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Statistical convergence in vector lattices

The statistical convergence is defined for sequences with the asymptotic density on the natural numbers, in
general. In this paper, we introduce the statistical convergence in vector lattices by using the finite additive
measures on directed sets. Moreover, we give some relations between the statistical convergence and the
lattice properties such as the order convergence and lattice operators.
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Introduction

The statistical convergence of sequences is handled together with the asymptotic (or, natural)
density of subsets on the natural numbers N. On the other hand, Connor introduced the notion of
statistical convergence of sequences with finitely additive set functions [1,2|. After then, some similar
works have been done [3-5]. Also, several applications and generalizations of the statistical convergence
of sequences have been investigated by several authors [6-13|. However, as far as we know, the concept
of statistical convergence related to nets has not been done except for the paper [14], in which the
asymptotic density of a directed set (D, <) was introduced by putting a special and strong rule on the
directed sets such that the set {o« € D : a < 5} is finite and the set {o« € D : a > [} is infinite for each
element S in (D, <). We aim to introduce a general concept of statistical convergence for nets with a
new notion called a directed set measure.

Recall that a binary relation “<” on a set A is called a preorder if it is reflexive and transitive. A
non-empty set A with a preorder binary relation “<” is said to be a directed upwards (or, for short,
directed set) if for each pair z,y € A there exists z € A such that © < z and y < z. Unless otherwise
stated, we consider all directed sets as infinite. For given elements a and b in a preorder set A such
that a < b, the set {x € A:a <z < b} is called an order interval in A. A subset I of A is called an
order bounded set whenever I is contained in an order interval.

A function domain of which is a directed set is said to be a net. A net is briefly abbreviated as
(Za)aeca with its directed domain set A. Let (A, <4) and (B, <p) be directed sets. Then a net (y3)secn
is said to be a subnet of a net (x4)aeca in a non empty set X if there exists a function ¢ : B — A such
that yg = z4(g) for all B € B, and also, for each o € A there exists 3, € B such that a < ¢(3) for all
B > Ba (Definition 3.3.14 [15]). It can be seen that {¢(8) € A: fo < B} C{/ € A:a < '} holds for
subnets.

A real vector space F with an order relation “<” is called an ordered vector space if, for each
r,y € Ewithez <y, z+4+ 2z <y+ zand ar < ay hold for all z € F and @ € R,. An ordered vector
space F is called a Riesz space or vector lattice if, for any two vectors x,y € F, the infimum and the
supremum

x ANy =inf{z,y} and zVy=sup{z,y}
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exist in F, respectively. A vector lattice is called Dedekind complete if every nonempty bounded from
the above set has a supremum (or, equivalently, whenever every nonempty bounded below subset has
an infimum). A subset I of a vector lattice F is said to be a solid if, for each z € E and y € I with
|z| < ly|, it follows that x € I. A solid vector subspace is called an order ideal. A vector lattice E
has the Archimedean property provided that %az 4 0 holds in E for each x € E,. In this paper, unless
otherwise stated, all vector lattices are assumed to be real and Archimedean. We remind the following
crucial notion of vector lattices [16-20].

Definition 1. A net (z4)aca in a vector lattice F is called order convergent to x € E if there exists
another net (yo)aca 4 0 (i.e., infy, = 0 and y, |) such that |z, — 2| < y, holds for all a € A.

We refer the reader to some different types of order convergence and some relations among them [21].
Throughout this paper, the vertical bar of a set will stand for the cardinality of the given set and P(A)
is the power set of A.

1 The u-statistical convergence

We remind that a map from a field M (i.e., My, My, --- € M implies U;—1 M,, € M and A € M for
all A € M) to [0, 00] is called finitely additive measure whenever () = 0 and p(UP_ E;) = >0 u(E;)
for all finite disjoint sets {E;}7; in M [22; 25]. Now, we introduce the notion of measuring on directed
sets.

