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Compactness of Commutators for Riesz Potential on Local
Morrey-type spaces

The paper considers Morrey-type local spaces from LMy, The main work is the proof of the commutator
compactness theorem for the Riesz potential [b, o] in local Morrey-type spaces from LM;)“G1 to LM;'JQQ.
We also give new sufficient conditions for the commutator to be bounded for the Riesz potential [b, I4]
in local Morrey-type spaces from LM;‘;} to LM;éz. In the proof of the commutator compactness theorem
for the Riesz potential, we essentially use the boundedness condition for the commutator for the Riesz
potential [b,I,] in local Morrey-type spaces LM, and use the sufficient conditions from the theorem of
precompactness of sets in local spaces of Morrey type LM,y. In the course of proving the commutator
compactness theorem for the Riesz potential, we prove lemmas for the commutator ball for the Riesz
potential [b, I]. Similar results were obtained for global Morrey-type spaces GMpy and for generalized
Morrey spaces M’ .
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Introduction

First we give some definitions.

By 9(I) we denote the set of all measurable functions on I . The symbol 9" (I) stands for the
collection of all f € 9(I) which are non-negative on I , while 9+ (I; ) and 9™ (I;1) are used to denote
the subset of those functions which are non-increasing and non-decreasing on I , respectively. When
I = (0, 00), we write simply 9t*, 9+ and 9T instead of MT(I) , M+ (I;]) and M*(I;1), accordingly.
The family of all weight functions (also called just weights) on I , that is, locally integrable non-negative
functions on (0, c0), is given by W(I).

For p € (0,00) and w € 9MMT(I), we define the functional | - ||, on M(I), by

s o JU @), it p < oo
paw,I * ess Sup]|f(x)‘w(x)7 if p = 0.

If, in addition, w € W(I), then the weighted Lebesgue space LP(w,I) is given by
LP(w, I) = f € M) : || fllpw,r < o0,

and it is equipped with the quasi-norm || - ||w.7. When w =1 on I, we write simply LP(I) and || - ||,.1
instead of LP(w,I) and || - ||pw,1 , respectively.

Let 1 < p,§ < oo, w be a measurable non-negative function on (0,00). The Local Morrey-type
space LM = LM (R") is defined as the set of all functions f € LfDOC(R”) with finite quasi-norm

17 = [ 1m0 |

where B(t,r) the ball with center at the point ¢ and of radius r.
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The space LM coincides with the known Morrey space M];\ at w(r) = r~*,0 = oo, where 0 <
A< %, which, in turn, for A = 0 coincides with the space L,(R"™).

Following the notation of |1,2|, we denote by €y the set of all functions which are non-negative,
measurable on (0,00), not equivalent to 0 and such that for some ¢ > 0

1w (r)[| Ly (t,00) < 00

Note that the space LM is non-trivial, that is consists not only of functions equivalent to 0 on R",
if and only if w € Q.
In this paper we consider the Riesz Potential in the following form

nf(@) = [ ,xf(yy@l_ady.
Rn

The Riesz Potential I, plays an important role in the harmonic analysis and theory of operators.
For a function b € L;,.(R™) by M, denote multiplier operator M,f = bf, where f is measurable
function. Then the commutator between I, and M, is defined by

ble) = b)) ),

n—o
|z — |

[b7 IOJ = Mplo — I My = /
Rn

The commutators for Riesz Potential were investigated [3-9].
It is said that the function b(x) € Loo(R™) belongs to the space BMO(R"), if

1
1B, = sup — / ba) — bo| de = sup M(b,Q) < o,
QCR" ‘Q| 5 QER”

where @Q - cube R™ and bg = ﬁ [ fly)dy.
R”

By VMO(R"™) we denote the BMO-closure C§°(R™), where C§°(R™) the set of all functions from
C*°(R™) with compact support. Through the x(A) denotes the characteristic function of the set
B C R™, and “A denotes the complement of A.

The main purpose of this work is to find sufficient conditions for the compactness of commutators
operators [b, I,] on the Local Morrey-type space LMy (R™).

