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Boundary value problem for a system of partial differential equations
with the Dzhrbashyan—Nersesyan fractional differentiation operators

A boundary value problem in a rectangular domain for a system of partial differential equations with the
Dzhrbashyan—Nersesyan fractional differentiation operators with constant coefficients is studied in the case
when the matrix coefficients of the system have complex eigenvalues. Existence and uniqueness theorems for
the solution to the boundary value problem under study are proved. The solution is constructed explicitly
in terms of the Wright function of the matrix argument.
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Introduction

Consider the system of differential equations

Lu(z,y) = D™ (e, y) + ADGP e, y) = Bulw,y) + f(,9), M
in the domain Q = {(z,y) : 0 <z <a, 0 <y < b}, a,b < oo, where Dégo’al’“"a’“} and Dégo’ﬂl"“’ﬂm}
are the Dzhrbashyan—Nersesyan fractional differentiation operators [1] of orders o = iai —1>0and

i=
B =3 B —1>0, respectivly, ai, 8 € (0,1], (i = 0.k, j = m); flary) = [[1(@), s Fulery)]
and Za?gc, y) = ||ui(z,y), ..., un(z,y)|| are given and desired n-dimensional vectors, respectively, A and

B are given constant real square matrices of order n.

Dé%,’nwﬁk}
t

The Dzhrbashyan—Nersesyan fractional differentiation operator of the order v =

k

d>ovi—1>0,v €(0,1], (i =0, k), associated with the sequence {79, 71, ..., V& }, is determined by the
=0

relation |[1]

’ [ARRS] -1 -
Do () = Dy DG DY Do (o)
where Dy, is the Riemann-Liouville fractional integro-differentiation operator [2; 9].

The operator Dét%m"”’%} was introduced in [1|, where the form of the initial conditions for the
ordinary differential equations with such an operator, and the Cauchy problem was studied. The
Dzhrbashyan-Nersesyan operator generalizes a number of definitions of fractional derivatives, including
the Riemann—Liouville and Gerasimov—Caputo derivatives.

A review of works related to the study of the equation (1) with Riemann-Liouville and Gerasimov—

Caputo derivatives, including in the scalar case n = 1, can be found in [3] and [4].

Equations of the order not higher than one containing operators of the form Dé;’ 07} are studied

in [5-10]. In [5], for a linear partial differential equation of fractional order with many independent
variables a fundamental solution is constructed and a boundary problem is solved.

*Corresponding author.
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In papers [6], [7], boundary value problems in a rectangular domain for first-order partial differential
equations with variable coefficients are studied. In papers [8] and [9], a boundary value problem with an
integral condition and a boundary value problem in a rectangle, respectively, are studied for equations
with constant coefficients. The study [10] considers an equation containing the Dzhrbashyan—Nersesyan
operators in two independent variables, and in one of the variables the equation includes a linear
combination of two Dzhrbashyan—Nersesyan operators, the orders of which are associated with the
sequences {«, 5} and {7,d}. The question of the influence of the distribution of the values of these
parameters on the setting of the initial conditions is studied.

We also note the papers [11, 12] where the unique solvability of initial problems for some classes of
linear equations with operator coefficients in the Banach spaces are studied.

In papers [3], [4], [13-15], boundary value problems in rectangular domains and the Cauchy problem
for systems with sign-definite eigenvalues of matrix coefficients in the main part, with Riemann—
Liouville partial derivatives whose the order does not exceed one, are considered. For these systems, the
situation with the formulation of boundary value problems is similar to the case of a single equation. In
this paper, we extend the class of such systems to include systems with eigenvalues of the coefficients
of the main part lying in some corner of the complex plane, and with more general Dzhrbashyan—
Nersesyan operators of fractional differentiation.

1 Auziliary assertions

The Riemann-Liouville fractional integro-differentiation operator Dy, of order v is defined as follows
[2; 9]:

y
sign(y —a) [ g(s)ds
DY = , <0,
ayg(y) T(—v) / ly — 5|71 v
a
for v > 0 the operator Dy, can be determined by recursive relation

v : d v—
Dayg(y) - Slgn(y - a)ijay 1g<y)7 v=>0.