Definition 2. Let A be a directed set and M be a subfield of P(A) (i.e., it satisfies the properties
of field). Then

(1) an order interval [a, b] of A is said to be a finite order interval if it is a finite subset of A;

(2) M is called an interval field on A whenever it includes all finite order intervals of A;

(3) a finitely additive measure p : M — [0, 1] is said to be a directed set measure if M is an interval
field and p satisfies the following facts: (1) = 0 for each finite order interval I € M and pu(A) = 1.

It is clear that u(C) = 0 whenever C' C B and u(B) = 0 holds for B,C' € M because p is finitely
additive.

Ezample 1. Consider the directed set N and define a measure p from 2" to [0, 1] denoted by p(A)
as the Banach limit of $|AN{1,2,...,k}| for all A € 2. Then one can see that u(I) = 0 for all finite
order interval sets because of %|I N{1,2,...,k}| — 0. Also, it follows from the properties of the Banach
limit that u(N) =1 and p(AUB) = u(A)+ p(B) for disjoint sets A and B. Thus, y is finitely additive,
and so, it is a directed set measure.

Let’s give an example of a directed set measure for an arbitrary uncountable set.

Example 2. Let A be an uncountable directed set. Consider a field M consisting of countable or
co-countable (i.e., the complement of set is countable) subsets of A. Then M is an interval field. Thus,
a map p from M to [0, 1] defined by p(C) := 0 if C is a countable set, otherwise p(C) = 1. Hence,
is a directed set measure.

In this paper, unless otherwise stated, we consider all nets with a directed set measure on interval
fields of the power set of the index sets. Moreover, in order to simplify the presentation, a directed set
measure on an interval field M of directed set A will be expressed briefly as a measure on the directed
set A. Motivated from [23; 302|, we give the following notion.

Recall that the asymptotic density of a subset K of natural numbers N is defined by

O(K):=lim —{k<n:keA}.

1
n—oo N

We refer the reader for an exposition on the asymptotic density of sets in N to [24,25]. We give the
following observation.
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Remark 1. Tt is clear that the asymptotic density of subsets on N satisfies the conditions of a
directed set measure when P(N) is considered as an interval field on the directed set N. Thus, it can
be seen that the directed set measure is an extension of the asymptotic density.

Remind that a sequence (z,,) in a vector lattice E is called statistically monotone decreasing to

x € E if there exists a subset K of N such that 6(/K) = 1 and the subsequence (zj)rex is decreasing to

x,i.e., xx | and kln}f( x, = x (see for example [8]). Now, by using the notions of measure on directed sets
€

and the statistical monotone decreasing which was introduced in [25] for real sequences, we introduce
the concept of statistical convergence of nets on vector lattices.

Definition 3. Let E be a vector lattice and (py)aca be a net in E with a measure p on the index
set A. Then (pa)aca is said to be p-statistical decreasing to x € E whenever there exists a subnet
a5 = (pg(s))pea such that pu(A) =1 and (gs)sea | z. Then it is abbreviated as (pa)aca {** 2.

We denote the class of all u-statistical decreasing nets on a vector lattice £ by Ey,|, and also, the
set g, {0} denotes the class of all u-statistical decreasing null nets on E. It is clear that u(A°) =
pu(A—A) =0 whenever p(A) = 1 because of u(A) = p(AUA®) = u(A)+ p(A°). We consider Example
2 for the following example.

Ezample 3. Let E be a vector lattice and (py)aca be a net in E. Take M and p from Example 2.
Thus, if (pa)aca +  then (pa)aca {5 = for some z € E.

For the general case of Example 3, we give the following work proof of which follows directly from
the basic definitions and results.

Proposition 1. If (pa)aca is an order decreasing null net in a vector lattice then (pg)aca 5% 0.
Now, we introduce the crucial notion of this paper.

Definition 4. A net (x4)aca in a vector lattice E is said to be u-statistical convergent to x € E if
there exists a net (pa)aca 4™ 0 with a subnet gs = (pg(s))pea such that p(A) =1 and (gs)sea 4 0

t
and [z4(5) — 2| < g5 for every 0 € A. Then it is abbreviated as z, 2 g

It can be seen that z,, S—t“—> T in a vector lattice means that there exists another sequence (pq)aca 45 0
such that p({a € A : |zq — x| £ pa}) = 0. It follows from Remark 1 that the notion of statistical
convergence of sequence coincides with the notion of p-statistical convergence in the reel line. We
denote the set Eg, as the family of all st,-convergent nets in E, and EstM{O} is the family of all
p-statistical null nets in E.

