( A VN R bt —z)n ) I
Since, in our case A = —(nm)? and assuming that § < 0, we can easily get when v = 3, a = 1 the

following estimates:
u(t,z)| <D [Crltbul + Col fa(®)]] < Co [9(@)l[5 + Co |l £ (£, )3

n=0

This will be enough for the uniform convergence of the series (2), but for the infinite series corresponding
to the function u., (¢, x) we need to impose more conditions to the given functions. Namely,

O*f(t, ) ‘
S oxr ||,
The following statement is valid:
Theorem 1. 1f ¢(x) € C1[0,1],%"(x) € L2(0,1) and f(-,x) € C1,[0,T], f:(t,-) € C[0,1], fox(t,") €
L5(0,1), then there exists a unique solution of the problem represented as (2).

ltae(t, )| < Cs || (x)|); + Ca
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Conclusion

In the bounded domain, we have considered a boundary problem for a sub-diffusion equation
involving regularized Prabhakar fractional order derivative. Presenting the solution of the corresponding
Cauchy problem via a two-variable Mittag-Leffler type function and using its new integral representation,
we have proved a unique solvability of the formulated boundary problem. We note that the same
approach can be done for the fractional wave equation. Moreover, various inverse problems can be
studied by applying obtained results.
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9.T. Kapumos 12, A. Xacanos?

L @epeana memaexemmir ynueepcumemi, Pepearna, Os6excman;
2 B. . Pomanoscruti amuvindaev, Mamemamura urncmumymu, Tawxenm, O36excman

IIpabxakap 6eJnieK TyLIHJABICHI 0ap yaKbIT-OeJniek auddy3ns
TeH/leyl YIIiH MIeKTeJreH OOJIbICTaFbl IMeKapaJiblK, ecen OOMbIHIIIA

SBeprreyain Makcarsl mekresred obsbicra KamyTo marbiHaceiagarsr [Ipabxakap 6eJieK TybIHABICHIH KaM-
TUTBIH YaKbITTBIK-00JIIeK Iudy3usiblK, TeHIey YIIiH IeKapaJIbIK, ecelnTiH Oipereil IieniiMin 3eprrey.
ABHBIMATBLIADIBI 0OJTy OJIiCi KOJJAHBLIFAH YKOHE YaKbIT alHbIMAJbIChIHAA [Ipabxakap TYBIHIBICHI Gap
Gesmek auddepennmanabik, Tegaey yinin Komm ecebi anbmmran. Ocel Kommu ecebinin memiMi exi aiiHbI-
masel Murrar-Jlepduep Tunrti dynknmscel apkbuibl 6epinren. Ocbl eki aftabiMassl Murrtar-Jleddiep
TUITI (QYHKIUSIHBIH YKaHA WHTErPAJILI KOPIHICIH maiigaiaHa OTBIPBIN, KAPACTBIPBLIBIIT OTHIPFAH E€CENTiH
MIENIMiHIH IeKCi3 KaTap TYPiHiH OipKeJKi >KMHAKTBLILIFBIH JI9JIeJjIeyre MyMKIHIIK OepeTiHn KaxkeTTi bara
aJIbIHFaH.

Kiam ceadep: yaxpiT-60m1mex quddysust TeHaeyi, peryispusanusiianran [[pabxakap 66JIeK TybIHIBICHI,
Murtrar-Jledbdaep tunri dyukiusaaap.

Mathematics series. No.3(111)/2023 45



E.T. Karimov, A. Hasanov

D.T. Kapumos'?, A. Xacamos?

1 . .
Depeancruii 2ocydapcmeennuili yrpusepcumem, Pepeana, Yabexucman;
2 Unemumym mamemamuru umenu B.M. Pomanosckozo, Tawxenm, Ysbexucman

O06 oxHoit KpaeBoii 3a/1ade B OrpaHUYEHHOI 00/1aCT AJisd ypaBHEHUS
anddy3un gpodbHOro BpeMeHu ¢ ApobHoii mpomn3BoaHoil IIpabxakapa

46

Harmeit nesibio siBisieTcst n3ydeHue OJHO3HAYHON Pa3pelIMMOCTH KPAaeBoil 3aadn jist ypaBHeHus 1uddy-
3un ¢ IPOOHBIM BpEMEHEM, BKJIFOUAIONIEro JpobHy 0 mpon3Boaayo [Ipabxakapa mo KamyTo B orpannaennoit
obutactu. Bocnosb3ayemcst MeTonoM pa3esieHus] IepeMEHHBIX U B IEPEMEHHON 110 BPEMEHH IOJIyIUM 3373~
ay Komu mjis ypaBaenust japobuoro guddepeniimana ¢ npouspoanoit Ilpabxakapa. Perenune sroit 3amatin
Kormu mpeacrasum gepes dyukmuio Tuna Murrtar-Jleddiepa ot aByx nepemennsbix. Vcnonb3ys HOBoe nH-
TerpaJjibHOe IpejicTaBiienne 31oit pyuknun tuna Murrar-Jleddiepa ¢ 1ByMs mepeMeHHBIMU, MBI TTOJTY YN
TpebyeMyIo OLIEHKY, KOTOpasl II03BOJISIET JI0KA3aTh PABHOMEDPHYIO CXOJUMOCTh PEIleHUs B BUEe OECKOHEYHO-
ro psifia It pacCCMaTpPUBAEMO 3aJa4n.

Kmouesvie caosa: ypasuernne nuddysun ¢ IpOOHBIM BPEMEHEM, PETYJIsIPU30BAHHAS JPOOHAS ITPOM3BOIHAS
IIpabxakapa, dpyukiuu Turna Murrar-Jleddepa.
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