The following series

> k
z
¢(Paﬂ:z>: E T (ol 1+ 1) p>_17 MEC
— kIT(pk + 1)

defines the Wright function [16], [17] which depends on two parameters p and .

The following relation holds [4]
1

P(n)
If B €(0,1), u € R, then the following estimate is valid [1§]

d(p 3 2)|,_ =

1
(=B, 15 —2)| < Cexp (~0l2 77 ), (3)
where C' = C(8, u,0) and
B 1-—
a<(1—,8)61§ﬁcos argzj 0<|argz| < Bﬂ'.
1-5 2
Under the condition 5
Be(0.1), 0<|ag) < —m, (4)

2
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the inequality
(=B, s —Awy )| < Ca Pyt 2 >0, y >0, (5)

holds [18], where C' = C(u,3,60,X), 0 >0 for p #0,—1,—-2,..., and § > —1 for p =0,—1, -2, ....
The following differentiation formula is valid [17]:
d
0 2) =dlpntpiz), p> -1 (6)
Let 8 € (0,1), u,v € R, and the inequality (4) holds, then the formula [18]
Dy o (=B =y P) =y (=B — vi =y P (7)

is true. By (7), we have

Dé;g,...,’}/j}yu—l¢(_l3’ L _/\y—ﬁ) — yﬂ_ﬂj¢(_67 o=y + 1; —)\y_’g), (8)

J
where p1; = > ;.
i=0
Formulas (6)—(8) give the equality

J

(3 + )\D{“/o,.“ﬁj}> yufl(f)(—,@, 1 _)\xy*ﬁ) =0, A= Z% —1<1. (9)

Oy
iy
0 i=0

Using the integration by parts formula and the relations (2) and (3), one can show that the equality

[e.e]

/t%(—ﬁ,u; —At)dt =

0

n!
AL (p+ (n+ 1)8)

n=0,1,.. (10)
holds under the condition (4).
For A = 1, the equality (10) was obtained in [19].

2 Special solutions
2.1 Wright matriz function

In papers [3], [4] the Wright matrix function was defined

$(p; A) =Y e, p>—1, peC

and its following properties were established.
1. Let the matrix A be reduced with the help of the matrix H to the Jordan normal form J()), i.e.

A=HJNH™,

where J(A) = diag[J1 (A1), ..., Jp(Ap)] is the quasidiagonal matrix with cells of the form

Ao 1 ... 0
MNe ... 0

Jk: = Jk()‘k) = 0 . : ; k= 17"'7p7
Ak
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A1, ..., Ap are the eigenvalues of the matrix A, Ji(A\r) are the square matrices of order ry + 1,
P

> 1k + p = n. Then the function ¢(p, u; Az) can be represented as
k=1

d(p, s Az) = Ho(p, pi; J(N)2)H (11)
where
o(p, w5 J(N)z) = diag[o(p, s Jl()\l)z) (p,u,J (Ap)2)]s
bl
(

2#()\;@,2) Aez) oo opk(Ak2)
A

z) ... Tkl)\z
Ops s Je(M)2) = k>._ P ) |

0
p,M(AkZ)
1 o™ zZm
piu(A2) = s dlps s A2) = 5 d(p, A+ pm; Az).
2. Using the representation (11) and equality (2), we obtain
1
(p, 3 Az)| g = o= 1, 12
(o1 49)] o = 50 (12
where I is the identity matrix of order n.
3. The following differentiation formula is valid
d
7,900, 1 A2) = Ad(p, p + 1 Az). (13)

Further, we assume that all eigenvalues A1, ..., A, of the matrix A satisfy the condition

1—

0 <larg\| < ?ﬂ
Due to the relations (2), (3), (5), (6), (7), (10), the following properties proved in [3], [4] remain

valid under the condition (14).

