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The theorems about traces and extensions for functions from
Nikol’skii-Besov spaces with generalized mixed smoothness

The theory of embedding of spaces of differentiable functions studies important relations of differential
(smoothness) properties of functions in various metrics and has wide application in the theory of boundary
value problems of mathematical physics, approximation theory and other fields of mathematics.

In this article, we prove the theorems about traces and extensions for functions from Nikol’skii-Besov spaces
with generalized mixed smoothness and mixed metrics. The proofs of the obtained results is based on the
inequality of different dimensions for trigonometric polynomials in Lebesgue spaces with mixed metrics and
the embedding theorem of classical Nikol’skii-Besov spaces in the space of continuous functions.

Keywords: Nikol’skii-Besov spaces, generalized mixed smoothness, mixed metrics, a trace of function, an
extension of function.

Introduction

One of the first results related to the theory of embedding of spaces of differentiable functions
was a result of S.L. Sobolev [1]. This theory studies important relations of differential (smoothness)
properties of functions in various metrics. Further development of this theory is associated with new
classes of function spaces defined and studied in the works of S.M. Nikol’skii [2,3], O.V. Besov [4, 5],
P.I. Lizorkin [6], H. Triebel [7,8] and many others. The development of this research was determined
both by its internal problems and by its applications in the theory of boundary value problems of
mathematical physics and approximation theory [9]-[17].

This paper continues our investigations of Nikol’skii-Besov spaces with generalized mixed smoothness
and mixed metrics, which began in the works [18,19]. In this article, we prove theorems on traces and
continuations for functions from the above-mentioned spaces. The proof of these results is based on
applying the inequality of different dimensions for trigonometric polynomials in mixed-metric Lebesgue
spaces and the Nikol’skii-Besov classical spaces embedding theorem into the space of continuous
functions.

1 Definitions and auziliary results

Let d = (dy,...,d,) € N*, T4 = {x = (x1,...,%,) : x; € T% = [0,20)%,i = 1,...,n} and
f(x) = f(x1,...,%,) be measurable function on T9.

Let 1 < p = (p1,...,pn) < co. We say that the function f belongs to the Lebesgue space with
mixed metrics Lp(T9) if

pn/pnfl l/p"

p2/p1
1L,y = /T ...(/le]f(xl,.._,xnplcbq) ix, | <o
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1/pi
In a case when p; = oo the expression (/ |f(x)|P dxi> means that ess sup |f(x;)].
T XiéTdi
Let us denote by

As(f,x) =Y e
)

kep(s
the trigonometric series of f ~ Y ) c7a axe'®*)a where (k,x)y = Z Z kjx% is the (modified) inner
i=1 j=1
product, p(s) = {k = (ki,...,k,) € Z9: [2%7!] < max K§| < 2%,i=1,...,n} and [a] is the

J= »'“7d7i

integer part of the number a.

Let o = (a1,...,a,) € R", 1 <q=(q1,...,qn) <0 and 1 < p = (p1,...,pn) < 0.

The anisotropic Nikol’skii-Besov space with generalized mixed smoothness and mixed metrics
Bp(T9) is a set of the series f ~ >} za axe’®¥)a such that

7 lgsme) = {2 218Dl yira |, < o0

n
where (a,s) = Z%Si is the inner product and |||, is the norm of a discrete Lebesgue space with
mixed metrics l;. '

Here Bp%(T9) is a version of spaces, which was introduced and studied in [20].

Remark 1. The anisotropic Nikol'skii-Besov space with generalized mixed smoothness Bp%(T9)
mentioned above is a hybrid structure of Nikol’skii-Besov space (concerning to variables included in
one multi-variable) [2,4] and spaces with dominant mixed derivative (concerning to variables included
in different multi-variables) [21,22]. In the isotropic case, when p and ¢ are scalars, analogs of these
spaces were studied by D.B. Bazarkhanov [23].

