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Existentially positive Mustafin theories of S-acts over a group

The paper is connected with the study of Jonsson spectrum notion of the fixed class of models of S-
acts signature, assuming a group as a monoid of S-acts. The Jonsson spectrum notion is effective when
describing theoretical-model properties of algebras classes whose theories admit joint embedding and
amalgam properties. It is usually sufficient to consider universal-existential sentences true on models of this
class. Up to the present paper, the Jonsson spectrum has tended to deal only with Jonsson theories. The
authors of this study define the positive Jonsson spectrum notion, the elements of which can be, non-Jonsson
theories. This happens because in the definition of the existentially positive Mustafin theories considered in
a given paper involve not only isomorphic embeddings, but also immersions. In this connection, immersions
are considered in the definition of amalgam and joint embedding properties. The resulting theories do
not necessarily have to be Jonsson. We can observe that the above approach to the Jonsson spectrum
study proves to be justified because even in the case of a non-Jonsson theory there exists regular method
for finding such Jonsson theory that satisfies previously known notions and results, but that will also be
directly related to the existentially positive Mustafin theory in question.
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Introduction

This study is a continuation of previous works by the first two authors of the given paper, related to
the study of the theoretical-model properties of positive Jonsson theories [1-5] and Jonsson spectrum
of models classes of fixed signature [6-8|. Note that the Jonsson theories form a subclass of inductive
theories and, by virtue of their definition, are not, complete. However, they distinguish a rather wide
class of classical algebras, such as groups, abelian groups, fixed characteristic fields, Boolean algebras,
S-acts, etc. More information about Jonsson theories can be found in [9-17]. The famous American
mathematician J. Keisler in his article [18] has conventionally allocated two directions of Model Theory,
«western» and «easterns, the names of which are connected with the geographical place of residence
of two different directions founders of the model theory A. Robinson and A. Tarsky. It can be noted
that the «Western» model theory predominantly studies complete theories and the «Easterns Jonsson
theories and each direction has its own special concepts and methods. In Jonsson writings [19, 20],
classes of models of an arbitrary signature satisfying certain well-known theoretical-model and algebraic
properties, in the study of which the notion of Jonsson theory has emerged originally, have been defined
[18; 80]. It is clear that Jonsson theories define a class of incomplete theories and the interest in studying
such theories is also fuelled by the difference between the definitions of the «Western» and «Eastern»
model theories concerning the notions of model’s universality and homogeneity. In consequence of this
difference, which was first noticed by E.A. Palyutin [21], T.G. Mustafin has identified perfect Jonsson
theories that eliminate this difference. Subsequently, T.G. Mustafin defined and studied the generalised
Jonsson theories |22]| and using the technique defined in this direction. In paper [22|, he described
generalised Jonsson theories of Boolean algebras. In a further study of Jonsson theories, several new
classes of positive Jonsson theories were defined [23-25]. Interest in positivity theory arose after the
appearance of the works [26-28]. In these works, it was shown that the whole classical first-order model
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theory is a special case of the positive model theory defined under these works. Subsequently, in this
framework of positivity [28|, there were identified positive Jonsson theories [3].

In the present paper, we do not go into positivity in the sense of work [3], we remain in the first-
order model theory framework, but generalise the concepts of those classes of theories that have been
considered in [22-25|. Let us focus on a brief description of some key concepts from the works [26,27],
which we need in this paper. Namely, the notions of minimal fragment and those morphisms that
coincide with and are used in the positive Jonsson theories study in the works [23-25].

The main result of the paper is related to the study of properties of the positive Jonsson spectrum
of a S-acts theory models’ class over a group. Interest in the study of the theoretical-model aspects of S-
acts theory has arisen relatively recently and is related to the works of W. Gould [29] and T.G. Mustafin
[30,31]. In work [31], T.G. Mustafin proved the fact that any complete theory is similar in some sense
to some S-acts theory. Jonsson theories are also closely related to S-acts theory. Thus, in paper [32],
there has been derived a connection between an existentially complete perfect Jonsson theory and
some Jonsson S-acts theory. In paper [33], a description of Jonsson S-acts theories over a group was
obtained. This paper obtains results generalizing the results from [33] as part of a positive spectrum
study of 3P M-theories of S-acts over a group.

1 Necessary concepts and results of positive model theory

Let us recall the basic definitions of the positive logic concepts and the results obtained in [26,27].

A positive fragment (in L) is a subset A C L containing all atomic formulas and closed with respect
to variable substitution, positive Boolean combinations and subformulas. For a given A the following
sets of formulas are defined:

N =3%(4) = {Fyp(z,y) - v € A},

I =TI(A) = {Vyple,y) : p € A} = {b: ¢ € B(A)}.