4. Due to (7) and (11), for 5 € (0,1), u,v € R, we have

DYy (=B —Ary P =y (=B, — v — ATy P, (15)

™, i=1,p. (14)

From (15) it follows
{20,075 y
Doy Iy G (=B, s —Ary Py =yt (=B — g+ L= ATy F), =Y v (16)
5. The equalities (13), (15) and (16) imply the equality
9 J
(6 + ADJ ) Y (=B —ATy ) =0, B=) y-1<L (17)
i=0

6. By virtue of (10) and (11) it follows

[ AV — 2 a1
J¢<@% Az)dz = oA (18)
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7. Let A(x,y) be the matrix with entries a;;(x,y). By |A(x, y)|« we denote a scalar function taking
the maximum absolute value of entries of the matrix A(z,y) for each (z,y), ie. |A(z,y)|. =
max |a;;(z,y)|. Likewise, for a vector b(z,y) with components b;(z,y), we set |b(z,y)|, = max |b;(z,y)|.

2, 7

From the estimate (5) it follows that
" OB, = ATy )| < OOy r >0,y >0, (19)

where g € (0,1) and 8 >0 for v #0,—1,—-2,..; and § > —1 for v =0,—1, -2, ....
8. Formulas (3) and (11) yields the estimate

|6(—5, &5 —Az)|, < Cexp (-mﬁ) . 2>0, (20)

where § € (0,1), e € R, 0 < (1 —9)d1=3 5)\1’ , Ao = mm {|)\ I}, A1, ..., Ap are the eigenvalues of the

matrix A.
2.2 Properties of the function ‘Dg’g(x, Y)

In 3], the following function is defined
o (e y) = / Brat =g (—a, s —ra ™)y’ "o (= B,v; —Ary~)dr. (21)
0

The estimates (3) and (5) imply the convergence of the integral (21) for any u,v € R, and 2% + 52 # 0.
The following assertions are true.
Lemma 2.1. For all u,v € R the following equalities hold:

DSxQZ:E(x,y) = @ZT;”’(@", y), a+pu>0, (22)

k7 V=0
Dqu’g,g(%y) = q)Z,B (JJ, y)a 6 +v>0. (23)

Lemma 2.1 follows from the formulas (7), (15), (21).
Lemma 2.1 implies the equalities

J
o€ —pi+1lv
Déi()a €J}¢Z:g(l’,y) = (I)Z,ﬁuj+ ($’y)’ o+ i > 0’ /‘L] = Zgi’ (24)
{80,..-,0;} i+1 J
Dy, RN (,y) = BN (wyy), B4y >0, =) 4 (25)
=0

Lemma 2.2. The estimate

04 ()| < Cartrmet L g e [y, 0y) (26)

Lop70, No = {0,1,2,...}, and the

holds for all = € [0; x¢], where 6 = { _07 e by = { 2, u=0

17 -V E NOv
constant C depends on zg.
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The validity of Lemma 2.2, under the condition (14), follows from the formulas (3) and (19),
similarly to the case when all eigenvalues of the matrix A are positive [3].

k1 mi
Lemma 2.3. Let AB = BA, Y e;=a+1, Y §; =0+ 1, then the following equality holds:

i=0 i=0
(D{Eo,.‘.,skl} + AD{50,...7(5m1} o B) (bu7y (x ) B xu_lyl/—ll (27)
0 0 R (I
Proof. Let us denote
hh(a,m) = ot o(—a, s~ Ry, ) =y o=, vs Ay P).
Using the fact that due to (9)
pleomd 4 O g By 1y~ o
Ox or a4 )
the integration by parts formula and relations (2), (3), (12) and (20), we obtain
D{‘507"'761€1}¢M v Bt {507“'78161} “w v _
Ox ( y) e DOw ha(wv T>hﬁ(y7 T)dT -
0
= lyy 1 3
= =1+ B®L(x +/£&%“xri1@,m (28)
M) J ’
By virtue of (25), we get
Dyt gt (o j[eBTh“ ) DE ey, 1) dr, (29)
0

By (28) and (29), taking into account the equality
<AD§§O""’67”1} + 9 B) eBThfé(y, T7) =0,
or
which follows from (17), we get (27). Lemma 2.3 is proven.
8 Problem statement and main theorem
Let all eigenvalues Ap, ..., A, of the matrix A satisfy the condition (14). We formulate a boundary

value problem for the system (1).
Problem 3.1. Find a solution u(z,y) of system (1) with the boundary conditions

h%DW““’}u—¢4y 0<i<k—1, 0<y<b (30)
T
I%D{ﬂo’ﬁl’ ’ﬂ]u—zpj( ), 0<j<m-1 0<z<a, (31)
y

where ¢;(y) and 1j(x) are given n-vectors functions.
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A regular solution of system (1) in the domain €2 is defined as a vector function u(x,y) satisfying
at all points (z,y) €  the system (1) and the inclusions