We note that in the case of the Morrey space this question was investigated in [4]. The following
well-known theorem gives necessary and sufficient conditions for the boundedness and compactness for
[b, I,] on the Local Morrey-type spaces LMI%(R”).

1 Formulas and theorems

To formulate the following theorem on the boundedness of the Hardy operator in weighted Lebesgue
spaces, we introduce the notation.
Denote by

the Hardy operator.
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U.0):= [ utta

Vi(t) == /too v(t)dv.

Theorem 1. Let 0 < q,p < oo. Assume that u, v, w € W(0,00). Then inequality

L () llg,0,(0500) < €l il

p,w,(0;00) 7 f € DﬁT

with the best constant ¢ holds if and only if the following holds:
00 ;. 1
Af = supt>0(/ Ul(m)w(r)dr)aV, (1),
t

Ui(T)
Vi(7)

1 0
Al = supyoWa (75)(/ (
t

and in this case c =~ Aj + A].

Theorem 2. (see. [2]) Let 1 <p < g <o00,0< a= n(% — é), 0 < 0 < oo, (wy,ws) satisfy the
following condition

n

wa(r) <t—7|:r>p

Then the operator I, is bounded from LM ' (R") to LM (R™).

< Jwr ()2 t,00) - (1)
Lg(0,00)

It is well known that the boundedness of such operators on Morrey space LMIf‘@ (R) was considered
in [1,2].

The following theorem on sufficient conditions for the precompactness of sets on Local Morrey-type
and other spaces was proved in [10-14].

Theorem 3. (see. [13]) Suppose that 1 < p < 6 < 0o and w € Q9. Suppose that a subset S of
LM satisfies the following conditions:

sup £l ags, < 00, (2)
fes p

lim sup |-+ ) = £() | agy =0, (3)
u— fES P

= 0. (4)

lim sup Hch
B(0,r w
O Lary,

r—00 fES

Then S is a pre-compact set in LM (R).

1
:5—%,11)1,102699.

Theorem 4. Let 1 <p<g<oo,0<a<nandb€ BMO(R").1<p<?Z
Then the condition

Q=

Al = Supt>o(/too /TOO(1 + ln:)drw(T)dT);[/too u(t)dv] 7, (5)

Al = Supt>0W;(t)(/too(‘U/i((:§ )plU(T)dT)i < 0. (6)

Then the commutator [b, I,] is the boundedness operator from LMg' to LM7.
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Note that for the case of Morrey space LMZ;\H(O < A < 1) (ie, if w(r) = r=) this assertion was
proved earlier in [4], and in the case of A = 0 is - known Frechet-Kolmogorov theorem [15]. We note
that the pre-compactness some sets in Banach function spaces were investigated in [16]. Theorem 4 is
proved using theorem 5.4 from [17] and theorem 3.4 from [5].

Now we give theorem about the compactness of the operators [b, I,] on Local Morrey-type space
LM;‘@(R").
Theorem 5. Let 1 <p<g<oo,0<a<nandbe VMOR").1<p<Z, *:l—%,wl,ngQQ

P
satisfy the conditions (1), (5), (6). Then the commutator [b, 4] is a compact operator from LM to

LM;?.

To prove this theorem we need the following auxiliary assertions.

Lemma 1. Let n € N, 1 < p < 00, 1 < g < o0, O<a<n(1—%), B > 0. Then there
exists C' > 0, depending only on n,p, ¢, o, such that for some f € L,(B(0, 3)) satisfying the condition
suppf C B(0, ), and for some v > 23, t € R", r >0

H(Iaf)X“B(Oﬁ)HLq(B(t,T)) < Oy (mian{y,r}) e ”f”LpB(O,,B) : (7)

Proof. From the definition of the operator I,, we have

I— H(M) X50m || Ly (B

c
B(0,v)