Definition 1. (|27]) Let M and N be a structures of the language, A C M and f: A — N be a
map (that is, f : M — N is a partial map with dom(f) = A). Then f is a partial A-homomorphism
if for every a € A and every formula ¢(x) € A from M = p(a) follows that N = ¢(f(a)).

If dom(f) = M, then f : M — N is a A-homomorphism; if M = N, then f is a (partial)
endomorphism.

Definition 2. (|26]) A Il-theory is a set of II-sentences, closed with respect to deducibility.

Definition 3. ([27]) Let k be a relatively large cardinal (at least x > |Al), and U the structure of
the language. Then U is k-universal domain if it satisfies the following properties:

1) k-homogeneity: Let f : U — U be partial endomorphism U, and suppose that |dom(f)| < k.
Then f extends to automorphism U.

2) k-compactness: Let I' C A such that |I'| < x and suppose that every finite subset of the set I is
realizable in U. Then I' is realizable in U.

Definition 4. (|26]) A model M |= T is existentially closed if every A-homomorphism f: M — N
such that N =T, is a ¥-embedding.

Definition 5. (|27]) Let U be a universal domain and 7' = Thy;(U). Then we say that U is a universal
domain for T

Definition 6. (|27]) II-theory T is complete if it is equal to Thi(M) for some structure M of the
language of the theory T'.

If T is not complete, then the completion of the theory 7" is a minimal (with respect to inclusion)
complete II-theory containing 7T'. In this case, a universal domain of the theory T is any universal
domain of its extensions, i.e., a universal domain whose II-theory is a complement of the theory 7.
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Lemma 1. (|27]) Let T be II-theory. Then for every model M |= T there exists an existentially
closed model N and morphism M — N.

Theorem 1. (|27])

1) The completion of the II-theory are exactly the II-theories of its various existentially closed
models.

2) A TlI-theory is positive Robinson if and only if all its completions are positive Robinson.

3) A complete II-theory is positive Robinson if and only if it has a universal domain.

Theorem 2. (|27|) For II-theory T the following conditions are equivalent:

1. T is positive Robinson theory.

2. The class of existentially closed models of theory T is axiomatic.

2 Ezistentially positive Mustafin theories and their properties

Let us define the notion of existentially positive Mustafin theory (3P M-theory). The main difference
of this concept from the classical notion of the theory is that only positive sentences are involved in the
axioms defining the theory. Thus, this class of theories is persistent with respect to homomorphisms.
If at some fixed A, the considered 3P M-theory is Jonsson in the classical sense, then we apply to it
all notations and results known earlier, e.g., as in [9].

Let L be a first-order language, At be the set of atomic formulas of L, B*(At) be the closed set of
relatively positive Boolean combinations (conjunctions and disjunctions) of all atomic formulas, their
subformulas and substitution of variables. Q(BT(At)) is the set of formulas in prenex normal form
obtained by applying quantifiers (V and 3) to BT (At). We call a formula positive if it belongs to the
set Q(B1(At)) = L*. A theory is called positively axiomatizable if its axioms are positive. B(L™) is
an arbitrary Boolean combination of formulas from LT. It is easy to see that II(A) C B(L™) when
A = Bt (At), where TI(A) is such as described earlier.

Following [26,27] define A-morphisms between structures.

Let M and N be structures of the language, A C B(L*). A map h : M — N is called A-
homomorphism (symbolically h : M —a N) if for any ¢(Z) € A, Va € M from the fact that
M = ¢(a), it follows that N |= ¢(h(a@)). The model M is called the beginning in N and we say that
M continues in N, with h(M) called the continuation of M. If the map h is injective, then we say that
the map h immerses M into N (symbolically h : M <>a N).

Hereafter we will use the term A-extension and A-immersion. Within this definition (A-homomor-
phism), it is easy to see that isomorphic embedding and elementary embedding are A-imbeddings when
A = B(At) and A = L, correspondingly.

Definition 7. If C is a class of L-structures, then we note that an element M of C' is A-positively
existentially closed in C if every A-homomorphism from M to any element of C is A-immersion. We
denote the class of all A-positively existentially closed models by (E§)+; if C = ModT for some
theory T, then by Er, (E%)Jr we mean respectively the class of existentially closed and A-positively
existentially closed models of that theory. If A = L we obtain a class of positively existentially closed
models of this theory and denote it by E;f .

Hereinafter throughout the paper A = BT (At) and in the case where the considered theory is not
Jonsson due to the considered positivity (since, n-immersion is not the same as n-embedding), we will
use the universal domain from [26] instead of the semantic model considered theory. A = B*(At),
consistent with the above definitions, satisfies the minimal fragment from [26] and is consistent with
the definition of 3P M-theory.

