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Generalized Hankel shifts and
exact Jackson—Stechkin inequalities in Lo

In this paper, we have solved several extremal problems of the best mean-square approximation of functions
f on the semiaxis with a power-law weight. In the Hilbert space L? with a power-law weight t2*7* we obtain
Jackson—Stechkin type inequalities between the value of the E,(f)-best approximation of a function f(t)
by partial Hankel integrals of an order not higher than o over the Bessel functions of the first kind and the
k-th order generalized modulus of smoothnes wy(B" f,t), where B is a second—order differential operator.
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Introduction
At present, there is a number of meaningful papers [1-3| devoted to the theory of approximation of

a function from Ls[0, 27]. Let o > —%. For p = 2 by Lo, we denote the space consisting of measurable
functions f on [0, 00), for which the norm is finite

1z = ( JE Qdua@))‘l’ |

x2a+1

T 20T (a + 1)

where

dpte () dzx.

Consider the Hankel transform defined for the function f:

ha(f)(A) = /0 T2 () o (@A) f(r)de, A€ (0,00),

where J,(z) is the Bessel function of the first kind of an order a > —3, I'(z) is the gamma-function.
In particular, for a = % and o = —% the Hankel transforms turn into the sine transform and the
cosine Fourier transform, respectively:

R = \/Z | r@sin(aad.
R\ = ﬂ | s cosiaarde,

since the formulas J% = \/gsinm and J 1= \/gcosx hold.

*Corresponding author.
E-mail: Tileubaev@mail.ru

142 Bulletin of the Karaganda University



Generalized Hankel shifts ...

For a function f € Lo, the expansion into the Hankel integral [4], is valid:

Ha () = /0 " F(@)da (Mt dpala),

and

= | B Oia Ao ().
Let T'> 0 and we denote by St (f,x) the partial Hankel integral of a function f € Lo, i.e.
/ Ho(f)(NjaAz)dpa(N),  z € (0,00).

For functions f,g € L, , the generalized Plancherel’s theorem holds [5]

(f.9) = (f.9),

where (f, g) fo dua is the scalar product of f and g.
In the space Lp,a COnbldeI‘ the generalized shift operator of functions f(x) [6]

(T"f)(x) = e ) /“ F(Va? + h? = 2zh cos ) (sin ) **de.

For a function f € Lo, A} f(x) finite differences of the k-th order with a step h > 0 are defined as
follows (see [7]):
Apf(x) = (I = T")(x), Ajf(x) = (I = T") f(2),k > 1.

The value

0o . 2
Wk(f,8)2p0 = sup |A}f(@) 20 = sup {/ (1 —ja(Ah))%\Ha(f)(A)|2d/~ta(>\)} (01)
0<h<§ o<h<s LJo
will be called the generalized modulus of smoothness of the k-th order of a functionf € Lo ,,. We
denote by M(v,2,a),v > 0 the set of all functions @, (z) satisfying the following conditions (see |7]):

1. @, (x) is an even entire function of exponential type v;

2. Q,(z) belongs to the class Lo, .

The best approximation of a function f € Lg,, from the class M(c,2,a),v > 0 is defined as
follows:

Eo(f)2ue = f{[|f — Qollop, : Qo € M(0,2,0)} = {/ Iﬁa(f)(k)\zdua(k)} : (02)
et 2 2 1d
o+
B =B = dt2 + ot dt

be a differential Bessel operator. We denote by j,(At) the normalized Bessel function

. 2°T (o + 1) Jo (AE)
a(At) = .