Dégo,...,ak}u, Dé?fo,---,ﬁm}u c C(Q); (32)

Dy e c(ufz =0}), DL Phue c@u iy =0,

2 ploo-eily, g‘yp%’ Py e c@)NL©Q), (i=0k—1,j=0,m—1);

21y =0z, y) € C(Q), for some ¢ > 0 and § > 0.
We accept the following notation:

J k i i m J
_ = i _ . _ = J_
My = E Ap, Hj = E Qp,  Hj = E Qp; Vi = E ﬁpa v = E 51)7 v, = E /Bp-
p=0 p=j p=j p=0 p=1

p=1

(33)

Theorem 3.1. Let AB = BA, all eigenvalues Ap, ..., A\, of the matrix A satisfy the condition (14),
aot+ag > 1, Bo+ B > 1,

0i(y) = Do, @5 (y), ¥y i), ¥ er-1(y) € C[0, 8],

. 34
77j>07 pj>max{uj+11§71 ﬁm}a J=0k—2; ( )

vily) = Do j (), 2! 754 (x), 2171 (2) € C[0,a],

& >0, Ji>max{uﬁjl%,l—ak}, 1=0,m—2;

Fle) = Do Dol (), =Sy f (2.y) € C(D), %)
o>1-— oy, p>1_6ma §>0, n > 0;

(35)

whereinto ¢ < min{ag, 0y + &,0 + & p}, 0 < min{Bo, p; + ni,p + n,v}. Then there exists a unique
regular solution to problem (1), (30), (31) in . The solution has the form

k-1 Y
— /D{a’“’ak b ’%“}G(x,y— s)p;(s)ds+
Jj=0 0
m—1 % Yy x
+ Z /Dégm"gm“"’ﬁi“}G(x —t,y) Ay (t)dt + //G(x —t,y — s)f(t,s)dtds, (37)
=079 00

where
0,0
G(.Z',y) = q)aﬁ(xay)'
Remark 3.1. If we put

then £ < ay, 0 < fp, and the conditions (34)—(36) will take the form

i(y) = D293 (y), @i(y), v Per_1(y) € C[0, 1], (38)
Bo > max {8 — MB, —Bm}, i=0k—2

Yi(y) = Do ¥ (2),  ¥f (@), ' %m_(2) € C[0,al,

a0>max{a—%a,l—ak}, 1=0,m — 2;
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fla.y) = DDy f*(x,y), [ (z,y) € C(Q). (40)
Remark 3.2. In the case of a system with Riemann-Liouville derivatives, i.e., when &k = m = 1,

Dégo’l} = Dy?, Dégo’l} = Dg;, the conditions (38)—(40) will take the form

yliﬁowo(y) € C[O’ b]’ xliaodjo(‘r) € C[O,CL], f(x,y) = D()_xaoD(;yﬁof*(xa y)v f*(xvy) € C(Q)

The solution has the form

Yy T
u(e.9) = [ Gy = pn(s)ds + [ Gla o) dun(t)de+
0 0

Yy x
+0/0/G(x—t,y—s)f(t,s)dtds.

Remark 3.3. In the case of a system with Gerasimov—Caputo derivatives, i.e., when &k = m = 1,
Déi’m} = O » Dé;”gl} = 85;, the conditions (38)-(40) will take the form

eo(y) € C[0,b], wo(x) € Cl0,a), f(z,y) = Dy, Dy f*(z,y), f*(x,y) € CQ).

The solution has the form

Y x
u(,y) = / DS G,y — s)go(s)ds + / DETAG( — 1, y) Ado (1)t +
0 0

Yy x
+O/O/G(a:—t,y—s)f(t,s)dtds.

