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On a mixed problem for Hilfer type differential
equation of higher order

The study considers the solvability of a mixed problem for a Hilfer type partial differential equation of
the even order with initial value conditions and small positive parameters in mixed derivatives in three-
dimensional domain. It studies the solution to this fractional differential equation of higher order in the
class of regular functions. The case, when the order of fractional operator is 1 < a < 2, is examined. During
this study the authors use the Fourier series method and obtain a countable system of ordinary differential
equations. The initial value problem is integrated as an ordinary differential equation and the integrated
constants find by the aid of given initial value conditions. Using the Cauchy—Schwarz inequality and the
Bessel inequality, it is proved the absolute and uniform convergence of the obtained Fourier series. The
stability of the solution to the mixed problem on the given functions is studied.

Keywords: fractional order, Hilfer operator, mixed problem, Fourier series, initial value conditions, unique
solvability.

Introduction

The theory of the mixed problems is one of the most important directions of the modern theory
of differential equations. A large number of works are devoted to the study of the mixed problems for
differential and integro-differential equations (see, for example, [1-12]). Many problems of gas dynamics,
theory of elasticity, plates, and shells are described by higher-order partial differential equations.

Fractional calculus plays an important role for the mathematical modeling in many applied prob-
lems. In [13], it is considered problems of continuum and statistical mechanics. The work [14] studies the
mathematical problems of the Ebola epidemic model. The studies [15] and [16] investigate the fractional
model for the dynamics of tuberculosis infection and novel coronavirus (nCoV-2019), respectively. The
construction of various models of theoretical physics by the aid of fractional calculus is described in
[17, Vol. 4, 5], [18], [19]. Some applications of fractional calculus in solving applied problems are given
in [17, Vol. 6-8|, [20]. In [21], the solvability of an initial value problem for Hilfer type fractional
differential equation with nonlinear maxima is studied. In [22], by analytical method, the unique
solvability of boundary value problem for weak nonlinear partial differential equations of mixed type
with fractional Hilfer operator is studied. In [23], the solvability of nonlocal problem for a mixed type
fourth-order differential equation with Hilfer fractional operator is examined. In [24], it is considered an
inverse problem for a mixed type integro-differential equation with fractional order Gerasimov-Caputo
operators. The research works [25-34] obtained the results on the direction of applications of fractional
derivatives to solve partial differential equations.

Let (to; T) C RT = [0; o) be an interval on the set of positive real numbers, where 0 < to < T <
0o. The Riemann-Liouville 0 < a-order fractional integral of a function n(t) is defined as follows:

I n(t) = 1“(104) /(t —5) n(s)ds, a>0, te (to; T),

to
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where I'() is the Gamma function.
Let n —1 < o« <n, n € N. The Riemann-Liouville a-order fractional derivative of a function 7(t)

is defined as follows: .

d n—«
Dt0+77( ) %Ito-i- n(t)7 te (t07 T)

The Hilfer fractional derivatives of a-order (n —1 < a < n, n € N) and S-type (0 < g < 1), are
defined by the following composition of three operators:

Dt = 120 L1 0P0 ) s (ag: 7).
Let v = a+ Bn — apf. It is easy to see that a < v < n. Then it is convenient to use another
designation for the operator D ®7n(t) = D,/ 77( ). Hilfer operator is generalization of the Riemann—
Liouville operator and was introduced by R. Hilfer based on fractional time evolutions that arise during
the transition from the microscopic scale to the macroscopic time scale (see [17]).

In this paper, for the case 1 < a < 2 we study the regular solvability of mixed value problem
for a Hilfer type partial differential equation of higher even order with positive small parameters. The
stability of the solution from the given functions is proved.