1
q

= / / o OCcly dx <
|lx —
(t,r)NeB(0,y) R™
AN
< / / L)n—ady dz
|z —yl
(t,r)NeB(0,y) B(0.5)
It is clear that g < 3 for x € B(0,v),y € B(0, ) we have
_ =l =] |z|
—ul > _ > _ Lind ROV e AU L]
oyl o]~ ol 2] - p= 2 B 1 ®)
From this it follows that
q
n—o dx
I<2 —Taa |f(y)ldy <
||
¢B(0,7) B(0,8)

Q=

_1
< gn—a / n—a)atn=lg, | (v, ") ||f||Lp(B(0 B~
2

=9

1
n—o n 71—y n(l—1) a—-n(1-2
=7 (a)q—n) R ) PR

—C a—n(l—%) 9
=Ciy 112, (B(0,8)) - (9)

B =73 for x €° B(0,7),y € B(0, (), then using (8) we get |z —y| > %
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Next, we consider

Q=

[ < mogen /dx / F)ldy <
(t,r) B(0,8)

1 nyl—1
<27 (™) (0nB™)' 7 I f B0,y =

=y " || fll L, Bo.g) - (10)
From inequality (9) and (10) it follows (7), where C' = max{C1, Ca}.
Lemma 2. Let n € N, 1 <p<oo, 1 <qg<o0, 0< a<n(1—%), 8 > 0. Then there exists

C > 0, depending only on n,p, ¢, a such that for some f € L,(B(0,0)), b € Loo(R™), satisfying the
condition supp b C B(0, ), and for some v > 24, t € R", r > 0

a—n

1. ) Xm0l ey < OV (mind, 7)) 16l ey 1, 50,0 (1)

Proof. Let v > ,supp b C B(0, 3), for z €° B(0,7),b(x) = 0. Then

H[b7 I.] foﬂ

0NN Lg(B(tr))

Q=

q

_ / / (b(x) = b(y))f(y) iyl ar| <

n—«
|z — |

(tr)NeB(0,y) R™

1
/ / b(y)fgzy_)a ayl ax| < / / Ib(y)\\fézja\ dayl dr| <
lz =y |z —y|
(t,r)NeB(0,y) Rn (t,)NeB(0,y) B(0,8)

q

/ / dey dx Hb”Lg(Rn)S

(t,r)N°B(0,7) [B(0,5)

IA

Q=

IN

1

q
f(y
< / / yx|—(yyl|ady do | 10l zyqeny = || T g,

(t,r)NeB(0,y) R™

b ny -
LB 161l 2 ()
From this and from Lemma 1 we obtain the inequality (11).

Proof of Theorem 5. To the proof of Theorem 5 it is sufficient to show that the conditions (2)—(4)
of Theorem 3 are hold.

Let F be an arbitrary bounded subset of LM ' Since C2°(R™) is dense in VM O(R™) we only need
to prove that the set G' = {[b, []f : f € F,b € C°} is pre-compact in the GM;. By Theorem 3, we

only need to verify the conditions (2), (3) and (4) hold uniformly F for b € C2°}.
Suppose that

1 llzags < D.
p

Applying condition (1), we have

116; Lol fll pagee < C - [[bllx sup [|f]l e < C - Dbl < oo
P fer
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This implies that the condition (2) of Theorem 3 is hold.
Now we prove that condition (4) of Theorem 3 also is hold, i. e.

tim (1, ] s,

=00 LM}
It follows from Lemma 2. Indeed
{CEAFICHN B
_ HW) |2 %50, o oS

< OV bl ey 112, 505 sup sz(r) (min{y,r})»
>0,

Le(0,00) .
zeR"
When r < 1 < we have (min{’y,r})% =rp. By condition sz(r)r% Laliio0) < 00.
61,00
When v < t < r we have (min{~,r})? = ~r. By condition HwQ(T)HLe(O,t) < 00
Therefore
711_}11.1O H([ba Ia] f)XCB(OW) LM;:(;Q -

This implies the required condition (4).

