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On Some Non-local Boundary Value and Internal Boundary Value
Problems for the String Oscillation Equation

The work is devoted to the problem of setting new boundary and internal boundary value problems for
hyperbolic equations. The consideration of these settings is given on the example of a wave equation.
The research involves the d’Alembert method, the mean value theorem and the method of successive
approximations. The paper formulates and studies a number of non-local problems summarizing the classical
Goursat and Dardu tasks. Some of them are marginal, and the other part is internal-marginal, and in both
cases both characteristic and uncharacteristic displacements are considered. It should also be noted that
a number of problems discussed below arose as a special case in the construction of the theory of correct
problems for the model loaded equation of string oscillation.

Keywords: Wave equation, general solution, Cauchy problem, Goursat problem, Darboux problem, problem
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Introduction

Boundary value problems for partial differential equations with nonlocal conditions present a class
of problems solvability of which is important both for differential equations development and for their
applications. They can be used in mathematical modeling as well as in the theory of loaded equations
and coefficient inverse problems.

In 1969, in the work [1] A.M. Nakhushev proposed a number of problems of a new type, which
entered the mathematical literature under the name of problems with displacement. These tasks were
announced as part of the implementation of the problem of finding correctly posed problems for second-
order mixed-type equations with two independent variables, put forward in the 60s of the last century
by A.V. Bitsadze.

In accordance with the classification proposed by him in [2, 3], these problems, bounded by two
intersecting characteristics of a given hyperbolic equation and one characteristic line, are non-local and
with an edge offset. The bibliography of works devoted to regular local and nonlocal boundary value
problems for strictly hyperbolic equations is very extensive and is most fully given in the monograph
[4]. Let us note some of them that are closest to the problems discussed in this paper [1-11].

In this paper, a number of non-local problems generalizing the classical problems of Goursat and
Darboux are formulated and investigated. Some of them are marginal, and the other part is internally
marginal, and in both cases both characteristic and non-characteristic displacements are considered.
It should also be noted that a number of the problems discussed below arose as a special case when
constructing the theory of correct problems by analogy with [7]| for the model loaded string oscillation
equation.
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1 The main part

In this paper, the wave equation is considered as a model equation with second-order partial
derivatives of two independent variables  and y a hyperbolic equation

Ugg — Uyy = 0. (1)

Let 21 be a simply connected domain of the plane of a complex variable z = x + iy, bounded by
the characteristics AB, BC, CD and DA equation (1), coming out of the points, respectively A (0, 0),
B (%, %), C(1,0) and D (%, —%); AC = J. By Q5 we denote the area bounded by the characteristics
AB, BC and the segment AC of the straight line y = 0.

By the regular solution of the equation (1) we will understand any function u (z,y) € C (Qz) N

C?% (%), i = 1,2 satisfying equation (1).
2 Non-local problems with edge displacement

Problem 2.1. Find regular in the area €; decision u (z,y) equation (1), satisfying conditions

T x 142 -1 .
u(2,2>+a1(x)u< 7 3 >'yl(a;),:c€J,

u(t x)+a2(x)u<1+x 1”) — (@), wEJ,

27 2 2 72
where
a1 (0) - a1 (1) # a2 (0) - az (1), (2)
a1 (x) - ag (x) # 1,Vx € J, (3)

a; (2), vi(x) e C(J)NC*(J), i=1,2.

Based on the Asgeirsson principle for characteristic quadrilaterals with vertices respectively at point
z+1 z-1 Tz T 1 1
00 (5 5) 3 (3 3)
142 1—2 T T 1 1
(0’(’)’( > 3 )’<2’ ~3): (2’ 2>

it is easy to verify the equivalence of problem 2.1 to the following algebraic system

oG 5 v G5 =me-a@ o (55) -eo0]

ar (@) u (5, 5)+u (5.- 5) =@ -0 @) [ue—;) —u(0,0)],

which by virtue of (2), (3) is unambiguously and unconditionally solvable in the class C' (J) N C3 (J).
Therefore, problem 2.1 is reduced in an equivalent way to the Goursat problem with data on AB
and AD, which is known to be correct.
Problem 2.2. Find a regular ; solution u (z, y) of equation (1), the domain satisfying the

conditions . .
T X +x —x -
u(E, 2)—1—0q(:n)u< 5 >—71(;1:), xeJ,

and
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o(Z x>+a2(m)u(x+1,x_1) — o (z), e,

2 2 2 2
where
a1 (0) - a1 (1) # a2 (0) - a2 (1), (4)
l+ay () #0,1+ag(z)#0Vz e (5)

a; (z), 7 (z) € C(J)NC*(J), i=1,2.

