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A problem with shift for a mixed-type model equation
of the second kind in an unbounded domain

This article studies a problem with shift in the characteristics of different families in an unbounded domain
for a mixed-type model equation of the second kind. The elliptic part of this problem is the vertical half-
strip; the hyperbolic part is the characteristic triangle bounded by the characteristics of the equation. Using

the extremum principle we prove the uniqueness of the solution. With the integral equations method we
prove the existence of the solution.

Keywords: mixed-type equation of the second kind, problem with a shift, uniqueness and existence of a
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1 Statement of the problem
Consider the following equation
Uge +signyly|™uy, =0, 0<m<1 (1)

in unbounded mixed domain = QU JU,Qy, where @ = {(z,y):0<2 <1, 0<y< +o0}
J={(z,y) : 0 <z <1, y=0}and y is the domain of half-plane y < 0, bounded by the characteristics
of equation (1)

AC: 2 —[2/2-m)] (-y)* ™ =0, BC: z+[2/2-m)](-y)* ™2 =1,

2

going out of points A(0,0) and B(1,0) and intersecting at point C(3, —(%72)2="), and by the AB
segment of the abscissa axis, we assume the following notation:

B:m/(2m_4)’ le{(l’,y)0<y<+00, .I:O}, JQZ{(JL‘,y)ZO<y<+OO, le}a

(oo ). 5

Problem S*°. Find function u (z,y) that satisfies the following conditions:
u(z,y) € C(QUJL U, UAC UBC)NCHOQ U J)NCHQ U J) N C%(Qq U Qy), it satisfies equation
(1) in domains ; and Q9, and has the following property u,(z, +0) = v (z) € C*(J) and at the ends
of the interval it can turn to infinity of order —25 for x = 0 and of order % — B for x = 1 with the
following boundary conditions:

w©0,9) = 1 (), u(l,y) =2 (y), 0 <y < oo, (2)
lim wu(z,y) =0, uniformly in z € [0,1], (3)
Yy—r—+00
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a(z) D, Pulfo (x)] 4 b(z) DL Pul6y (2)] = e(x), Yz € J, (4)
Ou(x,—0) _ OJu(x,+0) 5)
oy oy
Here a2 (z) + b2(x) £ 0, Vo € J; a(z)z~? + b(x)(1 — 2) ™7 £ 0, Vo € J; the functions ¢; (y) € C(J;)
are such that 1 (0) = 0, @2 (0) = 0, and the integrals
2
| (2—m \2-
©i [( 9 5) ]

o _2 o0

m — 2—m m
/52(2m) i [(2 2ms> ] ds, /5(2m>
0 0

converge; —1 < —MIU=D L < 0 () = ar(@)a?, p < B, o (2),b(x) e (2) € C(T) N C3I);

here DS, [f(z)] is the operator of fractional integro-differentiation in the sense of Riemann-Liouville [1].

u(z,—0) = u(z,+0),

ds (i=1,2)

2 Uniqueness of the solution

The solution to the Cauchy problem has the following form [2]:

1
u(z,y) = /T{[:ﬂ— (1 —%)(—y)ﬁ] t} [a:+ (1—28)(—y)T% — at + (1 — 28)(~y) 7t 7y
0

X [x (- 25)(—y)ﬁ} "t P+

1 1-28
2cos7r6[2(1—2/8)] X

1
L - - I'(2-28)
XO/T [2— (1= 28)(~) ™7 (20— 1)] () (1 - 1) it - g

1
< [ o= 1= 2807 2t = D] ()P0 - )P, (6)

0

where

v (z) = uy(z, —0), u(z,0)=7(z) =T(1—28)D>'T(x). (7)

Considering the definitions and properties of operators of fractional integro-differentiation in the sense
of Riemann-Liouville from (6), we have (8)

) I'(2—2p) A1

U lb0(@)] = 5ostrgy Do T@™ - T a2 1@ —o)(®)
U0 @)] = (1= 8)DG @)1~ )+ LoD D a1 - )

- (2 - 28) 51
r(1- g1 —28) %™

Now, substituting (8) and (9) into the boundary condition (4) considering (7), we obtain

r(2—29)
D(1— B)[2(1 - 28)

n (x)wiﬂ. 9)

7 @2+ b(@) (1= 2) 7| (@) =
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ra-zs

= c(a) + 5o a(z)z? + b(z)(1 — x)*ﬁ] T(x)+ (10)

+b(2)T (1 = B) Dy * D T () (1 — )~
Next, consider the superposition of two operators
1— -1 _

where function T'(z) is continuous in the interval (0,1) and integrable on the segment [0,1]. The
following equality holds

. ! 1-28
DD )1 ) = 1)1 )P cosmp+ T [ L0 (11)
/ (1—z) "(t—2)

(the integral here is understood in the sense of the Cauchy’s principal value). From (10), considering
the properties mentioned above, we conclude that v;(x) belongs to the class of functions integrable on
the segment [0, 1] and continuous in the interval (0,1).