In what follows, for brevity, we will denote

y
Uy, (x,y) = /Dézk"”’aﬁl}G(m,y — 8)pji(s)ds,
0

g, (@, y) = / DB Gl — b, y) Aty (t)dt,

T

0
y
Uf(;v,y)://G(:U—t,y—s)f(t,s)dsdt.
00

3.1 Representation of solutions

Lemma 3.1. Every regular solution u(z,y) to problem (1), (30), (31) in © can be represented in
the form (37).

Proof. Let u(x,y) be a solution to problem (1), (30), (31), and matrix V = V(x — ¢,y — s) be a
solution to the equation

LYV = Di?k,ak—lvwao}v + Défyn,ﬂmq,---,ﬁo}VA =VB+1, (41)
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satisfying the conditions

lim D010y g ] < <k, (42)
t—z

lim Dyl — o0 1< <m, (43)
S*)y

where [ is the identity matrix.
Lemmas 2.2 and 2.3 show that V(x —t,y — s) = @;15(30 —t,y — ) is the solution to the problem
(41)—(43). From (22) and (23) we see that

Vay(z,y) = G(z,y). (44)

We have the following formula [20]

T

/ [, ) Do g 1) — DIgmem -t p (1) - ()] dt =
0

Am,0m—1,--,Qm i QOO 5oy O — 5 t=x
_ ZD{ 1 1 }h( t) - Déto 1 }g(t) . (45)

By (1) and (41) we get
V(z —t,y—s)Lu(t,s) — L'V(x —t,y —s) -u(t,s) =V(x —t,y —s)f(t,s) —u(t,s),

or

(VDé?O"“’ak}u . Ditak,...,ao}v ) u) + (VADéfO"“’ﬁm}u _ Défm,...,ﬁo}VA . u) =Vf-u.
Integrating the last equality, taking into account the formula (45), we obtain

T Y z Y

//u(t, s)dsdt = //V(:c —t,y — s)u(t, s)dsdt—

0 0 0 0

t=x

k )

Z/Di?k:ak1>~~~,ak+1i}v($7y . S)Dégéo,al,makfi}u(t? S)‘ Odsi
t=

=1 0

. (46)

s=0

m x
_Z/Défm,ﬂm1,...,ﬂm+1_j}v(x i y)ADéfo,ﬂl,...,ﬁm_j}u(t7 5)
j=1

Therefore, differentiating (46) with respect to = and with respect to y, taking into account (30), (31),
(42), (43) and (44), and then changing the order of summation, we get (37). Lemma 3.1 is proved.

3.2 Properties of the fundamental solution
Lemma 3.2. |3] Let AB = BA, then the equality
(Dg; +AD] — B) G(z,y) =0 (47)

holds.
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Lemma 3.3. Let the vectors ¢;(x) (i = 0,k —1), and ¢;(y) (j = 0,m — 1), satisfy the conditions
of Theorem 3.1, then the relations

. s 0 iF# ]
1 D{ao, i} ) —_ ) ] .7 4
lim Dg, U, (2, y) oiy), g, V>0 (48)
: {/BOwa'} Oa i 7é jv
lim D g, () = 0, x> e >0, 49
y—0 Y #:(@3) { biy), =4, 49)
. {Bo,.--.B;5} _
il_r% Dg,” g, (x,y) =0, x>e>0, (50)
lim Dé;‘o""’ai}uw,(x,y) =0, y>e>0, (51)
z—0 J

hold, where the limits (48) and (51) are uniform on any closed subset (0;b), and the limits (49) and
(50) on any closed subset (0;a).
Proof. Using (22), we write

y
1—1541,0
g, (z,y) = /@aﬁ””l (,y — s)p;(s)ds.
0

By virtue of the formula (24) and the estimate (26), we obtain

Dy f ) = o f T ),

(D;Tﬁﬂj+1+1_“i’0($,y) ) < C:U1+a*ﬁj+1*/—‘i*a9y,8971’ = [_17 1]

J
Let 7 < j, then, taking into account the fact that > «as < a for ap+ag > 1, we get that there exists
s=i+1
6 € (0,1), such that

k i k J
1+a—ﬂj+1—ui—a9:Za3—Za5—Zas—aHZZas—a0>O.
s=0 s=0

s=j+1 s=i+1

By virtue of the last relations, for ¢ < j, we obtain

Y
QQ,y..., 0 1—fs 1—p5,0
DL g, () = [ BT,y 9)g(s)ds € C@ U = 0)), (52)
0
lim D0y, (x,y) = 0. (53)
20 0% LEAN