Based on the Asgeirsson principle for characteristic quadrilaterals with vertices respectively at

points
T x z+1 -1 11
oz 1.0 -z
(2’2)’(’)’< 2 72 )’(2’2)

T x 142 1—=x 1 1
Lt 1 oz
<27 2)7( 70)7( 2 ) 2 )7 <27 2)

onvinced of the equivalence of problem 2.2 to the following two algebraic systems for finding

and

we are C
w (39w (3 —5) u (25, 25 and w (12, 152)
(2 g el ) =ne,
w3 3) —u(H 5 =u (3 3) —u(0)
and
65 B +oa ultie 1) )
(3.5 —u (2 5 =u (3. —3) ~u(1.0),

which, by virtue of conditions (4), (5) are uniquely solvable.

Therefore, problem 2.2 is reduced in an equivalent way, as in the case of problem 2.1, to the Goursat
problem.

Problem 2.3. Find a regular € solution u (z,y) of equation (1), in the domain of equation (1),
satisfying the conditions

w(55)rm@u(* 55150 = nw e )
u E,—g + s () u 1—w’1—w =y (x), z€J, (7)
2 2 2 2
where
l—a1(1—2) as(z) #0,2 € J, (8)

ai(x),'yi(x)EC(j)ﬂCQ(J), i=1,2.

Replacing in (6) everywhere x by 1 —z, to find u (%, —%) we obtain the following algebraic system

T T l—z 1—2x
1- <7a_7> ’ = 1- 9
(-2 u(f -5)+u (5515 ) =ma-o

u(5 —3) +az(@) (1;‘” 1;‘”) =2 ().
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Similarly, replacing in (7) z by 1 — z, to find u (%, %) we get

u(3 D) +a@e (5515 =n ).

og(l—x)u(%, :;:>+u<1;3:’_1;x> =y (l—x).

The last two systems are unconditionally and unambiguously solvable under the conditions (8).
Therefore, problem 2.3 is reduced equivalently, as in the case of problem 2.1, to the Goursat problem
Problem 2.4. Find regular in the area )y solution u (z,y) of equation (1), satisfying conditions

T T 2—z =z -
u<§, 2)+a1(x)u<2, 2) = (z), z€J,

r 2—x =z -
u(2,—2)+a2(x)u< 5 7—2>:’yg(az),z€J,
where a; (z), v (z) € C (J)NC%(J), i=1,2.

Based on Asgeirsson’s principle for characteristic quadrilaterals with vertices respectively at points
11 2—z x l—-2 11—z
(0)0)7<272>)<272>7< 9 y 9 )
1 1 2—x x l—2z 1—-2
(070)7 <27 _2>7< 2 ) _2>7< 2 ) 2 >7

we are convinced of the equivalence of problem 2.4 to the following algebraic system

and

(530 (555 - m@ [o(5) -woo),

22
u(G.-5) +ea (@) u<1;x 1;””) — o (&) — s (2) [u G—;) —u(0,0)}

Therefore, problem 2.4 is equivalently reduced to problem 2.3.

Problem 2.5. Find regular in the area {2y solution u (z,y) of equation (1), satisfying conditions
T x 2—x x =
u(g, §>+a1(x)u < 5 ,—2>—’yl(w), x € J,

T T 2—x «x -
U(Z’ 2)+a2(a:)u< 5 ,2>:72(:c), reJ,

where
a1 (0) # a2 (0), a1 (1) -z (1) # 1,
ar(x)-a1(1—2)# Las(z) - as(1—z)# 1V € J,
a; (), 7 () € C(J)NC*(J), i=1,2.

Using the same reasoning as in problem 2.4, we are convinced that problem 2.5 is equivalent to the
following algebraic system

o(E D) w1555 = nw @ o 1) —u00)

27 2
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() () =m0 [o 5. 3) oo,

which is apparently equivalently reduced to the next two algebraic systems

(0.0 ra ) n(5, 199 ) o) () —3) <u0. 0]
(120) w3 5) + (5 5 = (1 —2)—n (1= 2) [u (b —1) — u(0.0)]
and
{u(g,—g)+a2<x> (5% 554) = (@) —az (@) [u(3,3) —u (0, 0],
(1—2 z +u(15$,ﬂ)—w2(1—az)—a2( —x) u(é,Q) (0,0)}.