Theorem. Problem S cannot have more than one solution.

Proof. Let u(x,y) be the solution to homogeneous problem S*°. At that ¢(z) = 0. We can prove
that u (z,y) =0in QU J; U Jo U AC U BC.

First, we prove that u (z,y) = 0 in Q; U J; U Jo U AB. Let us assume the opposite. Then there

is domain 1, = {(z,y): 0<x <1, 0 <y < p}, in which u (x,y) # 0. Therefore, sup |u (z,y)| > 0
Q1,

and this value is reached at some point (£,7) € Q.
We introduce the notation 021, = ABU BD U DP U PA, where

AB={(z,y): 0<z<1l,y=0}, BD={(z,y): =1, 0<y<p},

DP={(z,y): 0<z<1, y=p}, PA={(z,y): 2=0, 0<y<p}.

According to the extremum principle for elliptic equations [3], it follows that (£,7) ¢ Qi,. Due
to homogeneous conditions (2) (£,n) ¢ BD U PA. Then (£,17) € ABU DP. Let (¢,n7) € AB, ie.,
sup |u(z,y)| = sup |u(z,y)| = |u(§,0)] > 0, 0 < & < 1. Then if u(£,0) > 0 (< 0), ie., (£0) is a
Qi1p AB
point of positive maximum (negative minimum) of function u(z,y), then according to the sign lemma
proved in [4], and due to the Zaremba-Giraud principle [3], it follows that (£,n) ¢ AB. Therefore,
(¢,m) € DP, ie. sup |u(z,y)] = sup |u(z,p)] > 0. Taking arbitrary number p; > p, we obtain

a 0<z<1

0,

by the same method sup |u(z,y)| = sup |u(z,p1)] > 0. Since Qi, C Qi,,, then sup |u(z,y)| >
ﬁlpl 0<x<1 ﬁlpl

> sup |u(z,y)| > 0, i.e. sup |u(z,p1)| > sup |u(x,p)] > 0. This implies that lim wu(x,y) # 0,
Q1 0<z<1 0<z<1 y—r-+oo

which contradicts condition (3). Therefore, u (z,y) = 0, (x,y) € Q1 Ul; Uls U AB. Hence, from (6) and
(10), it follows that u (x,y) = 0 in Q. Therefore, u (z,y) =0, (z,y) € QUI; Ul U AC U BC, whence
follows the assertion of the theorem.

3 Existence of the solution

Solving the problem N in the area of ellipticity of equation (1) according to the S.V. Falkovich
method [5], we obtain the solution in the following form:
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1 o0
t
u(z,y) = k\/g/ v Z Sin L sin i —_ K, <2n7rayi) dt+
0

n=1
7 20 5\ 2 T sh(l—x)\ 1
+\/gj/ [8] ©1 [(20) } SdS/Ash)\Ja (2)\ay2a> J_a (As) dA+
0 0
T 2a : 5\ 2« T shxA 1
- o5 -« 2 2a —x ) 12
-1-\/37/[8] @2[(20) ]Sds/)\shAJ ()\ay2)J (As) dA (12)
0 0
where o = 51— k = —m%w, I'(z) is the gamma function [1], K, (z) and J, (z) are the

Macdonald and Bessel functions, respectively [6]. Passing to the limit as y — 0 in formula (12), we
obtain the main functional relation between 7 (z) and v (z) brought from the area of ellipticity of
equation (1):

1

2a0 oo . .
() = _25((11_—!-5)) <7T1a> /V ) Z sin nw;;m nrt LR (). (13)
0

n=1

From the hyperbolic area we have relation (10) between v (x) and T (x) which, considering (11), has
the following form:

T (2 - 28) (&) = —

o (@) Lra-p)
L= 5)(1-28)

a(x)z=P+b(x) (1 - x)_ﬁ 2cos T3

T (x)+ (14)

sm7rﬁ T (t)dt
T(x)(1—2z) COS?T5+ a1 / 25 1(25

I'(1-p)b(x)
)

a(@)zP+b)(1—2z)" x)

Taking into account the gluing conditions (5), we eliminate 7" (x) from (13) and (14). After some
transformations, we obtain a singular integral equation:

1

1- 2t
Ae)p plt (t—a: t—i—:c—23t1§>dt+
0
1
+cosmlu (z /p ) K1 (z,t)dt = F (z), (15)
0
where A (z) =1 —sinnf, B (z) = —icosmB[1 +2u (2)], p(z) = v () 2725,

b(z)(1—a)””

