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On weighted integrability of the sum of series with monotone
coefficients with respect to multiplicative systems

In this paper, we consider the questions about the weighted integrability of the sum of series with respect
to multiplicative systems with monotone coefficients. Conditions are obtained for weight functions that
ensure that the sum of such series belongs to the weighted Lebesgue space. The main theorems are proved
without the condition that the generator sequence is bounded; in particular, it can be unbounded. In the
case of boundedness of the generator sequence, the proved theorems imply an analogue of the well-known
Hardy-Littlewood theorem on trigonometric series with monotone coefficients.
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Introduction

In the theory of trigonometric series, the Hardy-Littlewood theorem on series with monotone
coefficients is known [1, 2]: in order to the series Y ; a,, cosnx, where a, | 0 at n — oo, was the Fourier
series of some function f(x) € Ly[0,27], 1 < p < 00, is necessary and sufficient to >_°° | ahnP~? < oco.

An analogue of this theorem for the Walsh system was proved by Moricz F. [3], for multiplicative
systems with bounded generating sequences p (1 < sup,, p, < ¢) was proved by Timan M.F., Tukhliev K.
[4].

The weighted integrability of the trigonometric series’ sum with generalized monotone coefficients
was studied in the works of Tikhonov S.Yu., Dyachenko M.I. [5, 6] and others. Weighted integrability
for the sum of series with respect to multiplicative systems is considered in the works of Volosivecs
S.S., Fadeev R.N. [7, 8], Bokayev N.A., Mukanov Zh.B. [9].

In this paper, we consider weight functions with other conditions.

1 Notation and Preliminaries

In this paper we consider series with monotone coefficients on multiplicative systems. We investigate
the problem: under what conditions imposed on the weight function and the coefficients of the series, the
sum of this series will belong to the space L, with weight. Let us give a definition of the multiplicative
systems.

Definition 1. Let {py}32, is a sequence of natural numbers p;, > 2, k € N, supp, = N < oo. By
k

definition let us put
mo =1, mp =pip2---pn, n €N.

Then every point x € [0,1) has a decomposition
L
xzzia xkEZﬂ[Oapk)a (1)

mg
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where Z is the set of integers. Decomposition (1) is uniquely defined if for z = n/my, take a decomposition
with a finite number of nonzero zy. If n € Zy :={0,1,2,...} is represented as

oo
n = Zajmj_l, a; € ZN1[0,p;),
j=1

then for the numbers = € [0,1) we put by definition

o
n(T) = exp | 2w i} nely.
77/}() D D ) +
j=1

It is known that the system {¢,,}52, called the Price system, is an orthonormalized system that
is complete in L1(0,1) (see [10] or [11]). If all pg = 2, then {t,}°°, coincides with Walsh system in
the Paley numbering.

Let LP(G), G:=[0,1), 1 <p < oo, be a Lebesgue space with a norm

1l = ( /| \f(x)\”dw>p, Il = esssup | 1(2)

Definition 2. Let p(x) be a non-negative measurable function on [1,00). We say that ¢(z) satisfies
condition By, if for all z > 1

)

T
where C' is a positive number independent of .

For example, the function ¢(t) = t* (o < 1) satisfies condition Bj.

To prove the main results, we need the following auxiliary assertions.

Lemma A. (Potapov M.K. [12]). If ap, b, >0 (n=1,2, ...), 1 <p<ocoand Y > by =ynbn,
then

Z bm (Z an) < Cp Z bm (am’Ym)p .
n=1

m=1 m=1

Lemma B. (Simonyan A.S. [13,14]) Let 1 < p < oo, ;1)4—
_p/

L =1, f(z) € L0,1], f(z) >0 and

function [p(z)] 7 satisfies condition By,

Fa) = /0 " Fba.
/o1 o <i) (Fg(cx))pdf <Cp /01 P <i> 2 (z) dx.

n—1
Dn(x) =Y tp(x), n=1,2, ..,
k=0

Then

denote the Dirichlet kernel of the system {,,(z)}.
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Lemma C. (see [10] or [11]) For any k € N and z € [0, 1) the Dirichlet kernels have the following

properties:
Dmk — { k [ ’

%
0, ifxz¢]|o, @

- E|~
X

3

The Dirichlet kernel D,,(x) satisfies the estimate

q(x
W < sup 1Dj,, ()] < 20(a) g
I<Pn+1

where ¢(x) is the function introduced in [15]:

o) =" s, ()

Pn(z)+1

where n(x) is the number of the last zero in the initial series of the decomposition of the element
x € [0,1], I(z) is the value of the first nonzero coordinate of this decomposition.