Ja(At) )

The function j,(v/At) is a solution to the problem

@ n 20+ 1 dy
dt? t dt

+ Ay =0,
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y(0) =1,9'(0) = 0.
In [8], when solving problems of the theory approximations in the space Lj,, associated with
finding the exact constants in the Jackson—Stechkin inequality

-
EU(f) < wr(f7 ;)
it is considered the following extreme characteristic:

Eq(f)
wr(f, %)

In this article, we want to get the exact constant in Jackson’s inequality

Korms= sup{ fe Lg(Rm)} .
—2r re T
Eo(f) < Ko™"w.(B f,;)
for the functions f € W3 (B). For the goal, we introduce an extremal approximate characteristic of

the following form
- E
:U,’I‘,m,lhs(@? h) = sup h U(f) S
Fews,. (B) ( "t b (BT Y, t)go(t)dt)

(03)

where r,m e N, 0 <p <2, h>0, 0 >0, p(t) > 0 is an arbitrary integrable, not equivalent to zero
on the segment [0, h], weight function and W3 , (B),r = 1,2, ... is a Sobolev space, constructed by the
differential operator B, i.e.

W3, (B)={f € Loy, : Bfe€Loyu,,j=12..r}.

Note that values Zg pmp.s(@, h) for different values of the parameters therein and specific weight
functions were examined by Chernykh, Taykov, Yudin, Esmaganbetov, Ivanov, Babenko, Shalaev,
Vakarchuk, Shabozov, Tukhliev and many others (see., e.g., [6-11] and the literature cited therein).

In the case of approximation of 27-periodic function from Lo by the subspace of trigonometric
polynomials of an order (n — 1) in the metric Ly, similar problems were solved in [9] by Taikov, in [10]
by M. Esmaganbetov, and in [11| by Sh.Shabozov and K. Tukhliev.

The extension of this question to the case of the best mean-square approximation by entire functions
of exponential o > 0 type in space Lo with a power-law weight was carried out in [8] by A.G. Babenko
and in [12| by D. V. Gorbachev, in [5] by V.I. Ivanov.

1 Auziliary results

Lemma 1. Let go+1,1 be the smallest positive zero of the function jo41(t). Let 0 > 0 and t €
(0,4281) " > —1. Then

sup (1 —jao(oh)) =1 — jo(ot).
0<h<t

Proof of Lemma 1. Since
Jat1(1),0 <t < o0

y t
Ja(t) = T3a+ D)

(see [5]), then from jo41(0) > 0 and ja+1(ga+1,1) = 0 we obtain for all ¢ € [0, gay1,1] values (1 —
Ja(t)) = mjaﬂ(t) > 0. It follows that the function 1 — j, () increases on [0, ¢o+1,1]. Hence, for all

t € (0,¢a+1,1] we have

sup (1 - ja(h)> =1 _ja<t)'
0<h<t
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Therefore, for all ¢ € (0, 21] we get

sup (1 —ja(oh)) =1 — ja(ot). (1)
0<h<t

Lemma 1 is proved.

Lemma 2. Let go+1,1 be the first positive zero of the function jo41(t), h € (0, q"‘f%], a > —% and
o> 0. Let
h
W(y) =y [ (- awt)dh ye G, where G={yio<y<oc),
0
Then .
min {U(y) : y € G} = 047‘/ (1= ju(o))?dt.
0
Proof of Lemma 2. Since j. (t) = —ﬁjaﬂ(t), 0 <z < o0, then for y € G we have
h h b
W(p) =4y [ daat) iyt [ (0= ) ar (2)
0 0
Since it is not difficult to verify by direct verification that the equality is true
10 10
2 (1= ja t%):f—<1—'a t2k> 3
Jai (= dalw)™) = S50 (0 = dalw)™) 3)
where ¢,y are non-zero, then from (2) by virtue of equality (3) we have
h h o
V() =y [4r | a=atwae [ eg (- datwn)®) dt} . (4)
0 0

Applying the method of integration by parts to calculate the second integral in the right-hand side of
(4), we conclude

h
Wiy =y [(M - 1) /0 (1 jalyt)?dt + h(1 — ja<yh>>2k] . (5)

Since [jo(u)| < 1,Vu > 0 (see [8], formula (21)) and (1), then by virtue of (5), we have ¥'(y) > 0 for
all y > 0. Lemma is proved.