In three-dimensional domain Q@ = {(¢, z, y)|[to < t < T, 0 < z,y < [} a higher order partial
differential equation of the following form is considered

D, [Ul=a(t)b(z, y) (1)
with initial value conditions
d
tEgOJt JU, x,y) =iz, y), tgr_&o%‘]to—&- Ut, z, y) = p2(z, y), (2)

where T and [ are given positive real numbers, 0 < tg < T,

N N N 821: a2k a4k a4k
Pei= )= [D o (81 (390% + 6y2k> oo <3x4’f + 8y4k>> -

82k 82k 84k 84k
Y <<39«“2’“ i 33/2’“) - <39«“4’“ " 31/4’“))] vt @),
w is positive parameter, £; and € are positive small parameters, 1 < a < v < 2, k is given positive
integer, a (t) € C(QT), Qr = [to; T], Q =100;1], b(z,y) € C (le) is known function, ¢1(z, y)

and @9(z, y) are given continuous functions, Ql2 = () x ;. We assume that for given functions the
following boundary conditions hold

()02(07 y) = SO’L(L y) = @i(«r7 O) = ¥i ($7 l) =0, i=12,
b(0,y)=0b(l,y)=b(x,0)=0b(x,1)=0.

Problem Statement. We find the function U (¢, z, y), which satisfies differential equation (1), initial
value conditions (2), zero boundary value conditions for tg <t < T

U, 0,y)=U({,1l,y)=U(t,z0=U({, =) =

92 2 2 2
= 5.2 SU(t, 0, y) = 52 U@ L y) = 5.2 ~—U(t, 2, 0)= 82U(t,x,l):
82 82 2 2
= 55Ut 0,y) = 8y2U(t ly) = 8y2U(t, z, 0):(9—y2U(t, z,l)=...=
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84]6—2 84147—2 4k—2 84k—2
84k—2 84147—2 4k—2 a4k—2
class of functions B
(t=t0)* U (t, w, y) € C(9), @
DU (t, z, y) € Caly™ () N OO (Q) N OOk (Q),

where C35r0(Q) is the class of continuous functions %i,fy) on , while CO74#(Q) is the class

4k—2 4k—2
% on €, da4k >U (t, x, l) we understand as %U(t, x, ) ot

of continuous functions

Q={(t,z,y)[to <t <T,0<az,y <}
1 Transform of fractional differential equation

Lemma. The solution to the ordinary fractional differential equation

D* M (t) +wuv(t) = f(t v(t)) (5)
with initial value condition
_ : d 2—y _
i o) =l G0 = o ®

is represented as follows

v (t) =g (t —t0)" "2 Ea oyt (w (= t0)*) + 01 (t —0) " Ea (W (t—10)*) +

" / (t = 82 Fa o (—w (t— 5)7) [ (5, 0(5)) ds, (7)

to

where E, ~(z) is the Mittag-LefHler function and has the form [17, vol. 1, 269-295]

o

k=0
f(t,v) € C(21), 0 < w is real parameter, vg, v7 = const, O = [to; T| x X, 0 < tp, X C R =
(—o0; 00), X is closed set,

d?

) — oo
D% = Jt0+ dt2

Jt0+,1<0z<7<2,7—a+2ﬁ—a5
Proof. We rewrite the differential equation (5) in the form

JOD v (t) = —wu(t) + f(t, v).

Applying the operator J}, to both sides of this equation (5), taking into account the linearity of this
operator and the formula [35]

n—1 t ¢t )6+k—n

d*
Tirt Dig 0 (1) Z F0+k+1—n) L Tty (1), 6 € (n =1 )

k=0
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we obtain

@-my4+f%6@—mﬁ4+J%j@v@» 8)

Using the lemma from [26], we represent the solution to equation (8) in the form

v(t) = —wlg v (t)m

v(t) = % (t—to) % + % (t—to)" !+ T f(t v (8)—
_W/(t - S)Q_lEa,a (—w (t—8)Y) x
to
(s 10) R (s — 1) T IR S (s, v (s s.
: {F(v— 1)( )7 F(’y>( to)" 4 Jiga f (s, v ( ))] d (9)

We rewrite the presentation (9) as the sum of two expressions:

L(t) = ﬁ {(t — 1) P —w /(t —8) VB, o (—w (s — t0)Y) (5 — to) "2 ds] +
U1 y—1 / a—1 «a 7—1
s =0 —w/u—s) Faa (—w (t— 5)%) (s — to) L ds | | (10)
Io(t)=Jg f(tv(t) - w/(t —8)* ' Eqa(—w-(t—5)*) J2 f(s,v(s))ds. (11)