Lemma 1. Every u-statistical decreasing net is u-statistical convergent.

Remark 2. Recall that a net (x4)qaca in a vector lattice E relatively uniform converges to x € E if
there exists u € E such that, for any n € N, there is an index «a,, € A so that |z, — z| < %u for all
a > oy, (Lemma 16.2 [18]). It is well known that the relatively uniform convergence implies the order
convergence on Archimedean vector lattices (Lemma 2.2 [20]). Hence, it follows from Proposition 1 and
Lemma 1 that every decreasing relatively uniform null net is p-statistical convergent in vector lattices.

2  Main Results

Let p be a measure on a directed set A. Following from Exercise 9. in [22; 27], it is clear that
w(ANX) =1 for any A, ¥ C A whenever u(A) = u(X) = 1. We begin the section with the following
proposition and skip its simple proof.

.. . . . . st
Proposition 2. Assume 2, < Yo < 2o satisfies in a vector lattices for each index a. Then ¥y, —=

sty stu
whenever z, — x and z, — .
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It can be seen from Proposition 2 that if 0 < x, < 2, satisfies for each index o and (24 )aca € Est, {0}
then (x4)aca € Estu{()}. We give a relation between the order and the p-statistical convergences in
the next result.

Theorem 1. Every order convergent net is p-statistical convergent to its order limit.

Proof. Suppose that a net (z4)aea is order convergent to x in a vector lattice E. Then there exists
another net (y4)aca 4 0 such that |z, — x| < y, holds for all a € A. It follows from Proposition 1 that

£
(Yo )aea 45 0. So, we obtain the desired result, (4)aea SN

The converse of Theorem 1 need not to be true. To see this, we consider Example 3. [26].

Ezxample 4. Let us consider the set of all real numbers R with the usual order. Define a sequence
(7,,) in R as n? whenever n = k? for some k € N and n%rl otherwise. It is clear that (x,) is not an
order convergent sequence. However, if we choose another sequence (p,) as n whenever n = k? for
some k € N and 1 otherwise. Then we have p,, |*% 0. Setting K = {n € N : n is not a square} U {1}.

Then we get pu(K) =1 and |z| < pg for each k € K. Thus we have x, N}
Moreover, following from Theorem 23.2 [18], we observe the following result.

Corollary 1. Every order bounded monotone net in a Dedekind complete vector lattice is u-
statistical convergent.

By the definition of subnet given at the beginning of the paper, a subnet is based on some other
set B, where the measure y is not defined. However, for a subnet yg = w45 of a net (z4)aca with
a measure y on the index set A, we can consider the measure of a subset A of B as the measure of

u(6(A)) in A,
Proposition 3. The st,-convergence of subnets implies the st,-convergence of nets.

Proof. Let (Ta)aca be a net in a vector lattice E. Assume that a subnet (z4(5))sea of (Ta)aca -
statistical converges to x € E. Then there exists a net (pa)aca € Fs, {0} such that |z4(,) — 2| < py(s)
for all some o € X C A, (pg(o))oex + 0 and p(X) = 1. Since X C A and (74())oes is also a subnet of
(Za)aca, we can obtain the desired result.

Since every order bounded net has an order convergent subnet in atomic K B-spaces (Remark 6.
[27]), we give the following result by considering Theorem 1 and Proposition 3.

Corollary 2. If E is an atomic K B-space then every order bounded net is p-statistical convergent
in E.

The lattice operations are p-statistical continuous in the following sense.
st t St
Theorem 2. If x, 2y 2 and W, s w then To V We 22V .

