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On the approximation of solutions of one singular differential
equation on the axis

In this paper we study the problem of the best approximation by linear methods of solutions to one
Triebel-type equation. This problem was solved by using estimates of the linear widths of the unit ball
in corresponding spaces of differentiable functions. According to the definition, linear widths give the best
estimates for the approximation of compact sets in a given normed space by linear methods which are
implemented through finite-dimensional operators. The problem includes answers to the questions about
the solvability of the studied equation, the construction of the corresponding weighted space of differentiable
functions, the development of a method for estimating linear widths of compact sets in weighted polynomial
Sobolev space. In this work, conditions are obtained under which the considered operator has a bounded
inverse. The weighted Sobolev space corresponding to the posed problem is determined. Upper estimates are
obtained for the counting function for a sequence of linear widths, which correspond to the posed problem.
One example is constructed in which two-sided estimates of linear widths are given. The method for solving
this problem can be applied to the numerical solution of non-standard ordinary differential equations on
an infinite axis.

Keywords: differential equations, Triebel equations, approximation of sets by linear methods, widths of sets,
weighted Sobolev spaces.

1 Introduction and Main results

In this paper, we consider the problem of the best linear approximations of solutions to the equation

Ty = —po(2)y" + q1(2)y" + (qo(x) + pg(x))yo = f (1)

with the right side in the Hilbert space Ly(I), T' is an operator satisfying conditions from the Triebel
class U, ,(I,po) (v > p+2, p > 0), where I = [0,00), on +o0, i.e. [1]: pp > 1 and ¢; (i = 0,1) are
functions infinitely differentiable in I such that

i) lim po(z) = oo,

i) [ (@)] < O(p5 (@), k = 0.1,...

i) ¢ () = o(p4 (), ¢\ (@) = o(pY T/ FE (1)) for z — 00 (k =0,1,2,...).

To solve the problem, we used a modified method of localization of estimates for the widths of
compact sets in weighted spaces of differentiable functions [1; 104], [2-7], as well as coercive estimates
for differential operators [8,9]. The method of local estimates developed in this paper on intervals of
adjustable variable length can be used in the theory of numerical solutions of a certain class of singular
differential equations on an infinite axis. All results presented in this paper are new.

We denote Vz(“?u) (I) the completion of the class C§°(I) of functions infinitely differentiable and
finite in I with respect to the norm

1
9 /p

p
|3 V2 (D] = Z/)pé’“y(’“)) dr| ,1<p<oo,
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where I, = 271((2 — k)v + kp) for k =0,1,2. Let V = V22(u V)(I).

If
%y%@M”@M=%<1, (2)
suplay (@) pf " (2) = 5 < oo,

then for the minimal operator
Toy =Ty, y € Cg°(1),

the following inequality holds
[Toy; La(D] < (24 8) llylly -

Therefore, the operator Ty has a closed extension

fy =Ty, ye D(T) = ‘/22,(u,u) - LQ(I)

We defined the operator T’ “Tin (1), where the norm ||T|| <2+ 5.

Let y; be a sequence of functions y; € C§°(I) fundamental in the norm ||-||;,. Then each of the
sequences {aryj(r)}, {y]m} (ar = ply, 7 = 0,1,2) are fundamental in Ly(I). Therefore, y = limy; in
Ly(I) has finite a.e. in I derivatives y'(z), y”(z), and |ly||,, < oo.

Theorem 1. Let condition (2) be satisfied and

sty | () @)+ @] ) = <1, )
1
(1=PBo)(1=p1)

Then the operator T in (1) has an inverse 7!. Therefore

Cu,v =

177 < (4)
Let F={y eV :|Ty;La(I)|| <1}. From (4) it follows that
Fcf{yeV:|ylly <ct, c=cup

Let C be a bounded set in a Banach space X, containing 0, {(C, X) be the class of all continuous
linear operators U : X — X of dimension < k and such that C C D(U). The value

M(C. X)) = inf —A
#(C, X) ueﬂhxyiﬁ@”w | x

is called the linear k-width of C in X [10; 16].
The widths A;x(C, X) are related to the problem of the best (linear) method for approximating the
set C in X.