Now we prove that condition (3) of Theorem 3 for the set [b, I,](f), f € F, is hold i.e. we show
that for any 0 < € < % and if |z| is sufficiently small depending only on &, then for every f € F.

(6 Lo+ 2)) = I Tl SOVl gagzp < C e

Let ¢ arbitrary number such that 0 < e < % For |z| € R™ we have, that

[fo L) f(x + 2) — [b, L] f(2) = / b +2) —bWIfW) ;- / o) bW/ W),

|z + 2z =y [z —y[nm

_ / [b(z +2) — b(y)]f(v) dy / [b(z) +b(x + 2) — b(z + 2) — b(y)]f ()

22—y =y W=
ettt
+R[ [b(= sz)_;,i(_xi]f(y) dy =
- R/ ) oo+ ) (2 W IO Yy [N,

- [ berdcder,

|z — gy a

fly) f(y) )
! / (!w—y!”‘a \x+z_y|n_a)[b< +2) = b(y)ldy+

1
lz—y[>|z[e=
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P ) CI W g 0 B SO

|z -y |z 42z —y[*e

-

le—y|<|zle* le—y|<|zle*
=J1+ Jo+ J3 — J4. (12)
Since b € CF'(R™), we have
b(7) — b(x + 2)| < [Vf(2)| - |2]| < Clz].

Then
1] < ClzlLa([f]) ().
By Theorem 5

1Tl Lagzz < Clel I La(f) lparip < Clel || f sy < CDlzl. (13)

For Jy we have that
(b +2) — b(y)) <2 || b oeZ C.

Therefore

el [ < ).

jr—y[>[2e®
Again by the of Theorem 1 we get
92 lgages < e | 1af) lppma S ce [ C- D

Consequently,

fly - [y _
R =R T Ay < 0L @)
o=yl <|zle? o=yl <zle?
Thus, we have
5 lgarea S €+ 2l I Tal) g < C e 2l | £ lpagm < €712l (14)
Similarly, using the estimate finally by

b(z +2) = b(y)| < Clz + 2z —yl,

we have
|Jy| <C / x4 2 —y| T b(y)|dy < CeHzl + 12 La (1 f]) (2 + 2).
lz—y|<es " (y)
Therefore
I Jallparee= € (e Mzl +120) || f lzarsy =< C- (e Mzl + Iz]). (15)

Here C' does not depend on z and ¢. Finally from (12)-(15) taking a |z| small enough we have
116, Ta(F)+ 2)) = b, Zal FOllgarez < 11l gagee + [l pages + sl pages + [ all gagez < C- D -
P P P P P

i.e. the set [b,1,|(f), f € F satisfies the condition (3) of Theorem 3. Then by Theorem 3, the set
[b, I,](f), f € F is precompact in the LM;)‘(’f. Which completes the proof of the theorem.
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JI.T. Maruu, T.B. Axakanos, A. Anuixanos

JI.H. lymuaes amovmdazv. Eypasus yammuk yrusepcumemi, Acmana, Kaszaxcman

JIokanpai Moppu tunrec KeHicriringe Pucc noreHmmuaJg
KOMMYTATOPbIHBbIH, KOMITAKTHLIBIFbI