Consider now the case ¢ = j. Taking into account that 1 — fij41 +1 — pj = 1 — o we obtain
y y
Dégo""’aj}uwj(a;, y) = /@iﬁ“j“Jrl“j’o(x,y —s)pj(s)ds = /@;’_ﬁa’o(x,y — 5)pj(s)ds.
0 0
Hence, in view of the equality [3]

lim
z—0 B
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which under condition (14) is proved using equality (18), we get
-
Tim Do, g, (2, 9) = 05 (y)- (54)

Fori>jie 1<i<k—1,and 0 <j <k —2, due to (24) and equality (47) we obtain

Y
Dégo,...,ai}u% (x’y) _ Dé;‘:‘jﬂ,...,ai}/Dng(x’y . s)goj(s)ds _

= Dé;j“’ ’al}/ B AD'B G(:c, y—s)pj(s)ds = I (z,y) — I2(z,y). (55)

It follows from the relation o > o + 1+ ...+ «; that there exists § € (0,1), such that
a(l —0) > o + 1+ ... + ay. Therefore, by the estimate

1—-pi 1,0
‘(I)aﬂuﬁl (z,y—s)

< Oz Pl g e 21,1,

*

we get the relations

y .
hie) = B [ 15wy - 9)pi(s)ds € C@ U2 = 0)), (56)
0

lim I;(z,y) = 0. (57)
z—0

Let us consider the second term

2(a,y) = A / DY DE.Gla,y — 5) Dy ip5(s)ds = A / B gy 5t (s)ds.

In view of the estimate

‘q);_ﬁ%ﬂ’pj_ﬂ(w,y) < QOO0 My A0 g [0, 1),

*

. i a—abf —phi >0,
we get that the integral Is(x,y) converges under the condition 848 0] S0 i.e., when 6

satisfies the condition “1 <1l-0< pﬁj, at that

lim I (z,y) = 0. (58)
By (53), (54), (55), (57) and (58) we get (48).

The relation (49) is proved similarly.
Let us prove the relation (50). Formulas (25) and (26) give the equalities

aS
oy’

S ) = 0 T ), =01,

and

q)ifﬁﬂj+lvpj*l/i+1*8<m7 ) < Cxa—a@—ﬂj+1ypj—l/i+ﬁ9—s’ s=0,1, f e [07 1)

*
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By the last estimate, taking into account that due to p; > 1 — 3, > 1 — ;41 one can choose 0

sufficiently close to 1, so that p; —v; + 860 = pj + Vi1 — 1+ (0 — 1) > 0, we get

a,B

Y
DU (o) = [ @ = s)i(s)ds € C(R Uy = 0))
0

Y

a 7 1*7‘ 5 i—V; *

oy ({)50’ il <Pj($7y)_/q)a’guj+1 P @,y — 8)@f(s)ds € C(Q) U L(Q),
0

and
lim D Py (2,y) =0, 0<i<m-—1.

y—0
The relation (51) is proved similarly. Lemma 3.3 is proved
Lemma 3.4. The function (37) is a solution (1) satisfying the inclusions (32) and (33)
Proof. Using estimates

_“I?_llﬂo a—ab—p®71 -1 Bo—1
o M (2,y)| <Cx M ThyPml g e (0, 1),

a75

*

< Cx a—of— ﬂj+11 lyp] B+50— 1 0 c [07 1)’

a?ﬁ

*

gkl
‘q) T )| <
and inequalities o — afl — ,uf;_ll >0, pj — B+ B0 >0, by (55) with i =k — 1 we get

Yy
8 - )
Dégo,...,akq}u% (z,y) B/ u;+1 — 8)ip;(s)ds—
0

ox

Yy
k-1
—A / P A ’ 2,y — s)@l(s)ds € C(Q) N L(Q).