Proof. Assume that z, Sy 2 and Wa 2%, w hold in a vector lattice E. So, there are nets (pa)aca, (qa)acA €
E,1{0} with A, ¥ € M and pu(A) = p(¥) = 1 such that

[Tg5) — 2| < Py(s) and |wy(e) — w| < gp(o)

satisfy for all 6 € A and o0 € ¥. On the other hand, it follows from Theorem 1.9(2) [17] that the
inequality |xq V we — 2V w| < |z4 — x| + |we — w| holds for all & € A. Therefore, we have

[ (5) V We(o) — TV W[ < Py(s) + dg(o)

foreach 6 € A and o € ¥. Take I' := ANY € M. So, we have p(I") = 1, and also, [4(,) Vwg(y)—zVw| <
Po(v) T dg() holds for all v € T'. It follows from (pg () + @g(y))yer 4 0 that x4 V wq, S 2w
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Corollary 3. If x4 S—t“—> x and w, i@w in a vector lattice then

(1) xa/\waSt—”m:/\w;

(i) wal > Jo;

(iii) 2 225 o+

(iv) =y, Sy g

We continue with several basic results that are motivated by their analogies from vector lattice
theory.

Theorem 3. Let (z4)aca be a net in a vector lattice E. Then the following results hold:

) xa——m: iff (zq —a:)——>0 iff |zq —x|—t”—>0;
ii) the p-statistical limit is linear;

(i

(

(iii) the p-statistical limit is uniquely determined;

(iv) the p081t1ve cone E is closed under the statlstlcal [-convergence;
(v

) Ty (5) Sty 2 for any subnet (z4(5))sea of Za Sty 2 with p(A) =1.

Proof. The properties (i), (ii) and (iii) are straightforward.
¢

For (iv), take a non-negative u-statistical convergent net x, 24 2 in E. Then it follows from
Corollary 3 that z,, = z; Sty gt Moreover, by applying (ii), we have z = zT. So, we obtain the
desired result « € E.

t
For (v), suppose that x, 24 2. Then there is a net (Pa)aca € Ea, {0} with A € M and pu(A) =1
0

such that |z — x| < pgs) for each § € A. Thus, it is clear that x4 2 g However, it should
be shown that it is provided for all arbitrary elements in field under the assumption. Thus, take an

arbitrary element 3 € M with 3 # A and p(¥) = 1. We show (74(¢))oes Sy . Consider T := ANY. €
M. So, we have u(I') = 1. Therefore, following from [z4(,) — | < py(,) for each v € T', we get the
desired result.

Proposition 1 shows that a decreasing order convergent net is u-statistical convergent. For the
converse of this fact, we give the following result.

Proposition 4. Every monotone p-statistical convergent net is order convergent.
t
Proof. We show that z, | and z, S implies z, |  in any vector lattice E. To see this,
choose an arbitrary index ag. Then x,, — zo € E4 for all o > ag. It follows from Theorem 3 that

st .
Tag — Ta —”>a:a0 — x, and also, x,, —x € E. Hence, we have z,, > x. Then x is a lower bound of
(Ta)(aca) because aq is arbitrary. Suppose that z is another lower bound of (74)aca. So, we obtain

t
Ta — Y S — y. It means that x — y € E,, or equivalent to saying that x > y. Therefore, we get
To | .
Remark 3. Let x := (24)aca be a net in a vector lattice. If X 20 holds for some A € M with

p(A) =1 and characteristic function XA on A then x SN Indeed, suppose that there exists A € M
with 4(A) = 1 and 2Xa 2 0 satisfies in a vector lattice E for the characteristic function Xa of A. Thus,
there is another net (py)aca 4 0 such that |zXA| < p, for all a € A. So, it follows from Proposition
1 that (pa)aca ° 0. Then there exists a subset ¥ € M such that u(¥X) = 1 and (pg(o))oes 4 0.
Take I' := AN X. Hence, we have u(I') = 1. Following from |z&T| < py(,) for each v € ', we obtain

XA Sy, Therefore, by applying Theorem 3 (v) and Remark 3, we obtain (z4)aca Sy,

Proposition 5. The family of all st,-convergent nets Fy, is a vector lattice.

8 Bulletin of the Karaganda University



Statistical convergence in ...