Maxamama LMy, mokamsai Moppu tunTi kenicrikrepi KapacToipsurran. Herisri sxymsic LM 1’;‘2)1 -naH LM;?—
re peitinri jokaabai Moppu tunti kenicrikrepgeri [b, Io] Pucc morennmasb yimiH KOMMYTATOD/IBIH KOM-
HaKTBUIBIK, TeopeMachiH maueney. Conpaii-ak, Pucc morenimasnsl yuia koMmmyraTopapsiy, [b, Io] jgokasnbai
Moppu Tunri Kexicrikreperi LM:él—;[aH LM;(Z)2 IIEHEJINeH 1IN VIMH >KaHa »KEeTKUIKTI maprrap OepiireH.
Pucc moreHnmans yiiH KOMMYTATOD/IBIH, KOMIIAKTHUIBIK, TEOPEMACHIH JpJeseye Herisined, [b, In] Pucc
HOTEHIUAIbI YIIH KOMMYTaTopAbiH, LMy, nokanbai Moppu THNTI KeHICTIKTepiH/e MeKTe/IreH MmapThl, Co-
HBIMEH KaTap LM;,”Q Jokaabai Moppu TUNTI KEHICTIKTEPIHIET] XKUbIHIAPAbIH, KOMITAKTHLIBIK, TEOPEMAaCHIHBIH,
JKeTKIMKTI maprrapsl naiiajaHblIrad. Prucc moTeHnuasbl YIiH KOMMYTATOPBIH *KIHAKBUIBIK TeOpeMa-
coiH sputengiey Gapbicbiaaa (b, In] Pucc moreHnpasnsl yiiiH KOMMYTATOD MIAPBIHBIH, [IEHEINeH JIEMMAJIaphl
anbIKTasrad. OCbhIFaH yKCaC HOTUXKEJIEp GM;% ri1o6aJibabl Moppy THUNTI KEHICTIKTEp YIMH XKoHe M;” XKaJ-
neLaarad Moppy KeHIiCcTiri yImiH jie ajibIHFaH.

Kiam cesdep: KOMIAKTBLIBI, KOMMYyTaTOpJIap, Pucc norennuasst, Jokaabai Moppu Ttunti KeHicTikTep.

JI.'T. Marun, T.B. Axaxkanos, A. Auixanos

Espasutickuti nayuorasvhouli yrusepcumem umenu JI.H. lymuaesa, Acmana, Kasaxcman

KomimakTHOCTh KOMMYTATOPOB [Jis moTeHInada Pucca B JToKaJIbHBIX
nmpocTpaHcTBax Tuiia Moppu

B craTpe paccMOTpeHbI JIOKasIbHbIe TpocTpancTsa Tuna Moppu n3 LM ;. OcrHoBHoil paboToii sBjsieTcs 1o-
Ka3aTeJIbCTBO TEOPEMbI KOMIIAKTHOCTH KOMMYTATOPa s HoTeHImana Pucca [b, ] B JIOKaJIbHBIX IIPOCTPaH-
crBax Tuna Moppu us LM;"Q1 B LM;?. IIpuBenensr Takke HOBBIE TOCTATOYHBIE YCJIOBUS OTPAHUIEHHOCTH
KOMMyTaTopa Jist noreHnuana Pucca [b, I] B 10KanbHBIX IpocTpaHcTBax THla Moppu u3 LM;‘él B LM;(;?.
B nokazarenbcrBe TEOpEMBI KOMIIAKTHOCTH KOMMYTATOPa JIs IOTEeHInaIa Pucca cymecTBeHHO UCIOIb30-
BaHbI YCJIOBUE OTPAHMYEHHOCTH KOMMYTATOpa Jis noreHnuaina Pucca [b, Io] B JTOKAJIbHBIX IPOCTPAHCTBAX
tuna Moppu LMy, a Tak»e JI0CTATOYHbIE YCJIOBUS U3 TEOPEMbI IIPEIKOMIIAKTHOCTH MHOYXKECTB B JIOKAJ/Ib-
HBIX mpocTpancTBax Tuna Moppu LMyy. B Xome jokasaTe beTBa TeOPEMbl KOMIIAKTHOCTH KOMMYTATOPa
IS TOTeHIma a Pucca moaTBep:K/IeHbl JIEMMBI OIEHKHU IO IMapy KOMMYTATOpa JJis moTeHnuasna Pucca
[b, In]. AHajormdnbie pesysibrarel GbLIM IIOJIYYEHbI [UIsi TIOOAIBHBIX IPOCTpaHcTB Tuna Moppu GMyy u
[t 06001IeHHbIX HpocTparcTs Moppu M.

Karouesvie ca06a: KOMIAKTHOCTb, KOMMYTATOPBI, ITOTeHINA Pucca, jlokaJbHbIe TpocTpaHcTBa Tuna Mop-
pu.
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