Let 0 < n < w. I -formula be a formula of language Lt whose prenex normal form has n variable
quantifiers and begins with V-quantifier. Similarly, ;' -formula is a formula of Lt whose prenex normal
form has n variable quantifiers and begins with quantifier 3.
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Definition 8. Model A of theory T will be called positively existentially closed with respect to
Y, -formulas if Vp(x) € X, Va € A, for any model B D A, from the fact that B = ¢(a) follows that
A= ¢(a).

The set of all positive existentially closed with respect to ¥,,-formulas of models of the theory T'
we will denote as RE; )

Definition 9. We consider that theory T admits 3, JEP, if for any two A, B € nE{F there exists
Ce nE;C and A-homomorphisms h1 : A —a C, hy : B —a C.

Definition 10. We say that theory T admits 3, AP, if for any A, B,C € HE; such that hy : A —a
C, g1 : A =-A B, where hi, g1 are A-homomorphisms, there exists D € nE{F and hy : C —a D,
g2 : B —aA D, where ho, g2 are A-homomorphisms, such that he o hy = g2 0 ¢7.

If we consider only A-immersions as A-homomorphisms, then we get the definition of the so-called
dP M-theory.

Definition 11. Let 0 < n < w. The theory T is called an existentially positive Mustafin (3P M-
theory) if

1) the theory T has infinite models,

2) theory T is H: p-axiomatizable,

3) theory T admits 3, JEP,

4) theory T admits 3, AP.

Definition 12. The 3P M-theory at n = 0 will be called the 3P .J-theory.

Hereafter, all definitions of concepts relating to Jonsson theories (in the ordinary sense) are considered
to be known and can be extracted, for example, from [9].

In the study of Jonsson theories the main tool of their investigation is the semantic method, which
consists in the following: The elementary properties of the centre of Jonsson theory are «translated»
onto the theory itself. In this case, the elementary theory of the semantic model of Jonsson theory is
similar to the positive Robinson theory, and is invariant to this Jonsson theory because all semantic
models of the same Jonsson theory are elementary equivalent to each other. In this connection, if 3PJ-
theory is not Jonsson in the classical sense, then by its semantic model we will mean any of its universal
domain U (as in [26]) and by the centre T* we will mean the following set of sentences T° = Thys(U).

Note the following fact from the work [34].

Fact 1. ([34]) Inductive theory T" is Jonsson if and only if there is a semantic model of theory T'.

Definition 13. If AP J-theory T is Jonsson, then its semantic model is T-3PJ-universal T-3PJ-
homogeneous model of theory T of cardinality x, where x is a fixed unreachable cardinal.

Definition 14. 3PJ-Jonsson theory T is called perfect if its semantic model C' is a saturated model
of the theory Th(C).

Let us recall the following fact, which describes the perfect Jonsson theories:

Theorem 3. (|9]) Let T be a perfect Jonsson theory. Then the following conditions are equivalent:

1) T* is model companion T

2) Mod(T*) = Ex = Er+;

3)T* =T =19,
where T* = Th(C) is the center of theory T (C is semantic model of theory T'), T" is Kaiser hull
(maximal VY3-theory mutually model-consistent with T'), T/ = Th(Fr), where Fr is class of generic
models of the theory T' (in terms of Robinson finite forcing).

The positive Robinson theory in the sense of [26,27] is a generalization of the Kaiser hull concept
T for the Jonsson theory T. It follows from the Theorem 3 that when A = B(At) and 3P.J-theory is
perfect, the notion of semantic model and universal domain coincide.

Definition 15. Let A be some infinite model of signature o. A is called 3P J-model if the set of
sentences Thy5+(A) is 3P J-theory.

In all the following, we will denote the Thyg+(A) theory by V3T (A4).
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The following result generalizes Proposition 1 of [35].

Lemma 2. Let T' be dPJ-theory complete for existential sentences. Then any infinite model of
theory T is a AP .J-model.

Definition 16. Models A and B will be called 3P J-equivalent and denoted by A =3p; B if for any
dPJ-theory T AET < BET.

The following result generalises Theorem 1 of [35].

Lemma 3. Let A and B be models of signature o. Then the following conditions are equivalent:

1) A=3p; B,

2) V3t (A) = v3T(B).

Definition 17. Two 3P J-theories T} and Ty are called 3P .J-cosemantic (T} igpy T5) if they have
the same semantic model, in case if 77 and T5 are Jonsson theories; and they have the same universal
domain, in case they are not Jonsson.

Definition 18. ([9]) Models A and B of the signature o are called 3P J-cosemantic (A <izpy B),
if for any 3P J-theory T7 such that A = T1, there is a IPJ-theory T, IP.J-cosemantic with 77, such
that B = T». And vice versa.