If the conditions (9) and (10) are met, the last two systems are unambiguously and unconditionally
solvable. Therefore, problem 2.5, as in the case of problem 2.1, is equivalently reduced to Goursat
problem.

3 Non-local problems with intra-boundary displacement

Problem 3.1. Find regular in the area € solution u (z,y) of equation (1), satisfying conditions

11 _
u(i,;>+au<2,2—x> =v(x), x € J,

u(x,0)=71(x), x €J, (11)

where .
o # 3 aly(l)—ar(l)] = (a2+a—1)7(0)—(1—a) ~(0), (12)
T(:U),v(m)EC(J_)ﬂCQ(J). (13)

Based on Asgeirsson’s principle for characteristic quadrilaterals with vertices respectively at points

T T 11 l-z 1-=2
(2’2)’<2’2‘$)’( 2 2 >a“d @0,

seeing the equivalence of problem 3.1 to the following algebraic system

()
u(gg)Jru(;;—x) :u<1;x,1;x>+u(a¢,0).

(1-—a)u (g §>+au<1;x,1;x>:7(x)—om(x). (14)

Changing everywhere x on 1 — x, from the last equation we get

From where

au(:; ;)+(1—a)u<1;x,1;$>:7(1—x)—a7(1—m). (15)
From the system (14), (15) we find that
u(25) = o (@) —ar ()] - o (1 - ) — a7 (1 - ). (16)
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Consequently, the solution of problem 3.1 is equivalently reduced to the problem of Darboux (11),
(16), the regular solution of which, when the conditions (12), (13) are met, exists only. Next, obtained
in the area 25 the solution can be naturally continued throughout €2;.

Problem 3.2. Find regular in the area {5 solution u (z,y) of equation (1), satisfying conditions
1|1 =
u(;,§)+au(2,2 >:'y(1:),a:€J,

u(z,0)=71(z), x € J.

— T

. . . 1 . .
By virtue of the Asgeirsson principle 0 < z* < 3 fair ratio

u2,2 u2,2x—ux, U 7 3 .

For a symmetric point with respect to zero, the following ratio is valid

u(g;*,x;)—i-u(;, % >:u(l—x*,0)+u(1_2x*,1_2x*>.
This suggests that the mean theorem, which is valid for all 2 € J we can only use it when
u(z,0) =u(l—=x,0).
Theorem 3.1. Let 7 (), v (z) € C (J) N C?(J) and the conditions are met
a#l,7(z)=7(1—2) Vo€ J. (17)

Then there is only one regular in the field (2o problem solving 3.2.

When the conditions (17) are met, it is sufficient to repeat the same reasoning and calculations as
in the study of problem 3.1 to prove the theorem 3.1.

Problem 3.3. Find a regular solution in the region of Q9 of the u (z,y) equation (1) satisfying the
conditions

272
u(z,0) =1 (z), z €J. (19)

u(? x)+ﬁu(;,;>:'y(x),x€j, (18)

Theorem 3.2. Let |B| <1, 7 (x), v (x) € C (J) N C?(J) and the condition is fulfilled

#0)+ m(é) — 4(0).

Then problem 3.3 is uniquely solvable, its solution is represented as

u(z,y) =T(wy)+ﬁ[f<1_x+y> T<H_y)] =@ —y)+y(z+y)-

2 2
_gg(_l)zﬂi M(?j - 1)2i+a: - y) _7<(2j - 1)2i+x+y)_
(=Y —zty (2j—1)i—x—y (20)
+ﬁf<2<35 -y ; +;<<2<2f >>
21 2t

_57<2(2j_ 1)2;11 —:L‘—I—y) -l—,BT(Q(Qj_ 1)2;11 —x—y)} ‘
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Proof. Tt is known that any regular solution of the equation (1) can be represented as

u(z,y) = flz —y) +g(z +y), (21)

where f(z), g(z) € C?(Q) N C(Q).
Satisfying (21) conditions (18), (19) for finding f(z) and g(z) we obtain the following system of
functional equations

f(@) =7(z) — g(z), (22)
g(x)—59<1;$)+59(1;x>—v(m)—ﬁ7<1;$>~ (23)

The solution of equation (23) under the condition || < 1 can be constructed by the iteration
method. Indeed

etc.
Continuing this process indefinitely, we get

o) =)~ o (257 )¢

+ii(—1)’ﬂi [V<W> —7<(2j_2?_m>+ (24)

=1 i
+/87_<2(2j _212-1_1_ 1 —i—a:) B 57'<2(2] _212,_3— 1-— :L'>:| .