B = e b @) (1=a)

CTA-8)[2010—28)]"r2 [T (1+28) 1 o5 - L(1+28)c(x)
Fa) = (2 25) ra-29" O e -7
£\ 1 1 E /om+t\"¥ 1
Kl(w’t)_<x> [t+x—2xt_t+ar+nz:l ( t ) m-ati
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n on —t\ 1 1 on —t\ 172 1 2n +t 1
t 2n—t+zx t 2n—x —1t t 2n+ax+1t
is the weakly-singular kernel. Since A2 (x) — B? (z) # 0, therefore, the singular integral equation (15)
is of the normal type. Now, changing the variables

t2 2

x
and w =

Zzl—2t+t2 1—2x+ 22"

equation (15) is reduced to a singular integral equation with the Cauchy kernel. Then, applying the
Carleman-Vekua regularization method |7, 8], we obtain an equivalent Fredholm equation of the second
kind, the unconditional solvability of which follows from the uniqueness of the problem solution.
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P.T. Byunynos!, A.A. Dprames?

1
O3b6excman Pecnybauraco, Fownvim axademuacoinoy, Mamemamura unemumymao, Tawxenm, O36excman;
2 Kokan memaexemmir nedazozurarvik, yrusepcumemi, Koxan, Osbexcman

IMTekci3 obabicTa eKiHImi TeKTi apaJjac TUIITi
MOJEJbJIK TeHJey YIIiH bIFbICy ecebi

MakaJrazia ekifIi TekTi apajiac TUIITI MOJIE/IbIIIK TEHIEY YIIiH IeKTeJIMereH o0JIBICTarbl 9PTYPJI CUTIATTA~
MaJIapbIHBIH BIFBICY ecebi 3eprresred. OBJIBICTHIK /UIMIICTIK 6eJtiri — TiK »KapThl KOJIAK, ajl TUIePOOJIAIBIK,
OeJIiri — TeH/Iey CUMATTAMAIAPBIMEH MEKTE/ITeH CUIATTaMAJIBIK, Yoy pseimt. [[lemimuiy Gipereitiri sxkcTpe-
MyM HPHUHIIAI apKBIIbI, aJj IMIEeNIMHIH 6ap eKeH/Iiri HHTerpaJiIblK TeHJEYJIep 9/IiCIMeH J1oJIe I IeHIeH.

Kiam cesdep: exiHI TEKTI apajiac THUIITI TEHJEY, BIFBICYbI Oap ecel, IIENIIMHIH »KAJFbI3/IBIFbl YKoHE Oap
GOJIYyBI, S9KCTPEMYM TPUHIINII, THTETPAJIIIBIK, TEHIEYIEP 9IicCi.
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P.T. 3ynnynos!, A.A. Dprames?

1
Hremumym mamemamury um. B.H. Pomarosckozo
Axademuu nayx Pecnybauxu Ysbexucman, Tawxenm, Y3sbexucman;
2 Kokandcxuti zocydapecmeennviii nedazozuseckut yrusepcumem, Koxand, Yabexucman

3asada co cMelleHneM JJisi MOAeJIbHOTO YPaBHEHNSI CMENIaHHOTO
THUMa BTOPOTO Po/a B HEOTPAHMYEHHOI 00JIacTHh

B crarhe B HeorpanmueHHO# 06/1aCTH TSI MOIEIBHOTO YPaBHEHUSI CMEIITAHHOTO THIIa BTOPOTO POJIa MCCJIe-
JIOBaHa 3aJ/ia9a CO CMEIIEHUEeM Ha XapaKTePUCTUKAX PA3IUIHBIX CEMENCTB. DJUINITHIECKAs YaCTh O0JaCTH
IIPEJICTABJIIET COOOY BEPTUKAJIBHYIO IIOJIYIIOJIOCY, & TUIIEPOOIMYecKas YaCTh — XapPaKTEPUCTHIECKHUI Tpe-
YTOJIbHUK, OTPAHUYEHHBIN XapaKTePUCTUKAMU yYPaBHEHUSI. EIMHCTBEHHOCTD PENIeHusI IOKAa3aHa C IIOMOIIBIO
IIPUHIMIA SKCTPEMYMA, a CyIIECTBOBAHUE PEIIEHUs] — METOJIOM MHTErPaJIbHbIX yPABHEHUI.

Karouesvie crosa: YpaBHEHHNE CMEIIaHHOI'O THUIla BTOPOI'0 poO/ia, 3a/avda CO CMEIIEHueM, € IMHCTBEHHOCTb U
CynaieCTBOBaHUE pelieHusd, IIPUHIIUII SKCTPpEeMYyMa, METO/L NHTEr'PaJIbHbIX ypaBHeHHﬁ.
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