2 Main results

The main results of this work are the following theorems.
Theorem 1. For any function f € W3, (B) for any h > 0, the following estimate holds:

1

( 2B ) e dt) 2
o2 (Jo' (1 = jalot))?:d

Proof of Theorem 1. Let f € W3, (B). Then from Parseval’s equality, we have

ECT(f)Z;Ufa <

N[

o0

(B o, > / (1= aA)EN | Ha (F) V) Pdpta(N).

oz
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Integrating both sides of this inequality variable ¢ over the range ¢ = 0 and t = h, we obtain

h h o)
/O WA (B f, )t > /O ( / (1—ja(At))%A“lﬁa(f)(A)IQdua(A)> dt =

= [T ([ "X () deda ) (6)

From (6) by virtue of lemma 2, we have

h h SIS
/ GBS D)ot > o / (1 jalot)®dt / o) (V) Pdpia(V).
0

0 o

It follows that
0 wk(BTf t)2,0 At

[Ho(F)N)Pdpa(N) < : (7)
/0 oir fo (1 — jo(ot))kdt
Further, given the following equality
Hf - SO'(f? x)‘|2aﬂa = Eo'(f)Qaﬂa
in view of the inequality (7) we get
B’I"
B < b Do
fo (1 — jo(ot))kdt
Theorem 1 is proved.
Theorem 2. For any function f € Wy (B) for any h > 0, the following estimate holds:
QTEU 1
sup g (f)&ua _ ] (8)

1 1
T D) h . bl
FEWnea® ([ 2B, aadt)” (Jo (1= Galot))2hdt)?
Proof of Theorem 2. Let f € W3, (B). Arguing in the same way as in Theorem 1, for f € W3 , (B)
we have 2
EoDrwe 1
.

( o Wi(BTf,t)2 ,uadt) (foh(l _ja(Ut))det>§

Hence we get
2r
sup g Ea(f)2zﬂa < 1

1= L
FWea ) ([ (Br £, s 0dt)® ([0 = jalot)*dt)?

To obtain a lower estimate, we construct the function fe € W3, (B) so that it satisfies the inequality:

(9)

O-QTEU(f)Q,,U‘a > UzTEU(fﬁ)Q,,U‘a
- 1
h 1
(fo w,%(Bf‘f67 t)?,uadt) :

To do this, we use function f. € W3, (B) constructed by Babenko in [9] and such that

1
. A7 if o< |A| <o +e,
Ha<fe><A>={’ | A

0, otherwise.

sup
FEWS 1o (B) ( o wk(B fit)2, uadt>

[NIES
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Relations (2) and using the properties of the Hankel transform (see [7]) imply the equality

o+e€

By (f)2pa = / Ha ()N dpa(V) = / Fal £ P dalN) = gorr
Therefore
Es(fe)2,a = m- (10)
In virtue of the equality (01) and using the properties of the Hankel transform (see [7], [4])
Ho(B' f)(A) = N Ha(f)(A)
we write: .
W (B" fet)20 = / N Ha(f) NP (L = ja(A8) dua(N) <
4r . 2k €
< (o467 (1= jallo+€)t)) T (at1) (11)

Integrating both parts of the inequality (11), we have

{/Oh w,%(B"fg,t)det}é <(o+e* m {/Oh(l — Ja((o + e)t)det}% : (12)

Using (10), (12) we write

" Eo(fo)2 > o™ . (13)

(foh wi (BT fe, t)2,uadt); o 6)2T{foh(1 — Ja((o + e)t))%dt}%

Since fo € W3, (B), then from (13) and from left side of equality (8) we obtain

¥ Eo(fope o
sup T = oy (R : okt
Wi ) ([ (Br o t)anat) (P U A= dallo - gn)dtys

(14)

Obviously, the left side of inequality (14) does not depend on €, and the expression located on its
right side is the function of € (with fixed values of other parameters). Since the left side of inequality
(14) does not depend on ¢, then calculating the supremum with respect to € from its right side, we
write

2TE0 QTEU € 1
sup 0" Eo (f)2,0 > o EoJ)2pe _.(15)
(g 5 h . 5
FEWS 1o (B) ( o Wi(B"f, )2,uadt) ( o Wi(B" fe,t)2, uadt)2 (fo (1 —]a(at))%dt>2