Lemma 4. For any models A and B, the following implication is true:

A=B= A=3p; B= Argpy B.

Similarly, the notion of 3P M-cosemanticity between 3P M-theories and respectively their models
is defined.

The following convention is paramount. We will talk about the semantic aspect of 3P J-theory.
If 3PJ-theory T is Jonsson, then we work with Fp as a class of models of some Jonsson theory. If
JPJ-theory T is not Jonsson, then we consider as FEp the class of its positively existentially closed
models E;f . Such an approach for the class E7, a class of existentially closed models of an arbitrary
universal theory T', has been considered in [36].

Since two cases are possible with respect to Jonsson theories: perfect and imperfect, we will stick to
the following. According to [9], if a Jonsson theory T is perfect, then the class of its existentially closed
models Er is elementary and coincides with Ep«, where T™ is its center. If the theory T is imperfect,
we do as in [36], i.e., instead of Er work with the class EJ.

When an arbitrary 3PJ-theory T is considered, the class Ejf is considered an extension of Ep
(both classes always exist), and depending on the perfection or imperfection of the theory T, the
theoretical-model properties of the class E; are of special interest.

For any theory T" we will denote by Ty+ the theory which axioms are positive universal corollaries
of the theory T.

Lemma 5. Let T and To be dPJ-theories, with C being the semantic model of 77 and C5 the
semantic model of Ty. If (T1)y+ = (T2)y+, then T} x3py Th.

Theorem 4. Let T and T be 3PJ-theories, with C] being the semantic model of T7 and C being
the semantic model of T5. Then the following conditions are equivalent:

1) Cy >xaapy Co,

2) C1 =3py Oy,

3) C1 = Cs.

3 Positive Jonsson spectrum of AP M -theories of a fixed class
of S-acts theory models over a group. Main results

The main result of the paper will be the characterization of Jonsson spectra 3P M-theories of S-acts

over a group with respect to cosemanticity by means of some invariants which have been defined in
paper [33].
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Let us give the basic definitions and statements from [33] necessary to formulate and prove the
results of the paper.

Let us recall the definition of a S-act.

Definition 19. (|33|) Let A be non-empty set, (S;-, e) is monoid. Algebraic system (A4; (f, : a € S))
with unary operations f,, a € S, is called a S-act over .S, if the following conditions hold:

fe(a) = a for all a € A;

fap(a) = fa(fs(a)) for alla € A and all o, B € S.

Let a € A, then S, = {fa(a) : @ € S}; if a is tuple of elements from A, then Sz = |J Sa,. The set

a; €a

Co={beA:be S, or a €Sy} is called a component.

Proposition 1. ([33]) If T is a S-act theory and for any f : Sz > Sy there exists a g O f such that
g : Cg = Cf, then T admits the elimination of the quantifiers.

Hereafter, we consider S-acts over the group G and correspondingly the theory of S-acts over the
group.

If A is a S-act over the group G, a € A, then

id(a) = {g € G: f,(a) =a}; p(G)={H:H=G}.

If H=<G,then§(H)=|{9gH:9€ G, {peG:9pgH =gH} = H}|.

Definition 20. ([33]) 1) If I is a family or type of sentence, then Tr = {¢p : {p € I': T+ ¢} F ¥},

2) V =1I; U3y, i.e., V is the family of all universal or existential formulas.

Definition 21. (|33|) If T' = Ty, then the theory 7" will be called a primitive.

Let us write a known fact about primitives.

Fact 2. (|33]) For a complete theory T the following conditions are equivalent:

1) T is a primitive;

2)ifABET and ACCC B, then € =T

Definition 22. (|33]) An expression of the form g € X will be called an atomic figure, where g € G,
X is a fixed symbol. A figure is any formal Boolean combination of atomic figures. Denote by ® the
set of all figures. For each figure ¢(X) we define by induction U(y) C p(G) and formula 6(p,a) S-act
language for any element a of any S-act

1)if p(X)=g€ X, then U(p) ={H <G :g€ H}, §(p,a) = (fy(a) = a);

2) if p(X) = ~4(X), then U(p) = p(G) — U (&), 6(p,a) = -0(t, a);

3) if p(X) = 1 (X)&y2(X), then U(p) = U(¢1) NU(¢2), 8(p, a) = 0(th1,a)&b(i2, a).

Let us use the following notations from [33].

Let [ ] be a closure operator induced by a topology over p(G) which base of open neighborhood is
{U(p) 1 p € @}. 1If h C p(G), then

<h>={gHg ':9g€ G, HEch}.

Let () denote the Poizat operator, i.e., the smallest closure operator on p(G) with property (h) 2
[h]U<bh>.