Let V(N C, X)) = > 1 (number of widths A\, (C, X) > ). In this paper, we obtain an estimate
AR (C,X)>A
(from above) for the counting function N'(\; F, Lo(I)).

Let © be a (Lebesgue) measurable set in R. Here and below BX is the unit ball of space X, L, ()
is the space of functions f in Q with the seminorm || f; Ly,(Q)|| = ([q [f(2)[ dac)l/p < 00, Lpioc(1)
is the space of all functions f in I such that f € L,(G) for any compact G C I, L} (I) = L], (I)
is the class of non-negative locally summable (weight) functions f in I for which Lebesgue measure
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[{z >t: f(z) >0} >0forallt>0.Let pv €L} (I),p>0,pt =1/p € Line(I), § € (0,1). Assume
that
S(s) (@, h;v) = inf / vdt, A =[x,z + h],

{e}s
A\e

where infimum is taken over the set {e}s of all closed e C A with measure |e| < 6 |A| = dh,

1/2

My (@, h; p,v) = h /P_l (S(o) (. s v)) /2.

A

Let h(-) be a finite positive function in I. The function A(-) is called the length function in I (with
respect to the pair (p,v)), if

Ms) (@, h(z); p,v) 2 1, (z € I). (5)
We set
hs)(z; p,v) = sup {h >0: Ms)(z,h;p,v) < 1} ) (6)
Proposition 1. a) If
0 < hg)(z; p,v) < 00, (7)
then
Mis) (@, hsy (@3 p,v) pyv) = 1. (8)

b) If p = pgt', v = (go + pk)?, then
h) () = hs) (5 p,v) < o0 (x> 0).

Remark 1. The equality (8) implies the realization of condition (5). Then every finite positive
function hs)(x; p,v) is the length function with respect to the pair (p, v).

Remark 2. If h(-) is a length function with respect to the pair (p,v), then 0 < ks (x; p,v) < h(x),
(x >0).

We introduce a maximal operator with respect to the interval basis associated with the length
function h(-) in I. Let

B=|J{A=[0.B):y<a<B<y+h(y} B, ={A=B:zcA}.

y=>0

We define a maximal operator with respect to basis B [11; 43].

M*f(z,h()) = sup @ / F@®)dt, | € Lioe(D)-
A

A€eB,

Let
M) f(z) = M* f(z, hs)(+)),

1/2

Koy () = (his) (1)) / g Wdt| A= [rx+ ()
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Theorem 2. Let
lim K)(z) =0(0 <46 <1/2).

T—r00

There is ¢(6) > 1, such that

NOGE L) < @72 [ (0%

G(c=1N)

where

L o\1/4
G(A) ={z>0:h(v) (M(a)po 2“) > A2y,

c=4c(d)c(u,v).

Example 1. Consider the equation
Ty=—@B+a)'y" +q(@)y + (@) + B +2)*)y = f 9)

under the following conditions: ¢; € C*°(I) (i = 0, 1) satisfy conditions iii) with respect to po(x) = 3+,
and also

sup lqo(x)|(34+2)™" = B < 3/4,

sup 1 ()| (3 + @)1 = 5 < 172,

1
§<,u<2<1/—,u.

Then £; < % and, by virtue of Theorem 1, for the operator T in (9) there exists 7! with the norm

|77 < (1= Bo)(1 = Br)) " < 4- g - 10.

Therefore, the solution set of the equation (9) with the right side f € La(I) is contained in the ball
10BV.
Let ¢, = (3"4)Y/2, u = (403(10/\*1))1/2. By virtue of Theorem 2 we have

N (cA;10BV, Lo(I)) = N(107ed; BV; Ly(I)) <

< cu(1071A) 2 / (B +2) " 2dx < ¢, (1071 X) 71/ /x_”/zdm - (10)
G(10-1)) 0

]- vV— v
:72_M(3“+6(10*1A)*1)( nR

Let cA = A\, (10BV, Ly(I)). By (10) for any solution y of the equation (9) with f € BLa(I) we have

inf — Uy Lo(D)|| < A, (10BV: Ly(I)) < rn~ 20" 55
Ueuir(lLQ(I))”y y; Lo (I)|| < A ( i La(I)) < kn wrv)

where Kk = 160@3“(%)27/(242—;1).
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2 Proof of main results