[N

Comparing the upper estimate (9) and the lower estimate (15), we obtain the required equality.
Theorem 2 is proved.
Theorem 3. Let mn eN, reZ,, 0<p<2, h>0,a> f%. Then the following estimate is valid

2'rE 1
Sup g (f) 7}/4(1

. - (16)
W ) (B s gat) Ly (L= dalot)rar}
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Proof of Theorem 3. Let 0 < p < 2, then, arguing as in the previous theorem, we have

B 0, > [ NN = )P () i),

Raising both sides of this inequality by the power p/2, integrating the variable ¢ over the range ¢t = 0
and t = h we obtain

(/ s, t>2,uadt); > { / ' ([ 3= a1 ()P ) dt}; 1

Applying the inverse Minkowski inequality for g < 1, we have

I> /:O Ho(H) V)2 (/ AP (1 )\t))kpdt>2d,ua()\) . (17)

Then from inequality (17) and in view of Lemma 2, we obtain

rs o { [Pt m) ([ o) -

= 07 Eo(f)2,a (/Oh(l - ja(Ut))’“pdtf : (18)

So combining (17) and (18), we get

</0h A1 ) dt>; >0 Er (£ </0h(1 - jaw))kpdt);

Hence it follows that for all f € W3 Ha(B ) the inequality holds

2r
0% Eg(f)2,0 1
o n . < -

( o Wi(B"f,t)2, uadt)g (fgh(l —ja(at))kpdt>”

For all f € W3, (B), we have

N

27‘E 1
sup g O'(f)2nua < . (19)

W58 (B, gt} Ly (1= dalot) s

Thus, the upper estimate is proved.
To obtain a lower estimate, we construct a function f. € Wy Lo (B) so that the inequality is fulfilled:

27‘ 2r
sup Ey(f)2 2, pa > o EU(fE)Q,Ma
feWs ., (B) { 0 wk(B f t)Qltadt} { 0 Wk(B f57 )Q,uadt}

To do this, we use function f. € W3 , (B) constructed by Babenko in [8] and such that

1
. A7 if o< |A| <o +e,
Ha<fe><A>={’ | A

0, otherwise.

(20)

3=
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Raising both sides of the inequality (11) by the power £ and integrating the variable ¢ over the range
t=0tot=h, we have

{ hw‘Z(Brfe,t)z,#adt}; <0+ [rres i) "1 gal(o+ e>t>’ﬂpdt}‘1’ @
Using (21), (10) we write

2 Eo(fe) 2, ta - o2 |
( o Wi(B" fe,t)2 ,,mdt) T 0+ O — jal(o + e)t))krdt}

(22)

In view of the fact that the function fe belongs to the class W3 . (B) and from the right-hand side of
equality (16) and by virtue of the inequality (22), (20) we obtaln

27’E 2r
Sup o U(f)Q),U‘a > 4 - (23)

WL ) (B £, )0t 0+ O dal(o )t

Obviously, the left side of inequality (23) does not depend on €, and the expression located on its right
side is the function of e (with fixed values of other parameters). Since the left side of inequality (23)
does not depend on ¢, then calculating the supremum with respect to e from its right side, we write

2r
sup g Eo'(f)QnU'Of > 1 . (24)

T = ] T
W51 B) ([0 (B ) r) A5 L ) )

Comparing the upper estimate (19) and the lower estimate (24), we obtain the required equality. The
theorem 3 is proved.

Theorem 4. Let mn e Ny re Z,, 0 <p <2, h>0, a> —% and ¢(t) > 0 be a measurable
function on the interval (0, h). Then the inequality

<A<

-1 -1
{fy(yr'rnqp, (807 h)} S Eo"r‘rr%p7 (807 h) S { lnf /Y)\rm,p7 (@7 h)}
holds, where

1
p

h
maleh) = (327 [0 = dulo)metir) . Az o
Proof of Theorem 4. Let 0 < p < 2 then, arguing as in the previous theorem, we have
2B F o > | N1 = ju (M) L (F) () Pt (A
wp(B [, 1)2,0 = (1 = Ja(A) [ Ha(f) (M) "dpa(N).