We apply the following presentations [17, vol. 1, 269-295|

1
Ea,#(z) = m + z- Eoz,quOé(t)v o > 0, )2 > 0’ (12)
1 z
W /(Z — t)l/flEa’g ()\to‘)tﬁfldt = ZﬁJerl . Ea,ﬁ+z/ ()\ Za) L U> 0, ,6 < 0. (13)
0

Then for the integral (10) we obtain the presentation
Il (t) =19 (t - to)’y_Q Eaﬂ_l (—w (t - t())a) + 1 (t - to)’y_l Ea,’y (—w (t - to)a) . (14)

The integral in (11) is easily transformed to the form
t
[0 Baawr(t= %) Jiy £ (6 0(€)) dé =
to

3

_Lt _ gyl —w (t— &) — ) (s, v(s))ds =
=ty =0T Baa (e =9 g [(6= 97 (s, v () a

to to
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t

_L t s. vl(s s _ a—1 _Sa_l W B o
F(a)t/f( ) ())d S/(t 5) (6 ) Ea,a( (t 5) )dé (15)

Taking into account the (13) the second integral in the last equality of (15) can be written as

t

/(t—ﬁ)o‘_l(ﬁ —5)* ' Baa(-w- (t =6 dE=T(a) (t €)' Eaza(-w- (t-6)%).

S
Then, taking into account (12), we represent (11) in the following form

t

I5(t) = /(t —8) " B a(—w-(t—35)Y) f(s,v(s))ds. (16)

to

Substituting (14) and (16) into the sum v (t) = I1(t) + I2(t), we obtain (7). The Lemma is proved.
2 Ezpansion of the solution into Fourier series

Nontrivial solutions to the problem are sought as a Fourier series

o0

U(t’ &€, y) = Z uﬂ,m(t)ﬁn,m(:m y)v (17)

n,m=1

where

L1
un,m //U t z, y nm(x y)d(lﬁ‘dy, (18)
0 0

2 n m
I m(z, y)zjsin 7TT:I: sin WTy, n,m=1,2 ...

We also suppose that the following function is expanded to Fourier series
o0
> bnmOnmlz, y), (19)
n,m=1
where
11
//b T, Y) Un,m(z, y)dzdy. (20)
0 0
Substituting Fourier series (17) and (19) into partial differential equation (1), we obtain the

countable system of ordinary fractional differential equations of order: 1 < a, v < 2

a(t)bnm
1+ H%{Cm (81 + 52:“’%],6711) ’

D Mt () + A (1, €2) W, m(t) = (21)

where

2k 2k
H 1+ p 7\ k
A (e, ey = e U m)n (MY

1+ M%]fm (51 + EQN%I,Cm) ’
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According to the Lemma, the general solution to countable system of differential equations (21)
has the form

() = Crny (E = 1) Bo g1 (-3, (21, 22) w (2= 1)) +

+C2n,m (t - tO)W_l Ea,'y <_)‘721],€m (517 52) w (t - tO)a> + bn,mhn,m(t)v (22)
where
t
Bom(t) = : [t 9 B (N e wit - 97) als)ds
’ 1+ p2k, (o1 +eap2h,,) ’ ’

to

C1n,m and Ca,,, n are arbitrary constants.
By Fourier coefficients (18), the initial conditions (2) we rewrite in the forms

l
lim Jt +unm // lim JtoJr (t, z,y) Vpm(z, y)dedy =

t—+to t——+to
0

(,/31(55, y)"gn,m(l'a y)divdy:@ln,ma (23)

Il
o _
o — _

11

.ood o . d

tl}ﬂo%Ji:un,m(t) = //thm —Jt0+ Ut,z,y) Vnm(x, y)drdy =
00

w22, Y) Vnym(z, y)dedy = ©onm- (24)

I
o _
o _

To find the unknown coefficients C'y, , and Caq, p in (22), we use conditions (23) and (24). Then
from (22) we have

un,m(t) =@1in,m (t - t0)772 an,'y—l (_)\%Ifm (517 52) w (t - tO)a> +

+802n,m (t - tO)’Yil Ea,’y (_)‘%’fm (517 52) w (t - tO)a) +
t

On,m / -1 2k
n : t—s)olp (—)\nm : ' a) ds. 25
il (o reandiy ) 797 e Pam e @) wlt =) alds (29