Proof of Theorem 1. Let ap(z) = qo(x) + pf(2), a1(x) = q1(z), az(x) = pj(x).
1. Let y € C§°(I). In this case

[e.o]

o = [ | (Vaalaiy) + (s + ) /o + af)s?| de =
0

00 , 2 00 00
= az(z)y’ + My de + [ w(z)y*de > | w(z)y’de,
[ [/ S e [tz |

where w(z) = ag(x) — (ay(x) + a1(x))?/4az(z). By conditions (2) and (3) we get
ao(x) = p”(x)(1 + qo(x)p™" () = (1 = o)y,

(ay(x) + a1 (x))? 1 N 2 .
iao(a:)agl(ac) = 2(1 — fo) [<(’00) <$)) + (Q1($))2] p~ Wt < gy

where
nf w(z) 2 1 - fo,
1Ty; Lo(D)]] = (1 = B1) [ly; Lo(I)]] - (11)

It follows from (11) that the operator
Toy =Ty, y € C5- (1),
has a bounded inverse operator Ty * ¢ D(T; ') C La(I). Wherein
1757 < o (12)

The estimate (4) follows from (12).

2. Let y € V22(u

2

vy {y;} be a sequence from C§°(I) converging to y in Vs ) Since

1Ty — Tyj; La(D| <22+ B) ly = wslly, (G =1).

By (11) we get
ITy; Lo} = Tim [Ty5; La(D)]| 2 Gl s LoD

Therefore, there exists an inverse operator T~! and the estimate (4) takes place.

Proof of Proposition 1. Let the function hs(; p,v) in (6) satisfies the condition (7).

a) There is a sequence h; > 0 (j € N) converging to h = hs(z), such that M s(x, hj; p,v) < 1. Let
Aj = [z,x + hj]. Passing to the limit (for j — o0o) in the estimate

z+h
2 [ o tagsis o hip,) < M (ot + 13 [ ol [ ude,
A A x+hy

leads to inequality
M5y (z, hes) (3 p,v); pyv) < 1
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On the other hand, there is a sequence h; > h, M) (z, hY; p,v) > 1. Let A} = [z, x + h] with measure
le|] < doh

(h;)g/p_ldg / vdé > 1. (13)

Al Al\e

Passing to the limit in (13) (for j — o) leads to the estimates

w [ e [ odg =1,

(A) A\e
M) (z, hes (5 p,v)) = 1.
b) The assertion follows from the estimates

x+h
(1= 0 < S (o i pi) < [ Ve

T

Let

z+h 1/2

Koy(aship) =192 | [ o7

xT

Lemma 1. Let M5 (x,h; p,v) > 1. There is ¢(d) > 1, such that for all y € C§°(I)

1/2 1/2

z+h z+h

[ i) < @K mtipo) | [ 0@+ @b (14)

xT

The proof of Lemma 1 is essentially a repetition of the main lemma in [2].
Let on intervals A C I (1 < p < o0) the following equality holds

ly; W(A)|| = ||y La(A) || + 119" y; La(A)]] -

Let W (A) be the space C*°(A) with the norm W(A). W = W2

5 () denote the completion of the class
C§°(I) in the norm |ly; W (I)]|. It is easy to see that

Kg)(x) = Kg)(x, hig)(x); o) < (1—8) 72, (15)

Indeed, taking h = hs)(z), A = [z, 2 + h], from (8) we derive

1/2 —-1/2

wl forag) = |me [o] <la-am

{e}s
A A\e

which inplies (15).