Q= {H <G :3p € B(U(y) = [H]) and F(H) < o}.

Definition 23. ([33]) A pair < h,e > is called a characteristic if h C p(G),b = (h),e: Q — [oo] Uw
and e(H) =0< H ¢ 1.

Definition 24. (|33]) If n < w, T is a S-act theory, then

TO(G) ={< Hy,... H, >EG" : A =T, < ay,...,a, > A*(&"_ Hy, = id(am))}.
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Definition 25. ([33]) If T is S-act theory, then er : Q — [00] Uw such that

k, it k =max{|{Gg:a €U id(a) =H}|: AE=T} <w;
er(H) =

00, if no such maximum exists.

Let ch(T) =< TYHG),er >.

Proposition 2. ([33]) ch(T) is a characteristic.

Theorem 5. (|33]) Let S-acts theory T" have an infinite model. Then

(1) T is inductive;

(2) if T has the property of joint embedding, then it also has the property of amalgamation;

(3) if T' is complete, then it admits the elimination of quantifiers and is primitive.

Theorem 6. ([33]) 1) Every a-Jonsson theory of S-acts is perfect and is Jonsson, 0 < a < w.

2) The S-acts theory T is a Jonsson < V1 < n < w (T"(G) = (TM(G))").

Similarly to Theorem 6, let us formulate and prove the following result.

Theorem 7. For every AP M-theory T of S-acts over a group two cases are possible:

1. a) T is a Jonsson theory, then T is perfect;

b) 3PJ-theory T of S-acts is a Jonsson < V1 < n < w (T™(G) = (TW(G))").

2. T is not a Jonsson theory. Then there exists some IPM-theory T’ such that T’ is a Jonsson
theory and is a Kaiser hull for theory T

Let us first prove the lemma.

Lemma 6. Let T be dPM-theory of S-acts over a group and all completions of T admit the
elimination of quantifiers. Then

(1) T is perfect;

(2) T is 3P J-theory.

Proof. (1) Let C be the semantic model of theory T', T* = Th(C) and C* is saturated model of
theory T*. C* Cy C, C* € E; and D(C*) = D(C). From homogeneity and equality of diagrams
follows that C' = éL*, i.e., T is perfect.

(2) Let C be the semantic model for T" (saturated for 7). Obviously C' is 3P.J-universal, we have
to show that C' is dPJ-homogeneous. Let A, B € E;, with A =2 B by f. Suppose the contrary, that
is, the model C' is not IPJ-homogeneous and there exist such existentially closed submodels A" and
B’ of the semantic model C such that A C A’ and B C B’. This means that there exists an existential
formula ¢(x) such that A’ = p(z) but B’ £ ¢(z). It follows that A | ¢(z) and B £ ¢(z) due to
existential closure of A and B, which contradicts isomorphism f. By virtue of the fact that T admits
the quantifier elimination then (C,a)sca = (C, f(a))qca, which means that f is an automorphism.

Proof of Theorem 7.

1. a) It follows from Lemma 6.

1. b) It is easy to show that from the condition Vn < w, T (G) = (TMW(G))™ follows the joint
embedding property and vice versa.

2. Let T be 3P M-theory not Jonsson, then since A = BT (At), we can use the universal domain U
for the minimal fragment A = BT (At) from [26]. Consider all V3-sequences true in U, that is, consider
the theory Thys(U) = A. There are 2 possible cases: U € EX and U ¢ EJ.

IfU e EJAF, let us consider the theory Thy3(U) = A. Let us show that this theory is Jonsson.
To do this, we will use Fact 1. The semantic model of A will be the family of maximal components
of the theory of all S-acts over the group. It is easy to see that by virtue of Theorem 6, this model is
saturated in its cardinality, hence A is a perfect Jonsson 9P M-theory and is a Kaiser hull for theory T'.

IfU ¢ EK, then, since A is an inductive theory, there exists a model D € EJAr such that U is
isomorphically embedded in D. Consider the theory A’ = Thy3(D). Similarly, it is easy to prove that
A’ is a perfect Jonsson IPM-theory and that A’ is a Kaiser hull for theory T
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We will need the following definition and theorem from paper [33].

Definition 26. ([33]) If < bh,e > is a characteristic, then

Ti(b,e) = {Vy—0(p,y) : (p € ©,U(p)Nb = SFULVy1, oo vz +i (&b (0, i) = Vg (yi = 7)) -
HeQnb, pe®, e(H) <oo, Ulp) = [H]},

To(h,e) = Ti(h, ) U{3y1, o Yoz (o) (&ib (0, i) &&igj (yi # y5)) : H € QNb, e(H) < 00, U(p) =
[H]} U {3y, (&8(,51)) : U(9) 0 (= Q) # 2V 3H € Ulp) N Q(=(H) = o), < w}.

