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On the time-optimal control problem for a heat equation

In previous works, we have considered some control problems for parabolic type equations, namely, control
problems for parabolic type equations were studied as boundary value problems of the first type, and the
weight function was expanded into a Fourier series by sines. In this paper, we consider boundary control
problem for a heat equation on the interval. In the part of the bound of the given domain it is given
value of a solution and it is required to find a control to get the average value of the solution. By the
mathematical-physics methods it is proved that like this control exists and the estimate of a minimal time
for achieving the given average temperature over some domain is found.
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Introduction
Consider the heat equation
ou(z,t)  0*u(z,t)

5 = 9 (x,t) e Q={(z,t): 0 <z <, t>0}, (1)

with boundary value conditions
ug(0,t) = —p(t), wux(l,t) = 0, t>0, (2)

and an initial condition

u(z,0) = 0, 0<x<lI. (3)

Definition 1. A function p(t) is an admissible control if this function is piecewise smooth on ¢ > 0
and satisfies the conditions

pn(0) =0, |u(t) < M, where M = const > 0.

Consider the function p(z) € W2[0,1] satisfying the conditions

l
1
Y@ <0, 9@ 20, [pla)do=1 (1)
0
Let -
p(x)zzpk COS ——, T e (O,Z),
k=1
where l
2 k
o =2 / () cos T, k=12, (5)
0
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Problem H. Let 6 > 0 be a given constant. Problem H consists in looking for the minimal value
of T > 0 so that for t > 0 the solution u(x,t) of problem (1)—(3) with a control function u(t) exists
and for some Ty > T satisfies the equation

l
/p(a:)u(:v,t) de = 6, T<t<T. (6)
0

We recall that the time-optimal control for parabolic type equations was first investigated in [1]
and [2]. Recent results concerned with this problem were established in [3-12]. Some boundary control
problems for hyperbolic type equations are studied in [13]. The same result as in this article was seen
in detail in [5] case. Detailed information on the problems of optimal control for distributed parameter
systems is given in [14]| and in the monographs [15,16] and [17]. Close to this work, boundary control
problems for the pseudo-parabolic equation were studied in works [18,19].

Overall numerical optimization and optimal control have been studied in a great number of publications
such as [20]. The practical approaches to the optimal control of the heat equation are described in
publications such as [21].

Theorem 1. Let
P M

w2

12 0 72
To=—"tm1- 27}
’ W2n< fhPM>

Then a solution T,;, of the Problem H exists and the estimate T},,;, < Ty is valid.

0<O<

Set

1 Main integral equation

Let T > 0 and B be a Banach space. Set by C([0,7] — B) the Banach space of all continuous
mappings v : [0,7] — B with the norm

= t)|.
Jull = max flu(®)]

Now by symbol WN/%(Q) we denote the subspace of the Sobolev space Wi (€2) formed by functions
trace of which is equal to 92 zero. Note that since W () is closed and the sum of a series of functions
from W4 () converging in metric W4 (2) also in W, (Q) (see, [10]).

Definition 2. By the solution of the problem (1) - (3) we mean function u(x,t), expressed the form

(1 - =)?
2l

u(x, t) = p(t) —o(z,1),

where the function v(z,t) is a generalized solution from C([0,T] — Wzl(Q)) of the problem

(I-2)? 1
21 l

vi(x,t) — Ve, t) = p'(t)
with initial and boundary conditions

v.(0,t) = v, (I,t) =0, wv(z,0)=0, 0<z<I.
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Consequently, we get (see, [22,23])

t t
l 1 cos krz -
oz t) = 6mw—,{/uwww+ o [ ) s

0 k=1 0

Note that the class C([0,T] — W2 (£)) is a subset of the class W3 (Q) considered in the monograph
[24] in order to define a problem with homogeneous boundary conditions. So, the generalized solution
given above is also a generalized solution in the sense of monograph [24].

Proposition 1. Let u € W3 (Ry) and p(0) = 0. Then the function
1 - k
=7 / <1 +2 ;6_(“/”2@_5) cos 7lrw> w(s)ds (7)
0 —

is a solution of problem (1)—(3).

Proof. We write the function u(zx,t) again in the form

t t
l 1 2 cosEIE e
—f,u(t)—l-j /u(s) ds — — le /e (km /U7 (t=5) 1/ (5) ds.
0 0

Now we show that function v(x,t) belongs to the class C([0,T] — WQI (©)). For this, it is enough
to prove that the gradient of this function, taken in z € €2, continuously depends on ¢t € [0,7] in the
norm of the space Ly(2). According to Parseval’s equality, the norm of this gradient is

t
2
HUm(,t)H%Q(Q) = </€ kﬂ'/l /(8)d8> S
0

o0

1
<CIWIP Y 5 < Ol
k=1

Proposition 1 is proved.
From (7) and condition (6), we can write

l
o(t) / () (. t) do
0

l

t
/<;/p )dx + — Ze*(’”/l *(t=s) /p cosd:v) w(s)ds.
0

k=1 2

Then according to (4) and (5), we have

4 o0
= / (1 + Zpk 6_(k7r/l)2(t_8)> wu(s)ds.
0

k=1

30 Bulletin of the Karaganda University



On the time-optimal control problem ...