Proof. Let (x4)aca Sy 2 and (yg)peB i@y in E. Then it follows from Theorem 3(i7) that (z, +

¢
yg)(a”g)eAXB AN x+y. So Eg, is a vector space. Take an element x := (24 )aca in Eg,. Then we have

2% 2 for some z € E. Thus, it follows from Corollary 3 that |x| il |z|. Tt means that [z| € Eg,,
i.e., By, is a vector lattice subspace Theorem 1.3 and Theorem 1.7 [16].

Proposition 6. The set of all order bounded nets in a vector lattice E is an order ideal in EStM{O}.

Proof. By the linearity of u-statistical convergence, Ey,{0} is a vector space. Now, assume that
ly| < |z| hold for arbitrary  := (Za)aca € Est,{0} and for an order bounded net y := (ya)aca. Since

x —Si”—>0, we have |x] 50, Then it follows from Proposition 2 that |y| —Si“—>0, and so, it follows from
Theorem 3(7) that y N (Therefore, we get the desired result, y € Eg,{0}).
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A. At @. Temuscy?

! Myw Anvnapesar ynusepcumemi, Myw, Typrusa;
2 . . .
Buneéav ynusepcumemsi, Buwneéav, Typrusa

BeKTOp.TIbIK TOpJIapdarbl CTATUCTUKAJIBIK 2KNHAKTAJIYy

CraTUCTUKAJIBIK, JKUHAKTAJLY, >KAJIIbl XKAaFIaiiia, HaTypaJsl caHIapAaFrbl aCHMITOTUKAJIBIK, ThIFBI3/IBIFB 6ap
TizbeKkTep VIIiH aHbIKTaJabl. Makajaaga OarbITTaIraH >KUBIHIAPIAFbl aKbIPJIbl aJIUTUBTI OJIIIeMIep/Ii
KOJIZIaHa OTBIPBII, BEKTOPJIBLIK TOpJIapFa CTATUCTUKAJBIK *KUHAKTay eHriziared. CoOHbIMEH KaTap, CTaTh-
CTHKAJIBIK YKUHAKTAJY MEH TODJBIH KACHEeTTepi apachIHIafbl KeibIp KaThIHACTAP KeJITIPLIreH, MBICAJIBI,
PeTTIK >KUHAKTAJIY >KOHE TODP OIepPaTOPJIAPHI.

Kiam cesdep: x)eJijiep/iiH, CTATUCTUKAJIBIK, >)KUHAKTAJIYbI, PETTIK YKUHAKTAJLY, BEKTOPJIBIK TOP, OAFbITTaFal
JKUBIHHBIH, OJIIIEMI.

A. At @. Tevmscy?

! Viusepcumem Myw Aavnapeaan, Myw, Typuus;
2 Buneéavcrut yrusepcumem, Buneéan, Typuus

CraTucrunyeckas CXOOAMMOCTDb B BEKTOPHBIX pelleTKax

Crarucrudeckasi CXOAUMOCTb, B 0OIIEM CJIydae, OIpe/iesieHa 1JIsl T0CJIe[0BATELHOCTEN C AaCHMIITOTHIECKO
IUIOTHOCTHIO HA HATYPAJbHBIX YHCIaX. B cTaThe MBI BBOAUM CTATHCTHIECKYIO CXOANMOCTD B BEKTOPHBIX Pe-
[IeTKaX, UCIOJIb3ysl KOHEYHbIE a/IIUTUBHBIE MePbl HA HAIIPABJIEHHBIX MHOXKecTBaX. Kpome Toro, mpuBomgum
HEKOTOPbIE COOTHOIIIEHUS MEXK/Iy CTATHUCTUYECKOIN CXOJIMMOCTBIO M CBOMCTBAMM PENIETKN, TAKUMU KaK CXO-
JOUMOCTD TOPSAJIKA M OIIePATOPHI PEITeTKH.

Kamouesvie c06a: CTATUCTUYECKAST CXOIUMOCTD CETEH, TOPSIIKOBAas CXOAUMOCTb, BEKTOPHAsI PEIleTKa, Mepa
HAIIPABJIEHHOTO MHOYKECTBA.
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