Raising both sides of this inequality by the power p/2 and multiplying them by a function ¢(t) and
integrating the variable ¢ over the range t = 0 to t = h we get

(f ' wi(sz,M(t)dt); > { / ' (73 = a0 P @(t)dt} 1

Sl
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Applying the inverse Minkowski inequality for £ < 1 and by virtue of Lemma 2 we obtain

1
2

0o h %
124 [T 0Pl ( / A”p(l—jaut))’f%(t)dt) -

1

~{ [T 1O {1 i m) 2

> Eo(f)2,ua L nf kL 1 (i, h). (26)

So combining (25) and (26) we get

o nf Ykt (@00):

N v
</0 wi(Br,t)Q,ua‘P(t)dt> 2 Eo(f)2,na

Therefore, according the definition of quantity (03), by previous inequality we obtain an upper bound

for the extremal characteristics E, , ; 1 (¢, h), namely

(27)

= Es(f)2,p0 1
Sk (011) = fews . () TS F 1 (@, h)’
e { 0 wk (B f’ ) 2,pa (P(t)dt} P o<A<oo AT k,p,

To obtain a lower estimate, we construct the function fo € W3, (B) so that the inequality would
be fulfilled:
Eo ()20 Eo(f)2,a
Sorkp (9 1) = S Tk T > AL . (28)
FEWS ){ o Wh(BTf, )20 (t)dt}p { o Wh(B" fe, )2uag0(t)dt}p

To do this, we use function f. € Wy , (B) constructed by Babenko in [9] and such that

1
N IA|7972 if o< |A\ <o+e,
Ha(fe)(A) = {

0, otherwise.

Raising both sides of the inequality (11) by the power £, multiplying them by the weight function ¢(t),
and integrating the variable ¢ over the range ¢t = 0 to t = h, we have

{ hwi(B’”fe,wQ,Mso(t)dt}; <o+ 0" gy L 0 el + e>t>’“pso<t>dt}; @)

Using (29) and (10) we write

Ecr(fe)lua > 1 .
(Rl (B et ptrt) @+ = Jallo+ ) 2ol

(30)

In view of the fact that the function f belongs to the class W3 , (B), by virtue of inequality (30) and
relation (03), (28) we obtain

sup o (/)20 > L . (31)

WL ) (B g p(0yit)” 0+ O U= dal(o + )Pp(e)it)
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Obviously, the left side of the inequality (31) does not depend on €, and the expression located on
its right side is the function of e (with fixed values of other parameters). Since the left side of inequality
(31) does not depend on ¢, then calculating the supremum with respect to € from its right side, we
write

2r
Sup g EU(f)ZMO‘ > 1

> . (52)
WS 8 (R p(Brf, te)” Ly (= dalot)P (0t}

0 “k
Comparing the upper estimate (27) and the lower estimate (32), we obtain the required equality.
Theorem 4 is proved.

Let us find: what differential properties the weight function ¢ must possess in order that the
following equality holds

%r,r,k,p,% (p,h) = Ugig\lioo ’VA,r,k,p,% (¢, h).

The following statement gives an answer to this question.
Theorem 5. Let o(t) be a non-negative continuously differentiable function on the interval [0, h]. If
for some p € (0,2], r € Nany ¢t € [0,h], o> —%, o satisfies the differential inequality

(2rp = (1) = t'(t) 2 0,
then for all o € (0,00) and 0 < h < 22211 we have
inf {w,m,p%(% h):o <A< oo} = Vo dorp, 2 (92 1)
and there is a relation

-1
Ea7k77‘7p1% ((70, h) = (fya,k,r,p, 1 (()07 h)) °

P

Proof of Theorem 5. Since

esnstiot) = {0 [l ja(/\t))kpw(t)dt};