Lemma 1. Let S, (z) = Z’;é app (), (n=0,1,2,...) ar { 0 at k — oo. Then for any
1 1
T < |:mu+1’ my |
my—1
|STL (.1‘)| < Z Ak + Qm,, * TMy41-
k=0

my+41 7 omy

Proof of Lemma 1. Let x € [ L i} , 0 <v < oo. Considering, |¢y (z)| = 1, we have

v—1 n—1
1Sn (2)] < ar+ > arty (x).
k=0 k=v
Applying the Abel transformation for the second sum, by inequality (3) we have
W, @k (2)| =[50, AaeDiss (@) + an1 Dy (&) = am, D, ()] <

< (@) |Sh2, Ak + ano + am, | < 20,0 (2),

1 1
my+1’ My

but for the function ¢ (z) at x € { ] , an estimate

my+1
<
¢(z) = —
holds (see (4)).
Consequently,
my—1
S0 (@) < D an + am,, M1

k=0

Lemma 1 is proved.
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2  Main Results

The following theorems about integrability with weight of the series’ sum with monotone coefficients
are valid.

Theorem 1. Let 1 < p < oo, %+I%:1

fl) =20tk (x), arl0atk— oo

and let ¢ (x) is a non-negative measurable function on [1, co). Then
191t o (L) € L, (0, 1) and

myp—1 p 1/mn 1
Z ( Z ay + amnanrl) / P (x) dr < oo, (5)

1/mn+1

then ¢ (3) f (z) € Lp (0, 1).
20 If the function o7 (z) satisfies the condition By and ¢ (1) f(2) € Ly (0, 1), supp, = K < o0,

then

Theorem 2. Let 1 < p < o0

fl) =20 antn (x), arl0atk— oo

and let ¢ () be a non-negative measurable function on [1, co). Then
19 If function ¢P (x) satisfies condition By and

l/mn 1
Zamn- whn [ (5) o< ©

1/mny1

then ¢ (1) f (z) € L, (0, 1).
20, If o (z) satisfies condition B; and ¢ (1) f () € Ly (0, 1), then

1/mp 1
Zamn+l mp /1/mn+1 F <$> dr < 0. (7)
In the case supp, = k < oo theorem 1 is equivalent to the following theorem:
Theorem 8. Let 1 < p < oo, %—F]%:L

fl@) =32 garte (), apl0atk— oo

and let ¢ () be a non-negative measurable function on [1, o), supp, = N < co. Then
n

19 If the function ¢P (z) satisfies condition By and

o P
Zaﬁ-np/ (px( )dac<oo

n=1 n

then ¢ (2) f (z) € L, (0, 1).
20 If o7 (z) it satisfies the condition By and ¢ (1) f () € Ly (0, 1), then it takes place (6).
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From this theorem in the case of the Walsh system follow the corresponding results of A.S. Simonyan [13].
Remark. If the weight function ¢ (x) has the form op(z) = z, then in this case ¢P(z) and =7 (x)
satisfy condition B; at —I% <a< % and condition (7) has the form

o0
E af - P < oo
n=1

Proof of Theorem 1. 1°. By Lemma 1 and condition (5) we have

( ) G )= /m” P (3) @<

2(

. /mn D 1
a + Qm,, - Mp41 1/ ¥ ; dr < oo,

Mp41

mp—1

k=0
that is

F@ e (5) e

o (1> f@) €Ly (0,1) and ¢ (i) cL(0, 1).