0

By (61) it follows that

Yy
Pl 10
Doy, (z,y) = B / F 02,y — 8)p;(s)ds—
0

y
—A/@ijﬁﬁj+1’pj_ﬁ(x, y — s)pj(s)ds € C(QU {z = 0}).
0

Due to the estimate
‘(I)ijﬁﬂﬂlvﬂjfw (x7 y)’* < Cxafaefﬂ]ﬁrlypj*’/i“rﬁe 17 0 [0, 1)7

and the inequality p; + B, > 1, one can always choose ¢ sufficiently close to 1, so that

pj —vi+ B0 > Bit1+ ...+ B+ (0—-1)8>0,

9 Bo,---Bi
7Déyo g }uCPj (1'7 y) = a,f

SO Yy
/(I)lujﬂv/)j”i (z,y — 8)¢5(s)ds € C(Q) N
oy J
0

L(Q).

(59)

(60)

(61)

(63)
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From (63) for i = m — 1 it follows that

a’ﬂ

Yy
D, g, () = / o 47 2,y — )@} (s)ds € C(Q). (64)
0

It can be seen from (62) and (64) that u, (z,y) are solutions of the homogeneous system
Dégor--,ak}u% (z,y) + ADégO"”’ﬁm}u@j (z,y) = Buy, (z,y).

The proof for uy, (z,y) is similar.

Let us show that
T Y

://@Z’%(:ct,yS)f*(t,s)dsdt
0 0

system solution (1). In view of

1 Tl q— _ _
‘(PU pi+ ,P( 7y)‘ < O xpli+1 ab+o 1yp+,89 17
*

we get
‘D{ao, o} f(x,y)‘* < Cxa-l—é—(1—ﬁj+1)—a9yﬂ+n+60—1.

The inequality o + & > 1 — ay, implies 0 + & — (1 — [ij4+1) — @f > 0 and the relations

z Y
D (2, y) // 7" ’““’” (z —t,y — s)f*(t,s)dsdt € C(QU {z = 0}), (65)
0
hn%Dégo’ Yy (a,y) =0, 0<j<k-—1. (66)
T—>

It follows from (48)—(51) and (66) that the boundary conditions (30) and (31) hold.
By the estimate

@71 ()

—pj—ab+o—1, p+BI—1
o8 < O Ham ot lyp ot

and inequalities & — p; —al + 0 = [ij41 +0 —1—ab > 0, which follow from the inequality o > 1 — oy,

we get
z Y

0 , vy
yDégoy--an}Uf(fL‘,y) = //Q)Z ;J’p(ﬂﬁ—t,y—S)f*(t,s)dsdt. (67)
x b
00
By (67), estimate
0 . _
aDégo """ aj}uf(a;y) < Cg;”+5+#j+1—1—a9yp+n+56’—1’

2 ploe=tuy(ay) € C@ ML), 0< i<k 1 (65)

Therefore y
Dégo 7ak}uf($7y) = //égﬁa’p(x —t,y —s)f*(t,s)dsdt € C(Q) (69)

00
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Similarly, we get

T Y

plosindy, / / 70 (@ — t,y — ) (1, s)dsdt € C(Q). (70)
0 0

By (69) and (70), taking into account Lemma 2.3, we obtain

(Dégo7-..,ak} + AD({)fo,---,Bm} B B) uf(:v,y) _

T Y
://<D({)z°""’a’“}+AD§5°""’B’”}B) BTE(x —t,y — 5)f*(t, s)dsdt =
0

i —5)P1 _
/ ) J(t,s)dsdt = DgZ D f(t,5) = F(t,5).

\a

0
From (52), (56), (5 ) (65), (68)—(70), it follows that (37) satisfies the inclusions (32), (33). Lemma 3.4
is proved.

3.8 Proof of the main theorem

Using the estimate (26) and the conditions of Theorem 3.1 on the functions ¥;(x), ¢;(y) and f(x,y),
we obtain the estimates

2y g, (2, y) | < Catm 0Ttz pit 070 g e (0,1), (71)

'Y 0 uy, (2, )| < Cateftertamey Mrati=e g e (0,1), (72)
x1_5y1_5|ujr(x,y)]* < Cxa—a@—i—o—&-&—syﬂe—&-p—i-n—é’ = (0; 1). (73)

Considering that o + 1 — fi;41 = p; > €, due to o > ¢, and the fact that p; +n; > €, by (71)

we get :L‘l_’fyl_‘su(pj € C(Q). Taking into account the inequalities o; + & > ¢, and the fact that
B0 —Dig1 +1=B(0—1)+v; > 6, due to By > 6, by (72) we get 21yl ~%u,, € C(Q). It follows from
(73) and the inequalities o + ¢ > & and p + 1 > & that the inclusion z1 =5y ~u; € C(Q).