P

it is sufficient to prove that under the above assumptions on ¢(t) and the function

h
n(y) = y””/o (1 — jalyt)Peo(t)dt

is strictly increasing on the interval G = {y : y > o}. Since

h h
rp— : T d ;
0 (y) = 2rpy®’” 1/0 (1= jalyt)"o(t)dt + y* ”/O ' Ja(yt))Pe(t)dt, (33)
then, using the obvious identity
d . k td . k
— (1= jalyt)* = == (1 = jalyt))*? 4
dy( Ja(yt)) ydt( Ja(yt)) (34)

from (33) and taking into account (34) we have

h h d
) = 20 [ =)o+ 7S G et
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Applying the method of integration by parts when calculating the second integral, we come to the
conclusion

h
' (y) = y*? <(1 — ja(yh))*he(h) +/0 (1 Jalyt)*?[(2rp — V(1) + W'(t)]dt> - (39)
Since |jo(y)| < 1 for all y € [0,00), then by virtue of the

(2rp — )p(t) — te'(t) > 0,

taking into account the conditions p € (0,2],7 € N from (35) we have 7'(y) > 0, for y > 0. Whence
follows inf {n(y) : 0 <y < oo} = n(o), which is equivalent to equality

inf {w7k7r,p%(¢, h):o <A< oo} = Yo dorp, 2 (95 10).
Then by virtue of the double inequality from Theorem 4, we obtain the required equality. Theorem 5
is proved.

4 Approzimation in L*(R™)

The exact inequality and its various generalizations have been the subject of study for many
specialists in the last 50 years. Some historical information on the Jackson—Stechkin inequalities in
L?(R™) can be found in [5,8,13-18].

Let L? = L?(R™) be the Hilbert space of complex functions on R™ with a scalar product and norm

(fr9) = [ [fo)gl@)de, |f=~/(ff)

Rm
The Fourier transform of the function f € L? is defined by this formula,

1

7im-yd
@ S (x)e z,

fly) =

where z -y =", x; - y; is the scalar product of vectors z and y of R™.
The function f can be decomposed through its Fourier transform f as:

1

W . f(y)em'ydy- (36)

flx) =
For the Fourier transform in L? space, the Plancherell formula applies

(f.9)=(f.9), f.gel®

Let us denote by W, the class of exponential spherical integer functions o > 0 belonging to the space.
The class W, of integer functions consists of integer functions ¢ € L? such that the support supp § of

Fourier transform lies in a Euclidean ball Bym = {x €ER™: x| =+/(z,z) < U} of a radius o > 0 and

with a center at the origin of the space R™. The best approximation of the function f of L? by the
class W, is

Aof =inf{[|f —gl: g€ W5}.
The spherical shift with a step h is the operator Sj acting according to the rule

S0(0) = g [ Fla+heye,
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where S™! is a unit Euclidean sphere in R™, |S™~!| is its surface area. Let I be an identical operator,
k is a positive number. Following H.P. Rustamov’s operator (I — Shf)g (see [17]), will be called a
difference operator of order k with step h and will be denoted by Aﬁ:

e k
s =31 () st

1=0
and the k-order continuity module of the function f € L?(S™~!) will be the function of the variable
T>0:

wr(f, 1) = sup{HAﬁfH :0<h < T}.
Denote by K, (7,k,m), 7 > 0,k > 1,m = 2,3, ... the exact constant K the Jackson—Stechkin inequality
in L2(sm~1)
Ao(f) < Kwg(f,7), f € L (S™71),

let’s put

A(f) 2/agm—1
wi(f,7) SRR )}

Using the Plancherell formula, it is easy to see that the value of the best approximation for the function
f € L?(S™1) is expressed by
A2f = / y)[2dy.
ly|>o

It is known ([19], [13; 176]) that the S}, spherical shift operator with step h > 0 acts on the function
ey(z) = Y as follows:

Ky(1,k,m) = sup {

1 ; )

ey

EN

Vg = jmz (hlyl)ey (). (37)