Set -
B(t)y=1+Y_ pre *m/V >0, (8)
k=1
Then we get the main integral equation

/B(t —s)u(s)ds =0(t), t>0.
0

Lemma 1. [6] Let g(y) > 0 and ¢'(y) < 0. Then the inequality holds

/g(y) sinydy >0, ye€[0,00), n=12,..
0

Proposition 2. For the coefficients {pi }ren defined by (5) the estimate

C
0 < Pk < ﬁa k:1727

is valid.

Proof. From (5), we write

2 =l
Pk = 7

l

kmx 2 . kmx
/p( ) cos —— dx = T p(z) sin —
0

=0

l l
2 , - knx 2 . knx
~ p(x )Slnd:c——kﬂ_/ Sln—d$ 9)
0 0

By conditions (4) and Lemma 1 we obtain pg > 0. Then, from (9) we can write

l
2 2
Pk = —— p'(m)sinkﬂTxdaE— k2l2 o (x )coslmlr—x

=0

where p/(1) (—=1)F — p'(0) > 0.
Then we obtain

Proposition 2 is proved.
Proposition 3. A function B(t) defined by (8) is continuous on the half-line ¢ > 0.

Proof. Indeed, from (8) and Proposition 2 we obtain

1 < B(t) < 1—|—c0nstz —(km/1%
k=1

Proposition 3 is proved.
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2 Estimate for the Minimal Time

Consider the Volterra integral equation

¢
/B(t—s),u(s)ds =0, t>T,
0

where

B(t) = 1+ pp e *m/D% (10)
k=1

Proposition 4. For the function defined by Eq. (10) the following estimate
B(t) > ple—(ﬂ/l)zt

is valid.

Proof. Proof of the proposition comes from functional series defined by (10) is non-negative.
Proposition 4 is proved.
We introduce a function as follows

Qt) :/tB(t—s)ds:/tB(s) ds.
0 0

It is clear that physical meaning of this function Q(t) equals the average temperature of € in case
where the heater is acting unit load (see, [3,10]). We know that Q(0) = 0 and Q'(t) = B(t) > 0. Set

t—o00

Q" = lim Q(¢t) = /B(s)ds.
0

Proposition 5. Let 0 < § < MQ*. In that case there is T' > 0 and a real measurable function ()
and the equality

T
/B(T —s)u(s)ds =0 (11)
0

is valid.

Proof. Obviously, if we set p(t) = M then we obtain

/B(t —s)u(s)ds = M/B(t —s)ds = MQ(t),
0 0

6.

and since from (11) there exists 7' > 0 so that M Q(T)
Proposition 5 is proved.

Remark 1. We know that the value T found in Proposition 5 gives a solution to the problem.
Clearly, T is a root of the following equation

6

QT) = +- (12)
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Proposition 6. Let

M
0<6 <P (13)
Then there exists 7' > 0 and
2 0 7T2
T<—-——=Inl1l-
R n( prl? M >
and the Eq. (12) is fulfilled.
Proof. Now we use Proposition 4. As result, we can write
t t
1 — (/D>
Q(t) = /B(s) ds > m /e_(”/l)%ds =p 12 172. (14)
0 0
Consider the equation for the defining of Tp:
1—e @D ¢
P = 15

Then we have

From (14) and (15), we can write

0< < Q)

Obviously, there exists T, 0 < T' < Ty, which is a solution of Eq. (12).
Proposition 6 is proved.

Proposition 7. Let T' > 0 satisfies Eq. (12) and condition (13). Then there exist 77 > T" and the
measurable function p(t) so that |u(t)| < M and the equality

l
/ pla)u(e,t)de =0, T<t<T
0

is valid.

Proof. According to the following

/B(t —s)u(s)ds =6,
0

it is enough to prove that there exists a solution of the equation

/B(t—s),u(s)ds:f(t), 0<t<T, (16)
0

where
MQ(t), f0<t<T,
f(o) = { M@0,
0, HT <t <T

Solution (17) is piecewise smooth and, according to Eq. (12), is continuous.
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Set
M, fo<t<T,
pu(t) = . (18)
pi(t), if T <t<Ty,
where p1(t) is a solution of the following integral equation
T ¢
/B(t—s)Mds—i—/B(t—s),ul(s)ds:0, T<t<T. (19)
0 T
Then differentiating this equation we obtain
¢
BOw () + [ Bt - s)pals)ds = M(B(t ) - ). (20)

T

According to Proposition 2,

oo
B(0)=1+> pj < oo.
k=1

We know that the function B(t) is convergence function on given interval. Therefore, equation (20)
has a unique solution p1(t) for t > T, which is continuous function on t > T Besides,

and there exists T} > T so that
() <M, T<t<T.