Theorem 8. ([33]) 1) ch(T1(h,e)) = ch(Tz(bh,e)) =< b,e > for any characteristic < b, e >;

2) Jonsson S-acts theories 77 and Th are cosemantic < ch(11) = ch(1»);

3) T is Jonsson S-acts theory and ch(T') =< bh,e > if and only if T1(h,e) C T C Ta(h,¢).

Similar to Theorem 8, we have a result for the case of AP M-theory.

Theorem 9. Let T1 and T» be 3P M-theory of S-acts over group for fixed 0 < n < w. Then:

(1) ch(T1(h,e)) = ch(T2(h,e)) =< bh,e > for any characteristic < h,w >;

(2) T X3pm T < Ch(Tl) = Ch(Tg);

(3) There is 3P M-theory T of S-acts over group such that ch(T1) =< h,e > iff T1(h,e) C T C
TQ([], 8)

The proof is the same as for Theorem 8.

The result of Theorem 9 has a natural continuation in the context of the theoretical-model properties
study of the positive spectrum of a fixed class of S-acts over the group.

Let K be a class of structures of fixed signature o. Consider positive spectrum of 3P M-theories of
class K:

PSp(K) =A{T | Tis 3PM-theory in language K C Mod(T') for a fixed 0 < n < w}.

Note that the cosemanticity relation on a set of theories is an equivalence relation. Therefore, we
can consider the factor set PSp(K)/wasp,, of the positive spectrum class K with respect to the relation
X3ppM-

The result is as follows:

Theorem 10. Let Ky be a class of all S-acts over group, [T1], [T2] € PSp(K11)/sasp,, - Then

1) if [T1] and [T»] are classes of Jonsson JPM-theories then Cip) <3py Cipy & ch([Th]") =
ch([To]");

2) if [T1] and [T3] are classes of not Jonsson 3P M-theories, then there are such classes of Jonsson
P M-theories [A1], [A2] € PSp(K1)/sgpy,» that A; is the Kaiser hull for 7}, where i = 1,2 Ca ) ™M3pm
Clag) & ch([A1]") = ch([a]");

3) if [T1] is a class of Jonsson IPM-theories, and [T5] is a class of not Jonsson 3P M-theories, then
there is such Jonsson 3PM-theory A, that Cir) >apn Cia) < ch([Th]*) = ch([A]Y).

Proof.

1) =: Let [T1], [T2] € PSp(Kn)/ssp,, be classes of Jonsson 3P M-theories and Ciry) ><3par Ciry)-
Since [T1] and [T3] are classes of Jonsson S-acts theories over a group, then [T1] and [T3] are classes of
perfect Jonsson theories, hence, by Theorem 2.12 from [9], [11]* and [T5]* are Jonsson S-acts theories
over a group. Then according to 2) of Theorem 8 ch([T1]*) = ch([T2]*) since [T1]* and [T>]* are complete
theories.

<: Let [T7] and [T3] be classes of Jonsson 3P M-theories of S-acts over a group and ch([T1]*) =
ch([T2]*). Then [T1] and [T5] are classes of perfect Jonsson theories, then [T1]* and [T5]* are complete
Jonsson IPM-theories of S-acts over a group. Since ch([Th]*) = ch([T:]*), it follows from 2) of
Theorem 9 that [T1]* b<3pps [T2]*. From the definition of cosemanticity, it follows that Cipyj« = Cipy».
However, since [T1]* and [T»]* are complete Jonsson 3P M-theories, then [T1]* € [T1] and [T]* € [T3],
Le., O] = Clgy), from which it follows that Ciy) ><gppy Clgyy)-

2) Let [T1], [T2] € PSp(K11)/masp,, be classes of not Jonsson 3P M-theories, Cir,) = Uy, Cip,) = Uz
and [T1]* = Thy3(Uy), [To]* = Thy3(Usz). Since [T1]* and [T3]* are inductive theories, there are positive
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existentially closed models D; and Dy of these theories such that U; is isomorphically embedded in D,
and Us is isomorphically embedded in Ds. Consider the theories Ay = Thy3(D1) and Ag = Thyz(D3).
They are Jonsson perfect 3P M-theories. The existence of theories Ay and Ao follows from Theorem 7
and they are Kaiser hulls for 77 and T, respectively. Then it follows from 1) of this theorem that
Clay) >apm Cla,)  ch([Ad]7) = ch([Ag]").