0

Substituting the presentation of the Fourier coefficients (25) of main unknown function into Fourier
series (6), we obtain

U(t, z, ) Z D@, 9) [@1m,m (6= 10)7 7 Bayor (A2, (61, 2) w (¢~ 1)) +
n,m=1
FPanm(t—t0) " Ea (—)\i’fm (1, €2) w (t — to)a) +
t

bn m —1 2k
+ ’ t—5)* 1B, 0 (—)2 L ea) w(t—s)° ds|. (26
1 N%{cm (51 52#721]?171) /( S) ’ ( ’ (61 62) ( S) ) CL(S) 5 ( )

to

This Fourier series (26) is a formal solution to the initial value problem (1)—(4).
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3 Convergence of the Fourier series (26)

We prove absolute and uniform convergence of the Fourier series (26). We need to use the concepts
of the following Banach spaces. Hilbert coordinate space f2 of number sequences {¢, m}.° with
norm

n,m=1

o0

2
lolle, =] D lenml®<oo

n,m=1

The space LQ(QIQ) of square-summable functions on the domain Q% = Q; x Q; with norm

1
192, 9) 1 15 (02) = //Iﬁx o) Pdzdy < oo.
0 0

Conditions of smoothness. Let for functions
Soi(xa Z/) (Z =1, 2)7 b(.%’, y) € O4k(912)

there exist piecewise continuous 4k + 1 order derivatives. Then by integrating in parts the functions
(20), (23) and (24) 4k + 1 times over every variable z, y, we obtain the following relations

A ‘som j AN ‘b v ‘
| 0inm|= <7r> Wa\bnm|_ <7r> n Ak+1 yy dk+17 (27)
o2 | 2| 9% 2pi(x, y). (28)
in,m ) 8x4k+1 8y4k+1 LQ(QZQ) )
H p (85+2) ‘ 2 || 9%+ (z, y) (20)
n,m 0o~ l 6$4k+lay4k+1 L2(le) )

where

11
8k+2
(8k+2) _ 0% pi(x, y) o
Pin,m —O/O/Wﬁn,m(x, y)dxdy, i=1,2,

L1
88k+2b )
(8k+2)
. o 0/0/ O xk+1 8y4k‘+1 Un,m (7, y)dzdy.

To obtain estimates for solution, we use the properties of the Mittag—Leffler function [36]. Let
a € (0; 2) and v € R. If arg z = 7, then there takes place the following estimate

My

Eq <
| a’Y(Z)‘ -1 4 |Z’

where 0 < M1 = const does not depend from z.
Therefore, it is easy to see that there exists constant My such that

2% N
- — <
tonglta%(T ’ Eoz,'y—l ( /\n,m (€1a 62) w (t to) ) ‘ < M5 < o0, (30)
2%k N
- — <
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t

max /(t—s)a—l (t—t0)> " Eaa (—Aikm (1, £2) w(t—s)a) a(s)ds| < My <oo. (32
to<t<T ;
to
Theorem 1. Suppose that the conditions of smoothness and estimates (27)-(29) are fulfilled. Then
Fourier series (26) convergence is absolute and uniform.
Proof. We apply the formulas (27)—(29) and estimates (30)—(32) to estimate the series (26). Using
the Cauchy—Schwartz inequality for series (26), we get the estimate

(t_to)Qi’yU(ta x, y)‘ < M, Z ‘ﬁn,m(xa y)"[‘(pln,m’+|902n,m |+|bn7m|] <

n, m=1
2 o [o¢] o0
SIMQ Z ‘(Pln,m’+ Z ’@2n,m|+ Z |bn,m| S
n’m:]' n7m:1 n,m:l
8k+2) 8k+2 8k+2
2 l 8k+2 ‘(p(lnm s ’90(2n m) > b7(’bm )‘
Sf T My Z n4k+1m4k+1+ Z n4k+1m4k+1+ Z n k41, 4k+1 <
n,m=1 n,m=1 n,m=1
2 ()%t (8k+2) (8k+2)
Sz@ M2M3U PR [2 e @]S
2
2
Z 88k+2 x y) N H 88k+2b (:E, y) e (33)
P m4k+18y4k+1 La(07) O 2Ak+1H yAk+ La(97)
where
9\ 2 /] 8k +2 o) 1
= (3) (7)) Ma= | D S <o
n,m=1

From the estimate (33) the absolute and uniform convergence of Fourier series (26) implies. The
Theorem 1 is proved.