We know that this function is the unique solution of equation (19). Hence, function (18) is piecewise
continuous and satisfies equation (16). Consequently, this function p(t), which has a jump at the point
t =T, is the required solution.

Proposition 7 is proved.

Proof of Theorem 1 follows from Propositions 6 and 7.

Conclusions

Note that in case where the temperature 6 is small enough, the value of T can be replaced by the
following one:

0
M
Hence, in this case the estimate of optimal time given by Theorem 1 is proportional to required

temperature 6 and inversely proportional to size of the rod [ and to the maximum output of heat
source M.

T, =
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®.H. /IlexxoHos

Hamanzan memaekemmix ynueepcumems, Hamanean, Oszbexcman;
Kana Osbexcman yrusepcumemi, Tawrkenwm, O36excman

2KbL1yTeH/ieyi YIITiH OHTaJIbl YaKbIT MOCeJIeCi TypaJibl

ANABIHFBL KyMBICTapa TapabosaIblK, TUIITI TEHJEYIep YIIiH Keiibip 6ackapy ecenTepi KapacThIPBLIFaH.
fran mapabosafblK TUNTI TEHAEYTEPiH Oackapy ecemTepi OipiHmm THNOTI IIEKapaJIbIK €CeNTep pPeTiHIe
3epTrediin, caaMak GyHKIUsACH cunycrap OoiibiHina Pypbe KarapbiHa keHeiriagi. Makantajga uHTEpBAJI-
JAFbl XKBITY TEHJEY1 VIMiH MeKTi 6akblaay Moceseci 3epTTered. Opic meKapacblHbIH 6yJ1 6eJtiriame 6akbI-
JIayabIH MOHI OGepiireH »KoHe TeMIlepaTypaHbIH OpTAIlla MOHIH ajy YIIH 0acKapy 37eMeHTiH Taly KarKeT.
MaremaTukaIbIK-(OU3NKAJIBIK diCTep/ i KOJJaHa OTBIPBIN, MyHal 6akpLIay bl 6ap eKeH irl JosesieH/ 1
»KoHe Gesrijti 6ip aymakTa GepijireH opTallia TeMIepaTypara KeTy VIIIiH eH a3 YaKbITThIH 6aFachl TAOBLIIHL.

Kiam cesdep: XKbLTy TeHJeyi, €H a3 yaKbIT, pYKCAT eTiJireH Gakbliay, WHTErpaIbIK TeHJey, OacTalKbl-
ITEKAPAJIBIK, €CEIT.

@ .H. Jlexxonon

Hamanezanckuid 2ocydapecmeenrniii ynusepcumem, Hamarnean, Yszbexucman;
Vnusepcumem Hoswii Ysbexucman, Toawrenm, Ysbexucman

O 3aJa4de 6bICTpO,Z[eIL/’ICTBI/IH AJIZ YPpaBHEHHU:A TEIIJIOIIPOBOAHOCTHA

B mpeapiaynmx paborax Mbl pacCMOTPEIN HEKOTOPbBIE 331841 YIPABICHUS JJTsT yPABHEHUN apaboInaecKo-
ro TUIIa, & UMEHHO: 33/Ia9¥ YIIPABJIEHUS [JIs YPaBHEHNN apabOIMIecKOro TUIa U3yYaJnCh KaK KpaeBble
3a/1a9M [IepBOro THIA, a BecoBas (YHKIMs pasdiarajach B psag Pypbe mo cumycam. B macrosmeit pabore
paccMoTpeHa 3ajada TPAHUYHOrO YIIPABJICHUS IS YPAaBHEHUS TEIIOIPOBOIHOCTH Ha OTpe3ke. B wactm
rPaHUIBI JAHHON 00J/IACTH 33/aHO 3HAYEHHE PelleHus U TpeOyeTcs HAMTH yIpaBjeHHe, YTOOBI IOJIYYIUTH
CcpelHee 3HAUYEHWe pelreHusi. MeTrogamMu MaTeMaTUdecKol (DU3MKM JTOKA3aHO, UTO MOMOOHOE yIIpaB/IeHUe
CYIIECTBYET, U HAXOJUTCs OIEHKA MUHMMAJBLHOI'O BPEMEHU JIOCTUXKEHHS 3aJJaHHOM CpeIHEll TeMIIepaTypbl
110 HEKOTOPOii 00J1acTH.

Karouesvie caosa: ypaBHEHHE TEIIONPOBOIHOCTYA, MUHUMAJIbHOE BpPEMsI, JOIYCTUMOE yIIpPABJIEHUE, WHTE-
rpajbHble YDaBHEHUS], HAYaJIbHO-KPaeBas 33/1a4a.
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