X

20 Let

By Gelder’s inequality

1 1 1 1/p Lo 1/p’
Ju@ias([o(5) rora) ([ (5)a) " <
0 0 T 0 T

Consequently, f(z) e L(0,1) and ax = ak (f).

Let F (z) = [y |f ()| dt. By (2) from Lemma C we get
mp—1 mp—1 1 1 mn—1
Yoath=> [ r@@d= [ fu Y G-
k=0 k=0 0 0 k=0

= [ 1@ D @)= mn/ol/mnf(x) o <mF (o).

where F (z) = [ |f (x)] dz.
From here using the monotonicity of the sequence {ax} and Lemma B, we obtain

[ele} mn+1_1 p ]-/ o0 p ]-/
S8 w) e ()X frar )] o (5) e

n=0 \ k=0 Mip—1 n=0 M1

<CZ/:; <1)<F(x>dx<6’/ <> ()| dz < oo.

Theorem 1 is proved.
Proof of Theorem 2. 1°. We denote

Mn41 D t
bn:/ £ ot

2
Mn t
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S ([ 700) ([ %) s
T = (/: 9022('5)(#) . </7:"+1 “0;(’5) dt>_1.

The function ¢ (x) satisfies the condition By, therefore

Mut1 P -1 Myt1 00 LD (¢
%:1+</m ‘ptodt) /m </x ‘th()dt>da:<

my 41 D -1 my41 D
<1+01</ g0(>dt> / PE) 10 < O,

my my T

Then

where

Using the Lemma A we have

0o mnp—1 p 00 n—1 [Mmry1—1 p 00
S () =5n S5 )| <o u mn
n=1 k=0 n=1 k=0 j=my n=1

consequently,

o] mp—1

Z(Z ak+amn'mn+1> - b, <C’Zap . n+1 n < 00.

n=0 k=0

Hence, on the basis of the first point of Theorem 1 follows the first point of Theorem 2.
20, Due to the monotonicity of the sequence a,

Mpp1—1 Pt P ( Mnt+1 P
S8 w) [ e St [

=1 k=0 mn mn

Therefore, the statement of Theorem 2 follows from Theorem 1.

Theorem 2 is proved.

Proof of Theorem 3. Sufficiency. By the monotonicity of the sequence {ay,} and by the condition
supp, = N < 0o, we have

o0 n-+
PP

g abmn /

n=1 n

oo Mnt+1—1

-3 > w/ =

n=0 k=mn

m"“ 1 Mng1 P
P ()
= Z Tmypyn Z / mn+1 ' n+2/ 2 dx >
k=mn mn
> C o m d
= Pzamn : n+1 L.
n=1 7n n+1

Therefore, from the condition of point 19 of Theorem 3 it follows the condition of point 19 of the
Theorem 2. Therefore f (z)¢ (1) € L, (0, 1).

On the other hand, also due to monotonicity of the sequence {a,,} and boundedness of the sequence
{pn}, we have

oo Mpt+1—1

S Y e [

n=0 k=mn,

0 n-+
PP

S aln /

n=1 n
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00 mnt1—l iy, 00 1/
p” (x) M 1
< Z ., 'mﬁ+1 Z / 22 dr = Cp Z afnnﬂ 'mfwrl/l ©P <t dt.
n=0 k=mn k n=0 /mn+1

Therefore, from the point 20 of Theorem 3 follows the condition of point 2° of Theorem 2. From this
follows the necessity of the Theorem 3.
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M.2K. Typrembaes!, 3.P. Cyneiivenosa?, JI.11. Tynareimbacsa’

Y Axademux E.A. Boxemoe amwmoazs. Kapazanov. ynusepcumemi, Kapazanow, Kazaxcman;
2J1.H. Dymuses amwindaen, Bypasua yammows yrnusepcumemi, Acmana, Kaszaxeman

Koaddurimenrrepi MOHOTOH/IbI MYJIBTUMIJINKATUBTIK Kyiiejiep
OolibIHITIA KaTapJap/IblH, KOCHIH/IBICHIHBIH, CAJIMAaKThl MHTETPaJIJaHy bl
TYypPAaJIbl