4 Uniqueness of the solution

To establish the uniqueness of the function U (¢, x, y) we suppose that there are two functions Uy
and Us that satisfy the given conditions (1)—(4). Then their difference U = U; — Uy is a solution to
differential equation (1), satisfying conditions (2)—(4) with zero functions ¢1(z, y) = @a(z, y) = 0.
By virtue of relations (23) and (24) we have that ¢ 1, m = @2n,m = 0. Hence, we that obtain from
formulas (18) and (26) in the domain  follows the zero identity

1
// t—10)> U (t, , y) O m(z, y)dazdy = 0.
0 0

Hence, by virtue of the completeness of the systems of eigenfunctions { \/? sin ”l—":c}, { 2 sin %y}

l
in Lo (QIQ) we deduce that U (¢, z, y) =0 for all x € Q7 =10, ]? and t € Qp = [0; T].

Since (t —t0) > U (t, z, y) € C (Q), then (¢t — t0)> YU (t, &, y) = 0 in the domain €. Therefore,
the solution to the initial value problem (1)-(4) is unique in the domain €.
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5 Term-by-term differentiation possibility

Theorem 2. Let the conditions of the Theorem 1 be fulfilled. Then term-by-term differentiation of

the series (26) is possible.
Proof. The function (26) we differentiate the required number of times

4k e n
88x4k (t=10)* Ut y) = > () D o, ) (= 10) 7t (D), (34)
n,m=1
4k > Tm
08y4k (t=t0)* Utz y) = Y (T)%n,m(x, y) (t=10)"" tn,m (1), (35)
n,m=1

where wy, m, (t) is defined from the presentation (25).
The expansion of the following functions into Fourier series are defined in a similar way

4k . 4k
ox o (t—t0) T DVU(L, @, y), oy

We show the convergence of series (34) and (35). Analogously to the case of estimate (33), applying
the Cauchy—Schwarz inequality, we obtain

(t—t9)> T DU (t, x, y), (t—1o)> " DU (t, x, y).

84k 2 > m™n 4k 2
\8 7 (= 10)* Ut w, y>\ > () | t= 0> wam® | [P0 mla y) | <
n,m=1
2 4k — 4k — 4 — 4k
n,m=1 n,m=1 n, m=1
(8k+2 (8k+2 (8k+2
2 l 442 ‘Soln m) ’SOZTL m) ’b )‘
Sf p My Z nom 4k+1 + Z nm Ak+1 + Z nm Ak+1
n,m:l n,m:l n,m:l
2 (12 (8k+2) (8k+2
%U (R M o M L
s Lo
2
88k+2 88k+2b
2 |2 9219 x4kz)1 H 9 4k+13(x:1k?i)1 < 00, (36)
Pl Y L2(97) v y (@7?)

oN2 /1 \4k+2 X 1
where y2 = (§)” (%) MoMy, My = ZIW<OO3
n, m=

(T = 10)* )] [, ) | <

84k o e
- U] < 3 (7

n,m=1
2 s 4k > Ak = 4k S 4k
<21 M| 3 lerals 3 lnunl + 3 |
n,m=1 n,m=1 n,m=1
8k+2 8k+2 (8k+2
9 1\ 2 > ‘So(ln,m) "Pgnm) ‘b |
<25 | > Bl s Borly s L2 o
n,m:l n, m= 1 n,m= 1
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2 A (8k+2) (8k+2) )

() 2] ot ] +oten], ]

l (7’(‘) 205 |: lo + 2n m + Lo
2
Z 8k+2 x y) H 88k+2b (x, y) . (37)
i x4k+1ay4k+1 La(22) O xMhF19 ytkt1 La(02) )