Lemma 2. The following estimate is true

ly: La(D| < e(6)

Ui W3 (1)

) Ly e C(I). (16)
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Proof. Let suppy C [£o,&1], 0 < & < &1 < 0o. Let us show that

inf  hy(z) > > 0.
ke, "0 27

If hs(xz) <1 (z € [£0,&1]), then by (8)

&1+1 —1/2

hs(z) > / P2V de€ =b>0.
o

We take v = min{1,b}. From (17) it follows that [£,&1] C U?:l A(zj) (N < o00), where z1 = &,
Tjt1 = xj + his(z;), A(x;) = [75,2541). Using the estimates (14) and (15), we derive the inequality

(16) namely:
1/2

N
ly; LoDl < | S / ly|? de gc(a)Hy;W;(W)(I)H.
j=1

T A(g)
Lemma 3. The following statements are true: a)

0 < h(z,\) = sup{h > 0; K(5)(x, h; pg“) <A} < oo (x>0),

h(a:,)\) < h(5)(m), if K(5)(SU) > ),

K((S) (.%',?L(.’L’, )‘)7 pzﬂ) = A
b) on each A = A(z; \) = [z, + h(z, A)] the counting function
N BW(A), Ly(A)) < 1.

Proof. a) The estimates 0 < h(z, \) < oo follow from the limit equalities

lim K h; = lim K, h; = 0.
hi>I(I)1+ (5)(565 apO) 07 hl—>nolo (5)(.’17, apO) &)

The statement (18) is trivial. Equality (19) is proved as equality (8).

b) Let Upy(t) = y(z) + 1/ (z)(t — x), y € W(A). The operator U, € 4Us(BW (A), Ly(A)), because

dim U, < 2 and the norm

Use the Taylor formula with integral remainder

Usy L2(B) | < (B2 4 |BF2) (ly(@)| + |y (@)]) = b < ox.

1/2
; 2 /

1/2 1
lo- v @ | = | [|[-ov'@ae| at| <Ry | [og2ag| | [l ae
A A A

AT A

Therefore, estimate (20) holds.

<A
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Lemma 4. Let K5 (x) — 0 for x — oo. Let

A, = {[%ﬁj + hisy(z5), if Kg)(z) < A, G=1.2,.) 21 =0.

[.Tj, i+ TL(.TJ', )\)), if K((;) (:c]) > A,
There are estimates

NEXBWI) < S N BW(A,), La(A)), (21)

JiK (s (@5)>A

where ¢ = ¢(6) is the constant from Lemma 1.

Proof. Let K(5)(7;) < A. By (14)
n; = N(C)\; BW(A]), LQ(AJ)) =0.

Let A = {j € N: K(s5)(zj) > A}. Since K(35)(z) — 0 for ¥ — oo, then A C {1,2,...,m}, where m € N
suffices big. If n; > 0 (j € A), then for all n > n;

inf sup —Uy; La(Aj)]| < e
Uest,, (BW(A,),La(A ))yeBW(A)”y y; La(4;)]]

Therefore, for an arbitrarily small 7 > 0 there is an operator U; € . (BW (A;), L2(4A;)), for which

sup ||y — Ujy; La(Aj)|| < (1 +n)eA. (22)
yGBW(A]')

Let x; be the characteristic function of the interval [x;, x;+h(x;, X)), Ay = {j € A :nj; > 0}. Operator

Uy—ZX] ), y € La(Ie),
JEA
has finite dimension
JEAL

Moreover, for any y € BW it follows from Lemma 1 and (22) that

/Iy Uy|? d:v—Z/liy nyldw+2/ly|d:v<

JEAA, JEALA,
<Y (N WA+ D (@) Iy WAHI? < (2+ned)?lyllf < (2+m)A)% (23)
JeAL JEA4

The passage to the limit in (23) leads to the following estimates:
ly = Uy; La(D)[| < 2¢A, y € BW,

An(BW, Lo(I)) < 2¢X, if n> ) nj,
JEA4

NQ@cX BW,Ly(1)) < Y mj= > N(ehBW(A), La(A)).