2Kywmpicra koaddunmenTTepi MOHOTOHIBI MYJIBTUILINKATUABTI 2KYiiesep OOUBIHINA KYPBLIFAH KaTapjap KO-
CBIHIBICHIHBIH CAJIMAKThl MHTErPAJIIAHYbl TypPaJibl CypakTap KapacThipblirad. OCbIHAAN KaTapaapIblH KO-
CBIHJIBICHI CAJIMaKThI Jleber KeHICTIriH/Ie KaTaTBIHBIH KAMTAaMaChl3 €TETIH CaJIMAKThl (pYHKIMsIapFa Iap-
TTap agbiaFaH. Herisri Teopemasap kacayinbl Ti30eriHe IMEeHeITeHIiK MapT KONbIIMAaFaHIa JoJICIICHET];
aTar affTKaH1a, 0J1 IeHeIMereH 60J1ybl MyMKiH. 2Kacaymibl Ti30eri meHe reH/Iir XKaraaibIHia J12J1e/ I IeHNeH
TeopeMaJjiap MOHOTOHIbI KO3 puimeHTTepi 6ap TPUNOHOMETPUSIIBIK, KaTapjap 6oiibiHIima Genriai Xapam-
JIuTiBy TeopeMachIHBIH aHAJIOTBIH OLITIpesi.

Kiam cesdep: MyJIbTUIIMKATUBTI XKyitesep, KiKTey, KaTap/iap KOCBIH/IBICHI, CAIMAKThl HHTEIPAJIIAHY, YKa-
cayIrbl Ti30eK, MOHOTOHIbI KoadduiimenTrep, Xapau-JIutiaBys reopemacsl, Jleber KeHicTiri.

M.2K. Typrymbaes!, 3.P. Cyneiimenosa?, JI.1. Tynrymb6acsa?

! Kapazanduncxuti ynusepcumem umenu axademuxa E.A. Byxemosa, Kapazanda, Kazaxcman;
2 Eepasutickutl nayuonasvrol ynusepcumem umernw JI.H. Tymunesa, Acmana, Kazazcman

06 NMHTEerpupyemMoctTu ¢ BeCOM CyMMBbI pAJ0B C MOHOTOHHBIMUA
KOSCI)CI)I/II_II/IGHTa.MI/I 10 MYJIbTUIIVNINKATUNBHBIM CHUCTEMaM

B pabote paccMOTpeHBI BOIIPOCHI O BECOBOM MHTETPUPYEMOCTH CYMMBI PSIJIOB IO MYJIBTHILTUKATUBHBIM CH-
creMaM C MOHOTOHHBIMHU Kodddurnmerntamu. [lomyuensr ycaoBus Ha BecoBble DYHKITHH, 00ECIIEINBAIOINE
[IPUHA/JIE?KHOCTH CyMMbI TAKUX PsIJI0B BeCOBOMY mpocTpancTBy JleGera. OCHOBHbBIE TEOPEMBI JOKA3aHbI 6€3
YCJIOBHSI OTPAaHUIEHHOCTH 0Opa3yIoIeil TOC/IeI0BATEILHOCTH, B YACTHOCTH, OHA MOXKET ObITh HEOTPAHUYIEH-
HOit. B ciygae orpanmdeHHOCTH 06PA3yIOIIEH MOCIEI0BATEIFHOCTH U3 JIOKA3AHHBIX TEOPEM CJIEIYeT aHAJIOT
MU3BECTHOI TeopeMbl Xapau—J/InTiiBya 0 TPUIOHOMETPUYECKUX PsijiaX ¢ MOHOTOHHBIMH KO3 dUImeHTamu.

Karouesvie cr06a: MyIbTUILIMKATUBHBIE CUCTEMBI, Pa3JIOYKEHNE, BECOBasi UHTETPUPYEMOCTb, CYMMAa PsiJIOB,
obpa3syrolasi MoC/IeI0BaTEeIbHOCT, MOHOTOHHBIE KO3(DMUIMEHTRI, TeopeMa Xapau-JIlutiByma, mpocTpan-
cTBo Jlebera.
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