Applying k times to both parts of equality (36) the spherical shift operator and using relation (37) we
have

1) = s [\ G (D) F)e ey (39)

From the definition of the difference operator by virtue of (38) we obtain

w\?s-

Aj f(x) =/ (1= jumz (Rly))2 f(y)e Vdy. (39)
R™

Hence, by virtue of the Plancherell formula from (39) we have
IAEFIE = [ (0= g2 ()7 0) Pl

5 The Jackson-Stechkin Theorem in L?(R™)

Theorem 6. Let k > 1,0 > 0. Then for any function f € L?(S™~1) it holds:

| ( Jo °© E B f,t)jm_z(ct)t™" 1dt>
As(f) < ;

< Jo © jm=2(ot)tm™= 1dt>

Mathematics series. Ne 2(110)/2023 153




T.E. Tileubayev

where gm—2 , is the first positive zero of the function jm—2(t).
2 2
Proof of Theorem 6. For any function f € L?(R™) and by the equality

A,(f) = { / | rf<y>|2dy}
y|>o

and applying the Holder inequality we have

o0

A0 = [Tz oldy = [T 1P gz (ol)dy =
= [P @I ua )y -

<A (o7 [T iR apa )" (40)

Since the equality holds
BB 1.0 = [ IR0 = oz o))y

then from (40) we have

A0 = [ 1) i by < 47 F (o™ Fuf (B71,1). (1)

By multiplying both parts of the inequality (41) by the Babenko weight function (see [8]) v(t) =
eI V(t), t€ Ry, o> 1, a="72 where

'm— t 5 O < t < fo.1
V(t) = Jmz2(ot) o
0, t> 2,
I'a+1) T 2
Thf(z) = —t ) 2+ h?—2zh o
nf(zx) Jia T 1/2) /0 f(Wax xh cos @) (sing)“*de

and integrating them over ¢ to zero to ga,1 = gm-2 ; We obtain
2 3

2901 2901

2 v — ’ i 2.m—2 v
a2yt [T [T 1R gty <

0

2901
_4ar - 2—
<ok As
0

EIN)

2
(fwi (B"f, t)o(t)dt, (42)
where Gm—2 is the smallest root of the function j m_2 (t). Since in [8] the inequality

2901
o

Jm—2 (tly|)v(t)dt < 0, for all |y| > 1 (43)
0

has been proved, so from (42) and (43), we obtain

A2(f) / o(t)dt < o~ F A2 wh (BT £, t)u(t)dt.

0 0
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Then, applying the properties of the generalized shift operator T, f (see [6-8]) we have
2401 )
s ot wf (BT s (ot
Ag (f) S ar 2qa,1 *
0'? fo 7 jrn 2 (Ut)tm ldt

It follows that

(S

2401 2
(fo 7 wr(B"f, )ym 2 (ot)t™™ 1dt>

A (f) <

[MIES

( Jo 7 jm—z(cot)tm ldt)

Theorem 6 is proved.
Corollary 1. Let k € Ry, k> 1, goq1 > 0,0 > 0, = mT_2 Then for any function f € L?(R™) the

inequality holds

Aglf) < o (B f, Pt

where ¢q,1 is the smallest root of the function j(t).
Proof of Corollary 1. Let’s first show that the functionality of the

| (1

Jk‘(fa C_Ia,l -

i

VS

k% B"f,)jm Q(Ut)tm_ldt>

o (1

is smaller than wyg(f, 2({%1) Indeed, it follows from the monotonicity of wg(f,t) that

m2 (o)t 1dt>

fzqa1 % Brf, ) g(at)tm_ldt>
2qa,1) _ ( 0 < o T (BT f, 2‘1“1) (44)