JeAL JiKo(z;)>A
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Proof of Theorem 2. It follows from (19), (21)

1/2
N(2eX; BW, Ly(I)) < A~ 1/22[ (25, b5 00| (24)

JEA

where A = {j € N : K5/9)(z5) > A}, 7Lj = E(acj,)\) and A; = [zj;2; + hj) (j € A) do not intersect.
Since A} = [zj;2; + hj/2) € By (5/2) for all t € A, then

[ g < My 1), t € A (25)
A
Therefore
1/4
1/4
(K G ) = by | 13 / g | <2 [ (M) e
A
J

and by (24) and embedding BV C BW we have

1/4
N (2eX; BV, Ly(I)) < 2\~ WZ/( Gmee ) de. (26)
J

Let A = [z, +h) (h>0), Es(A) = {e:e=2C [z,2+h] and |¢| < 6h}. With 0 < § < 1/2
Es(A) C Eys(A), (27)

and for t € [z, 2+ h/2], Ay = [t,t + h/2)
{es=ent,t+h/2), e € Bs(A)} C Eas(A,). (28)

(27) and (28) allow us to show (using simple reasoning) that

hs) (@) = his/2) (@), (29)
M) f(x) = M 91 f(2), (30)
h((;)(t) > h(5/2)(x)/2, ift e [:L‘,x + h/Q} (31)
Now from (25), (29)—(31) we deduce that
A% C G(N/2), (32)
namely that for all t € A’ we have
1/2
. 2 1 _ _
(k) (Migoy™ )" = 30 [ 11 [ oi?iae | =
A

Since F' C aBV C aBW, a = ¢, then by (26) and (32)

op\ /4
NOF L) <25 [ (M) e

G(X\/ac)
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A. C. Kaceim, JI. K. Kycaunora

JI.H. lymunes amvindaev, Eypasus yammuwr ynusepcumems, Acmana, Kaszaxeman
Bip cuaryngapasl auddepeHImaablK TeHAeyd1H MelTiMIePiHiH
AIIINIPOKCUMallusAChI TyPpPaJibl

Maxkanana Tpuben tunti mauddepeHuaaIblK, TeHACY/IiH MeMiMIePiH ChI3bIKTBIK, diICTEPMEH €H YKaKChI
JXKyBIKTay Moceseci 3eprresi. Byn ecenrep nuddepeHnpaniaHaTbiH MYHKIUSIAPIBIH COWKEC KEHICTIK-
Tepineri 6ipJIik MapbIHLIH, KOJIJIEHEH ChI3bIFBIH Oarajiay apKbLIbl eI Ii. AHbBIKTaMara ColKec, KOJIeHEeH
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CBI3BIK, OEpiIreH HOpMaJlaHFaH KEHICTIKTeri KOMIAKT >KUbIHIAP/bl ChI3bIKTHIK aKbIPJIBIOJIIIEM/II OIlepaTop-
Jlap apKbLIbI 2)KY3€re aChIPBLIATHIH ChI3BIKTHIK, 9/TICTEPMEH YKy BIKTAY/IbIH, €H *KaKChl Oarasiaybia Oepei. Tar-
CBIPMaJIa 3€PTTEJIETIH TeHIEY/IiH, MIEMIeTIHIIr Typasl, coiikec nuddepeHInaiIaHaThIH OYHKITHSIIAD/IbIH
caJIMaKThl KEHICTIrH Kypy, Co60/eB CaIMaKThI TTOJTMHOMUAJIIBI KEHICTIMHAETT KOMIIAKT *KUBIHIAPIBIH KOJI-
JIeHEH, CI3BIFBIH OaFaJiay YIIMH 9/IiCTEMECIH KYPY TYPaJIbl Mocesiesiep KAMTBLIIBL. Byl >KyMbICTa KapaCThIPHI-
JIFAH OTIEPATOPIBIH IIEKTEITeH KePi omepaTopbl OOIYAbIH MapTTAPbl AJIbIHIbI. KOWBLIFaH Maceere Coikec
CoboJieB camMaKThl KEHICTIT aHBIKTAJIIbI, KOJIJIEHEH, ChI3bIK, Ti30eri VIl caHay (pyHKIMSCBIHBIH, *KOFapPFbI
Garasiaynapbl agbiHAbl. COHBIMEH KAaTap, KOJIJIEHEH CHI3BIKTBIH €Ki *KaKThl Oarajiaysiapbl OepiireH MbIcas
KYPaCTBIPBLIABI. Bys ecenTiH mmmenty 9miciH mekci3 ocbTe CTAHAAPTTHI eMec KoiMTi auddepeHnaabik,
TeHJIeyIeP/Ii CAHJIBIK TYPJE IIeIly YIINH KOJIJIaHyFa 00JIa/bl.