2\2 /1 \4k+2 s 1
where y3 = (7)" (7) " MaMs, Ms =, | 3 jepmy, < oo
n,m=1

The convergence of Fourier series for functions

4k 4k

2— 2- 2—
(t—to)" " DU (¢, x, y), pyen (t—to)" "DYU(t, z, v), 5,7 (t—to) " " DU (t, z, y)
is easy to prove, and the necessary estimates are obtained similarly to the cases of estimates (33), (36),

and (37). Therefore, the function U (¢, z, y) belongs to the class of functions (4). Theorem 2 is proved.
6 Stability of the solution U (t,x,y) with respect to given functions

Theorem 3. Suppose that all the conditions of Theorem 2 are fulfilled. Then, the function U (t, z, y)
as a solution to the problem (1)—(4) is stable with respect to given functions ¢1(z, y), ¢a(z, y).

Proof. We show that the solution to the differential equation (1) U (¢, z, y) is stable with respect
to a given functions ¢1(z, y), ¢a(z, y). Let Ui(t, x, y) and Usa(t, x, y) be two different solutions to
the initial value problem (1)—(4), corresponding to two different values of the functions ¢11(z, y),
p12(x, y) and @o1(, y), @22(z, y), respectively.

We put that [ @i1n,m —@12n,m| + [ ©21n,m — ®2n,m| < 6nm, where 0 < 6, , is sufficiently

oo

small positive quantity and the series Y [0y, m | is convergent. Then, considering this, by virtue of

n,m=1
the conditions of the theorem, from the Fourier series (26) it is easy to obtain that

‘t2_7 [Ul(tv €z, y) - U2(t7 x, y)] ‘ <

<

~| Do

S S
2
g3 E H‘Plln,m_@12n,m|+‘(P21n,m_9022n,m’]<703 § ‘6n,m’<oo-

n,m=1 n7m:1

o0
Ifwepute =203 > |6n,m| < oo, then from last estimate we finally obtain assertions about the
n,m=1

stability of the solution to the differential equation (1) with respect to a given functions ¢ (x, y), @2(z, y)
n (2). The theorem 3 is proved.

Similarly, it is proved that there holds the following theorem.

Theorem 4. Suppose that all the conditions of Theorem 2 are fulfilled. Then, the function U (t, z, y)
as a solution to the problem (1)—(4) is stable with respect to given function b (z, y) in the right-hand
side of the differential equation (1).

Conclusions

In three-dimensional domain, the solvability of a mixed problem for a Hilfer type partial differential
equation (1) of the higher even order with initial value conditions (2) and small positive parameters
in mixed derivatives is considered. Suppose that the conditions of smoothness are fulfilled. Then the
solution to this fractional differential equation of higher order for 1 < a@ < v < 2 is studied in the class
of regular functions. The Fourier series method is used and a countable system of ordinary differential
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equations is obtained (21). The initial value problem is integrated as an ordinary differential equation.
We obtained the presentation for unknown function U (¢, x, y). Using the Cauchy—Schwarz inequality
and the Bessel inequality, we proved the absolute and uniform convergence of the obtained Fourier
series (26) for function U (t, x, y) and its derivatives. It is proved that solution to the problem (1)—(4)
U (t, x, y) is stable with respect to given functions b (z, y) and ¢;(z, y), i =1, 2.
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T.K. IOngames!, B. 7K. Kagupkymnos?, X. P. Mamenos?

L Bsbexeman yammuows ynusepcumemi, Tawxenm, Ozbexcman;
2 Tawkenm memaexemmir woteviemany yrusepcumemi, Tawkenm, Osbexcman
blzdvip yrusepcumemi, bledvp, Typrus

2Korapsl perti I'mabdep tunri auddepeHnmnaabik,
TeH/ey YIIiH apaJjiac ecell TypPaJibl