g - 2QQ 1 E g
( Jo © jm=2(ot)t™- 1dt>

From Theorem 4 and by virtue of (44) we have

Ji(f,

Ve

s (at)tm—ldt>
1) < I g Bty < g (Bry, 2y,

a,l 5 g g
<f0 jm 2 Ut)tm 1dt>

Remark. Earlier in [5,8,12] similar results were obtained. The proof of Corollary 1 of Theorem 6
given here is new, i.e. it differs from the proofs of the theorems of A.G. Babenko [8], D.V. Gorbachev
[12] and V.I. Ivanov [5]. The obtained result, which is a consequence of Theorem 6, coincides with
the exact result of A.G. Babenko [8] at k£ > 1. In the works [20-22] , direct theorems of the theory of
approximation were proved without refining the coefficients
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22 Ilnaromos C.C. O6obuieHHBIE COBUTH bBecceisst W HEKOTOPBIE BOIPOCH TEOPUHU IIPUOJIMZKEHMII
dyukuumit 8 merpuke Lo. I / C.C. Ilnaronos // Tpyuet [TT'Y. Maremaruka. — 2000.— 7.— C. 70—
83.

T.E. Tineybaen

JI.H. lymuaes amwvmdazv. Eypasus yammuk yrusepcumemi, Acmana, Kaszaxcman

Lo meTpukacblHAAFbI 1271 JI2keKcoH—CTedKNH TEeHCI3AiKTepi >KoHe
KaJmblLIanFraH ['aHKe diH bIFbICTBIPYbI

2Kywmpbicra f GyHKIUSICHIHBIH €H YKaKChl OPTAIla KBa/IPATTHIK, XKYbIKTaybl OOMBIHIIA, JopexKei cajMarsl 6ap
JKAPTHI OCHTE GipHeIe SKCTpeMa bl ecentep menriren. ['mibbept kemicriringe Ly camvarsr 129! mopeskeci
6ostaThiH, f GyHKIUACHIHBIHE Beccenbain 6ipinmi TekTi dyHKIMAIApH! OONBIHITIA KYPBLIFAH 0-pPEeTTi Aepbec
Tamkes MHTErpajIapbIMEH €H KAKChl XKybIKTaybl Fo(f) »KoHe k-perti y3miKCi3AIKTIH »KaJIbUIaHFAH MO-
aymi wg f(B") f,t) apaceragarer J>kekcon—CTEIKMH TUITI TEHCI3IKTEP aJIbIHFAH, MYHJIAFbl B-eKiHmi perTi

nuddepeHInaIBIK, OIIEPaTOP.

Kiam coesdep: eH KaKChI )KYBIKTAY, Y3LIICCI3 K MOYJTi, M-PETTI *KAJIbIJIAHFAH, TEriCTIK MOMIYJIi, THIBO6EPT
KeHicTiri.

T.E. Tuneybaen

Espasutickuti nayuorasvhoili yrusepcumem umenu JI.H. lymuaesa, Acmana, Kasaxcman

O06ob6miennbie capuru I'aHke st 1 TOYHbIe HEPABEHCTBA
Jxxekcona—CrteukuHa B Lo

B pabote permeno HECKOTBKO IKCTPEMAJIBHBIX 3329 O HAWIYYIIEM CPEIHEKBAIPATUICCKOM TPUOIIHKEHUN
dbyHKINM f Ha IOJIYOCH O CTEleHHBIM BecoM. B rumsbeproBoM mpocrpascTse Lo co cremeHHbIM Becom 271
MOJTy YeHbI HepaBeHCTBa Tuna J[>kekcona—Creaknna Mexx 1y Bequanuoit B, (f) — Hamrydnero npubamkenust
byHKINN f YaCTHIHBIMA HHTErpajgaMu [ 'aHKes s TOpsiAKa He Bblie o o GYHKIIM Becceist mepBoro poaa u
060BIIEHHBIM MOJLYJIEM HEPEPBIBHOCTH k-ro nopsaka wi f (B f,t), rne B — nuddepeHimanbHblii oneparop
BTOPOTO MOPSIIKA.

Kmouesvie caroea: HantydInee mpubIHKeHne, 0000IEHHBIA MOJIY/Ib TJIAIKOCTH M-TO MOPsi/iKa, THILOEPTOBO
MIPOCTPaHCTBO.
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