Kiam cesdep: nuddepeHnmaaablk TeHaeyaIep, 1pubes TeHJeynepi, KUbIHIAPABI ChI3BIKTHIK, OJIiCTEpMEH
KYBIKTAY, KOJIAeHeH KubHAap, Co00IeBTiH caIMaKThl KEHICTiKTEpi.

A.C. Kaceim, JI.K. Kycannosa

Espasuiickutl nayuonarvotul yrusepcumem umeny JI.H. lymunesa, Acmana, Kazaxcman

OO6 ammrpokcuMaIi perieHnii 0JHOTO0 CUHTYJIAPHOTO
anddepeHImaIbHOr0 ypaBHEeHsT HAa OCH

B crarbe nccrenoBana 3aada 0 HAWIydIeM IPUOJIVMXKEHUN JINHEHHBIMY METOJIAMY PEIIeHUl OIHOTO yPaB-
HeHnusi Tuna Tpubessi. Dra 3a7a4a perajgach ¢ MOMOIIBIO ONEHOK JIMHEHHBIX TOMEPEYHUKOB €IUHUYHOTO
mapa B COOTBETCTBYIOIIAX MPOCTpPAaHCTBaX muddeperupyembrx GyHKImii. COracHO OMpeIeTeHuto, Jin-
HEeHbIEe MONEPEeYHUKH JAI0T HAMJIYUIINE OEHKHU AlIIPOKCUMAIMY KOMIIAKTOB B 3aJ[AHHOM HOPMHUPOBAHHOM
MIPOCTPAHCTBE JIMHEHHBIMU METOJAMU, PEAJTM3YEMBIMH YepE3 KOHEUHOMEPHBIE ONIEPATOPHI. 3a/a4ua BKIIF0Ya-
€T OTBETHI Ha BOIIPOCHI O PA3PEIUMOCTH U3YIaeMOT0O YPaBHEHUs, TOCTPOEHNE COOTBETCTBYIOIIETO BECOBOTO
nmpocTpaHcTBa JuddepeHIupyeMbiXx (QYHKIMH, pa3pabOTKy MEeTOAa JJisi OIEHKH JIMHEHHBIX MOIIePEeIHUKOB
KOMIIAKTOB B BECOBOM ITOJIMHOMHUAJILHOM TpocTpancTBe CoboseBa. B pabore mosydeHbl yCJIOBUsI, TIPU KO-
TOPBIX PACCMATPUBAEMBII OIIEPATOP CTAHOBHUTCS OIPAHUYEHHO O0OpaTHBIM. OIpeesieHO BECOBOE TPOCTPAH-
crBo CoboJieBa, COOTBETCTBYIOIIEE IOCTABICHHOM 3a1a4e. [losrydeHbl BepXHUE OLEHKY CYnuTaoneil pyHKIun
JIJIsI TIOCJIEIOBATETLHOCTH JIMHEWHBIX MOIMEPEYHIKOB, COOTBETCTBYIOIIUX TOCTaBJIeHHON pobieme. [TocTpo-
€H OJIMH TIPUMeEP, B KOTOPOM JIaHbI JIBYyCTOPDOHHHUE OIEHKHU JTUHEHHBIX MMONIEPEIHUKOB. MeTo T pertenns 3Toi
3a/1a91 MOXKET OBbITh IIPUMEHEH K YUCJIEHHOMY DENICHUIO HECTAHIAPTHBIX OOBIKHOBEHHBIX Jud depeHIualib-
HBIX ypaBHeHUI Ha GECKOHEYHOI OCH.

Kmouesvie crosa: muddepeHinaabable YpaBHEHNs, ypaBHEHUs 1 prubesist, ammpoKCUMAIsi MHOYKECTB JIU-
HEHHBIMHU METOJAaMU, IIOIEPEYHNKN MHOXKECTB, BecoBble pocTpancrBa Cobosesa.
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