It is easily verified that the series itself (24) the series obtained after differentiation converge
uniformly. Substituting (24) into (22) we find f(z) , and hence u(x,y) by formula (21).

It should be noted that formula (20) in the case of 8 = 0 coincides with the formula for solving the
Darboux problem.

Conclusion

In this paper, all problems are considered in the characteristic quadrilateral; therefore, the choice
of an inner manifold, the points of which are associated with the boundary manifold, is small. In the
case of sufficiently derived domains (for example, a rectangular noncharacteristic domain), a problem
arises both in the nonlocal condition itself and in the corresponding inner manifold. This method is of
particular interest for weakly hyperbolic equations.
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A X. ArTaes

PFA Kabapdun-Baakap evtavimu opmasvievinvy Koadanbais, Mamemamuka sHcone asmomammandopy uwHCmumymol,
Hanvuux, Peceti

Iimek TepOeJiciHiH TeHJeyl YIIiH Keiibip OeifioKaJl IMeTTIK »KoHe 1IKi
IIETTIK ecenTep

ZKywmpbicra kimaccukadblk ['ypca kone lapOy ecenrepin »KaJmbLIafiTeiH OGipkaTap Oeijiokas ecenrep Ty-
JKBIpBIMIAJIFal 2KoHe 3eprresred. Osap/abiy Keiibipeysepi merTik, ai ekinmi Gesiri imki nierTik GoJIbIn
TabBLIA Bl KOHE €Ki KaFmaii/ia Ja CUMaTTaMAaJIbIK, YKOHE CHAMIATTAMAJBIK, €MeC BIFBICYIAp KapaCThIPBIIFaH.
Conjaii-ak, MakaJsajia KapacTbIpblIFaH Oipkarap ecentep imek TepOesicCiHig MO/IeJIb/IK X KYKTEJIreH TeH eyl
VIIiH KOPPEKTiIl KOMBLIFAH eCenTep TEOPUSICHIH KYPY/Ia €PEKIIe Karqail peTiH/ie TybIHIaFaHbIH aTall OTKEH
2KOH.

Kiam cesdep: TONKBIHABIK, TeHAELY, Kaansl merriM, Komu ecebi, 'ypca ecebi, [lapOy ecebi, cumarraMaibik,
BIFBICY €CENTEeP], CUIIATTAMAJIBIK €MeC BIFBICY ecerTepi.
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A .X. ArTacs

HUnemumym npuraadnotd mamemamury u asmomamusayuu Kabapduno-Baskapckozo nayunozo yenmpa PAH,
Hanvuux, Poccus

O HEKOTOPbIX HEJIOKAJIbHBIX KPa€BblIX M BHYTPEHHHNX KPa€BbIX
3aJavax [AJId ypaBHEHUA KOJIeOaHUsI CTPYHBbI

B pabore chopmynupoBans! u nccaeqoBaHbl HEKOTOPBIE HEJIOKAJIbHBIE 331291, 0000IIAIONINE KIACCUIeCKNe
zazaqan ['ypca u [Tap6y. HacTb u3 HUX SIBJISIIOTCS KPAEBBIMU, a JIpyTasi — BHYTPEHHUMU KPAeBbIMU, [IPUYEM B
060UX CIIydasix PACCMOTPEHBI KaK XapaKTePUCTUIECKNe, TaK U HeXapaKkTepuctudeckue cMemtenusi. Ciemyer
TaKKe OTMETUTD, YTO PsiJl 33,1449, PACCMOTPEHHBIX B CTAThE, BOSHUKJIU KAK YACTHBIA CJIydail IIPU IIOCTPOEHUN
TEOPUM KOPPEKTHBIX 3aJ1a4 JJIsi MOJIEJILHOIO HAIPYKEHHOIO yPABHEHUs KOJIEOAHUs CTPYHBI.

Kmouesvie caosa: BOJHOBOE ypaBHeHme, obiree perenne, 3agada Komm, 3amada ['ypca, 3amada [lapOy,
3a/lava ¢ XapaKTEePUCTHIECKUM CMEIEHUEM, 3a/1a9a ¢ HEXapAKTePUCTUIECKUM CMEIICHUEM.
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