Yesem i 06/IbICTa apajiac TYBIHABLIAPAA 6ACTANKBI MIAPTTAPHI K9HE IIaFbIH OH apaMeTpJjepi 6ap XKy
perti ['mnbdep Tunti mepbec TyBIHABLIBL TEHIEY VIIMTIH apajiac eCerTiH, ey MyMKIHIITT KapacThIPbIIFaH.
Byt xxorapsl perri Gestirek puddepeHnaibiK, TeHJIEY/IiH MenimMi TypakThl OyHKIMSIAP KIACBIHIA 3€PT-
TesreH. Besmek omepaTopbiHbIH peri 1 < a < 2 TeH 60aThIH Karaail 3eprrengi. Pypbe KaTap/iapbIHBIH
9JIici KOJIJAHBLIBIIN, KapamaibiM auddepeHnnaablK TeHAeYAePAil ecenTeseTin Kyieci ampHapl. Bacrta-
KBl ecell KapamnaibiM auddepeHnnalIblK, TeHIEY PeTiHie WHTErpaJsiaHa/Ibl, aJ WHTErPAJIJIbIK, TYPAKThI-
Jiap Gepiiren GacTalKbl MIAPTTAPALI Taiiganana oTeIphin TabbLIaabl. Kommu-IIIsapiy Tencizairi men Beccenn
TeHCi3Airin maitnanansin, ajabiHFaHl Pypbe KATapbIHBIH aOCOJIOTTI KOHE OIPKEJK] *KMHAKTBIIBIFBL J19JI€JI-
nenjii. Bepinren dyHkusaIapra KATbICTBI €CENTiH, MIENIMiHIH TYPaKTBLIBIFBI /13 3€PTTEJI/I.

Kiam cesdep: 6bemmex peri, ['mabdep oneparopsl, apasac ecern, Oypbe Karapbl, 6acTanksl maprrap, biperei
IIETTiM.
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T.K. IOngames!, B. 7K. Kagupkymnos?, X. P. Mamenos?

1 o
Havyuonaavhoul yrnusepcumem Yabexucmana, Tawxenm, Y3sbexucman;
2 Tawmenmenuti 2ocydapemeenmoni yHusepcumem socmorosedenus, Tawxenm, Yabexucman;
3 Hz0uperuti yrusepcumem, Hezdup, Typuyua

O cmemanHoOiT 3agade A JuddepeHImaibHOro YpaBHEHUs TUTIA
Xuabdepa BBICIIETO TTOPSIIKA

B Tpexmepnoii o6iacTr paccMoTpeHa pa3penmMoCTh CMEIIaHHOM 3a1a49n st auddepeHnnaIbLHoro ypas-
HEHUsSI B YACTHBIX MPOM3BOJHBIX THIA XUIb(epa YETHOTO MOPSIKA C HAYAJbHBIMU YCJIOBUSIMHU U MAJIBIMU
IMOJIOXKUTEJILHBIMY [TapaMeTpaMy B CMEIIIAHHBIX TPOU3BOIHLIX. Perenue atoro apobuoro auddepeHimaib-
HOI'O ypaBHEHUSs BBICIIETO HOPSIIKA M3y9YEHO B KJlacce peryssipHbix dyHknwmii. VccienoBan ciydaii, Korja
MOpsIOK JpobHOTrO omeparopa paBeH 1 < a < 2. [Ipumenen meron psimoB Pypbe, U MOTyIeHA CUECTHAS
crucremMa OOBIKHOBEHHBIX auddepeHnnaabHbIX ypapHeHuil. HadaapHasa 3a7ada MHTErpuUpyeTcs: KaK OOBIK-
HOBeHHOE juddepeHnmaibHoe ypaBHEHNE, ¥ HHTErpaJIibHble KOHCTAHTBI HAXOJSTCS C IOMOIIBIO 33/ IaHHBIX
HadaJbHBIX ycaoBuit. C momorsio HepaBencrBa Komu—IllBapria n mepaBencTBa Beccenst mokasana abco-
JIIOTHAsI U PABHOMEPHAsl CXOJUMOCTH moJsiyueHHOro psnga @ypbe. V3ydueHa takKe yCTORYUBOCTD pEIICHUST
3a/1a91 10 33JJaHHBIM (DYHKIHSAM.

Karoweswie caosa: 1pobHBIL OPsAOK, oneparop Xuiibdepa, cMeniaHHas 3aja4a, psajasl Oypbe, HadaIbHbIE
YCJIOBHSI, OJTHO3HAYHAS PA3PEIIIMOCTb.
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