3) Let [T1] be the class of Jonsson 3P M-theories and [T3] be the class of not Jonsson 3P M-theories.
Then, similarly to 2), using Theorem 7, we can find such a Jonsson IPM-theory A, which is a Kaiser
hull for theory T3 and according to 1) hold Cipyy <3pyr Ciay < ch([T1]*) = ch([A]*).
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A.P. Emikeen, O.U. Yusbpuxt, A.P. fdpyminna

Axademur E.A. Bexemos amuwvindazv. Kapazandv yrusepcumemi, Kapazanow, Kaszaxcman

I'pynnanap mMaHalbIHAAFBI MOJUTOHIAPABIH, SKIINCTEHITNAJI b
MMO3UTUBTI MyCTapUHAIK TEOPUsIChI

Maxkasia moIMroHIap CUTHATYPACHIHBIH, OEKITIITEH MOJETbIED KIIACHIHBIH, HOHCOHIBIK, CIIEKTPIHIH, VFBIMbBIH
seprreymen GaitaubicTel. COHbIMEH Gipre MOJIMTOHHBIE, MOHOM/BI PETiHJIE TPYIINa KAPACTHIPhLIFAH. VOH-
COHJIBIK, CIIEKTP YFBIMBI aJiredpajiap KJIAChIH MOJIE/IbIi-TEOPETUKAJIBIK, KACUETTEPIH CUMTATTAY YIIH 3ddeK-
TuBTi GosTbIN TabBLIABI. Teopusitap yitaecimai eHrisisyre koHe amasibraMa KacueTine me. Byir xkarnaiina,
9JIeTTE, OCHI MOJIEJIbED KJIaChl OOMBIHIIA aKUKAT OOJIATBIH 9MOEe0A-9K3UCTEHIINAJIIbI YChIHBICTAPbI Kapac-
THIPY KeTKLTIKTI. OChl yaKbITKA HeifiH WOHCOHBIK CIIEKTD, 9/IeTTe, TEK HOHCOHJBIK TEOPUSIaAPBIMEH XKY-
MBIC icTemi. ABTOpsIap MakKasala MO3UTUBTI HOHCOHIBIK, CIIEKTPI TYCIHIrIH aHBIKTANIbI, OHBIH, 3JIEMEHTTEPI,
JKaJIIbl aJIFaH/a, HOHCOHJBIK eMeC Teopusaap 60aybl MyMKiH. Bysn mMakasiaza KapacThIPBIIATBIH TEOPUs-
Jap/pl aHBIKTAY1a U30MOP(MTHIK €Hrisyjep FaHa eMec, COHBIMEH Karap Oaryiap (SFHHU, SK3UCTEHIHMAJIIBI
MO3UTHUBTI MyCTapUH/IK TEOPUs) KATBICTBLIBIFBIMEH TyCiHmipineni. Ocbran GaliyIaHBICTBI amMaIbraMma Ka-
cHeTTepiH KoHe OipjeckeH yiteciMjii KacMeTTepiH aHbIKTay/la OaTysap KapacTbhipbLiajibl. HoTmkecinme,
TEOPUSIHBIH, OCBIHJIAll ©3repicTepiHe OAMIAHBICTBI AJIBIHFAH TEOPUsiIap WOHCOHJIBIK, OOJIyBI MIHJIETTI eMec.
Ocbl MaKaJIAaHBIH HETI3T1 HOTHMXKEJIEPIH TaJIail OTBIPBIM, HOHCOH/IBIK €MeC CIIEKTDPJl 3ePTTEYiH KOFapblia
aTaJraH TOCLI, eH OOoJIMaraHa, WOHCOHJIBIK, €MeC TEeOPHUs YKarIailblHIa Jia, OYpbIH OeJIriji yrbIMJIap MeH
HOTHUXKEJIEP/l KaHAFATTAHIBIPATHIH, Oipak COHBIMEH Gipre KapacTbIPBLIATHIH SK3UCTEHIIMAJIbI TO3UTUBTI
MycTaUHIIK TEOPUICHIMEH TiKeseit 0alIaHbICTBI OOIATHIH HOHCOHIBIK, TEOPUSHBI TaOy/IbIH TYPAKTHI DIiCi
bap ekeHi bailkaJsiaIbl.