The above together with Lemmas 3.2, 3.3, and 3.4 proves the existence of a regular solution to the

problem (1), (30), (31). The uniqueness of the solution to the problem follows by Lemma 3.1. Theorem
3.1 is proved.
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M.O. Mamuyes

PFA KBFO Koadanbanv, mamemamuka sicone agmomammandopy uncmumymst, Harvuux, Pecet

xpbamgaa—Hepcecsn 6emmnek auddepeHimaagay omneparopbl 6ap

aepbec TYbBIHABLIBI TEHJAEYJIep »KylieciHe apHaJFraH IIETTIK ecel

TikOYpBIMTH 06JIBICTA XKYIEHIH MATPUITAJIBIK KOI(DMOUIIMEHTTEP] KYPAeai MEHITKTI MoHAepre ne OoFaH
XKarjaiaa TypakThl Koaddunuentrepi bap xkpbdamsa-Hepcecsin Gesrnek nuddepenimaiiay onepaTopbl
Gap nepbec TYBIHIBLIBI TEHIEYIIED XKYiieciHe apHaJIFaH MIETTIK eCell 3ePTTeJI/Ii. 3ePTTeJIEeTIH IeTTIK ecenTep-
JiH 1renriMiaig 6ap 60Ty bl 2KoHE YKATFBI3IALIK, TeopeMatapsl Jastesaenai. [lemiyv MaTpuiaabk apryMeHTTiH,
Paitt dyHKIMACH TYPFBICBIHAH aHBIK TYPJE KYPACTHIPBLIFAH.

Kiam cesdep: nepbec TyBIHABLIBI TEHIEYJIED XKyiieci, 6emmek perTi TybiHabl, Jxxpbamsa-Hepcecsn onepa-
TODPBI, MIETTIK €Cell, ipreJii memntiM, MaTPUIAJIbIK ApryMeHTTiH PailT dyKHIUSICHI.

M.O. Mamayen

Hnemumym npukaadnot mamemamuru u asmomamusayuu KBHI] PAH, Haavuux, Poccus

KpaeBast 3a/1a4a JijIst cuCTeMbl YPAaBHEHUIT B YaCTHBIX ITPOM3BOIHBIX

158

c onepaTopamu JIpodoHoro audepeHImpoBaHus
xpbamgna—Hepcecsana

UccnenoBana Kpaesas 3aja4a B IPAMOYTOJIbHON 06J1aCTH /11 JIMHEHAHON CUCTEeMbl yPaBHEHU ¢ YACTHBIMU
omeparopaMu JapobHoro auddepenrupoBanns xpbamsna—HepcecsiHa ¢ mocTOIHHBIME KOI(MDPUIIIEHTA-
MH B CJIydae, KOIJa MaTpU4Hble KO3(@UIMEHTH CUCTEMBI MMEIOT KOMILIEKCHBbIE COOCTBEHHLIE 3HAYCHMSI.
JlokazaHbl T€OPEMbI CyIIECTBOBAHUSA U €IUHCTBEHHOCTU PELICHUs MCCIIeLyeMOil KpaeBoil 3aja4u. Pemenue
IOCTPOEHO B SIBHOM BHUJI€ B TepMUHaX (PYHKIUU PaiiTa MATPUYHOrO apryMeHTa.

Kmouesvie cao6a: cucreMa ypaBHEHUN C YACTHBIMU MMPOU3BOIHBIMU, TPOU3BOIHBIE IPOOHOTO MOPSIKA, OIe-
parop [Lxpbamsauna-Hepcecsna, kpaeBas 3amada, GyHIaMeHTaIbHOE pertenne, yHkmus Paiita maTpud-
HOI'O apryMeHTa.
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