Kiam cesdep: HOHCOHIBIK TeOpHsi, KeMeJ HOHCOHJIBIK, TEOPHsl, TO3UTUBTI MOJIEIbJEDP TEOPUSIChI, HOHCOH-
JIBIK, CIIEKTP, TTO3UTUBTI HOHCOHJIBIK, TEOPHsl, ATy, MOJUTOH, TIOJUTOHIAP/IBIH HOHCOHIBIK, Teopusichl, 3P M-
Teopusi, KOCEMAaHTTHIIBIK,

A.P. Emkees, O.U. Yusbpuxt, A.P. dpyniuna

Kapazandunckut ynusepcumem umenu axademura E.A. Byxemosa, Kapaeanda, Kazaxcman

DK3UCTEHIINAJBHO MO3UTUBHBIE MYCTA(DUHCKHE
TeOPUU MOJIUTOHOB HAJI I'PYIIION

Crarbsi cBsI3aHa C U3yYEeHUEM HOHSITHAsI HOHCOHOBCKOT'O CIIEKTPa (DUKCUPOBAHHOTO KJIACCA MOJIEJIEH CUTHATY-
PBI IIOJINTOHOB, IIPUYEM B KadeCcTBe MOHOU/ 1A IIOJIUI'OHA paccMarpuBaeTcs rpynna. IloHsaTre #OHCOHOBCKOTO
CITeKTpa sIBIsieTcst 3MPEKTUBHO pabOTAIOMMUM TIPU OMUCAHUNA TEOPETUKO-MOJIEIBHBIX CBOMCTB KJIACCOB aJi-
rebp, TEOPUH KOTOPBIX JIOMYCKAIOT CBOMCTBA COBMECTHOI'O BJIOXKEHUsI U aMaJibraMbl. I1pu 3ToM, Kax mpaBuiio,
J0CTAaTOYHO pacCMaTPpUBaTh YHUBEPCAJIBbHO-IK3UCTEHIIMAJIbHBIE ITPEIJIOKEeHN I, NCTUHHBIE Ha MOJIEJIAX 3TOI'O
kiacca. /o HacTosImeit paboThl HOHCOHOBCKUN CIEKTP, KAK MPABUJIO, OMIEPUPOBAJT TOJBKO HOHCOHOBCKUMU
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TeopusaAMU. ABTOpaMM CTATHY OIIPEJIEJIEHO ITOHATHE O3UTUBHOIO HOHCOHOBCKOIO CIIEKTPA, SJIEMEHTaAMU KO-
TOPOT'O MOTYT OBITH, BOODIIE TOBOPsI, HE HOHCOHOBCKUE TEOPHUHU. DTO MPOUCXOIUT U3-3a TOTO, UTO B ONPEIeIe-
HUM PacCMaTPUBAEMBbIX TEOPUH B JaHHOU CTATbe (a VIMEHHO, 9K3WCTEHITNAIHHO TO3UTHBHBIX MYCTAMDUHCKUAX
TeOpHii) y4acTBYIOT HE TOJIHKO N30MOPQHBIE BIOXKEHUs, HO U IIOTPY?KEHUs. B CBS3M C 9TUM B OIpeIeIeHIN
CBOWCTBa aMaJjibTaMbl 1 CBOWCTBA COBMECTHOT'O BJIOYKEHUS PacCMOTPEHDI ITOTPY2KEeHUA. Kaxk cjeacrsue, 110-
JIy9Y€HHbIC B CUJIYy TaKHUX U3MEHEeHU TEeOpUuu He O6S{3&T€J’IBHO JOJIZKHBI OBITH HOHCOHOBCKUMMU. AH&J’II/I3I/IpyH
OCHOBHBIE IOJTy4YeHHbIE Pe3yJIbTaThl JaHHON CTATbU, Mbl MOXKEM 3aMETHUTh, YTO YKAa3aHHBII BBIIIE IOAX0 K
U3YICHUTIO HOHCOHOBCKOT'O CIIEKTPa OKa3bIBa€TC OIIpaBJaHHBIM, XOTA 6]31 B CWJIYy TOTO, 9TO [azKe B CJIy4dae He
MOHCOHOBCKOM TEOPHUU CYIIECTBYET PEryIAPHBIA METO/ HaXOXKICHUA TAKOH MOHCOHOBCKOII T€OPHUH, KOTOpasd
V/IOBJIETBOPSIET PaHee M3BECTHBIM IIOHATHSM KM Pe3yJibTaTaM, HO KOTOpasl TakzKe OyJ/leT HEIlOCPeICTBEHHO
CBsI3aHA C PACCMaTPUBAEMON SK3UCTEHIINAIBHO TIO3UTUBHON MyCTapUHCKON Teopueii.

Kmouesvie crosa: HOHCOHOBCKAsT TEOPHsi, COBEPIIIEHHAsT HOHCOHOBCKAs T€PUsI, TO3UTUBHAS TE€OPUS MOJeIell,
MOHCOHOBCKHUII CIIEKTD, ITIO3UTHUBHAA HOHCOHOBCKAsl TEOPUs, IOTPYKEHNeE, IIOJIUTOH, HOHCOHOBCKAs TEOPHUs
mosiuronos, JP M-teopusi, KOCEMaHTUIHOCTb.
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