Let us denote by p = (p1,...,pm) for the multi-index p = (p1, .., Pm, Pmtls---»Pn)-

Lemma 1 (Inequality of different dimensions, [3]). Let Ty(x) be a trigonometric polynomial of
order not higher than s = (s1,...,Sm,Sm+1,---,Sn) by variables x = (X1,...,Xm,Xm+1,---,Xn)
and 1 < p = (P1,--+yPmsPm+1s---,Pn) < 00, then for an arbitrary fixed point (Xm+1,...,Xn) €
Tém+1 x ... x T4 the following inequality holds

n
d;/pi
1Ty Xty X)L pmay <€ [T 887 ITall g, cray
i=m-+1

where C' is a positive constant independent on s.
2 Main results

In this section, we prove the trace and continuation theorems for functions from Nikol’skii-Besov
spaces with generalized mixed smoothness and anisotropic Lorentz spaces are proved.

Theorem 1. Let 0 < oo = (1, ..., Qupy Oy -+, On) < 00, L <@ = (@1, @y Grt1s- -+ qn) < 00,
1 <p=1, -y PmrPmtl,---,Pn) < 00, then for a; = d;/p;, ¢i = 1 where i = m + 1,...,n the
following embedding holds

BY(TY) — B34 (TY).

Proof. According to the inequality of different dimensions (Lemma 1) and Minkowski inequality,
we obtain
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19Xt ) | znoay =
H{Q(&S) 1As (F( o Xt - - Xn) ”Lp Td) <
< 2(a §) Z Z A5m+1 .. Sn ( § <
sn=0 Sm+1=0 ’]I‘d) l
q
o 1D I SR AN
sn=0 Sm+1=0 lq
S S A (Dl b <
sp=0 Sm+1=0 Ig
™
S Cl 2(a,s) Z 2(3ndn)/pn . Z 2(sm+1dm+1)/pm+1 ||AS ( )”Lp(Td) S
sn=0 Sm41=0

la
DD Sl (LI INT T |

22 q:qMWﬁmam%mﬂhzqwmmm,

here oy = d;/pi, i = 1 where i = m + 1

Let us show that the conditions o; = d;/p;, ¢; = 1 where i = m+1,...,n ensure that the following
property holds

(1,

Xy Mg, ) — (X, - X)) || 1d) = 0
d;
for o max |hy;| — 0, here |h;| = Z(h;i)% (i=m+1,...,n).
Indeed, let N € N and =

FN:{S:(sl,..., n) EZ": Hmaxl max |sé~|)§N},

i=1 I=Leeth
then
||f(x1,...,xm,hm+1,...,hn)—cp(xl,...,xm)HLF_)(Ta):
= f(x1,- s Xmy g1, -2 hy) — f(x, "vaov"'vO)HLf,(Ta) =
= If(x1, .., Xms hog1, .o ) — St (X1, -0y Xom, By, -2y )+
+5ry (fix1, oo Xm, g1, - hy) — Sep (f5xa, -0, Xm, 0,000, 0)+
+Sry (fix1,. oy Xm, 0,...,0) — f(X1,...,Xm,0,..., )HL (1d) <
< |f(x1y oy Xmy g, oo ) — Sy (FiXa, ooy X, Bty -+ - n)HLﬁ(Ta)-l-
—|—HSFN(f;X1,...,xm,hm+1,...,hn)—SFN(f;xl,...,xm,O,...,O)HLI_)(Ta)—l—
+[[Sry (fi X1y Xm, 0,...,0) — f(X1,...,Xm,0
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where Sty (f;X1,. .., Xm, Xm+1, - - - , X is the partial sum of the Fourier series of the function f(xy,...,
X, Xm-41s - - -, Xp ), corresponding to the hyperbolic cross I'y.

We will use Minkowski, different dimensions (Lemma 1) and Holder inequalities to estimate I; and
I3. For k=1 or k = 3 we have

I < sup || f(X1ye ey Xy X1y - - - X ) —
Xm+1s---:Xn
_SFN(f;Xl, ooy Xmy Xm41y - - ’X”)”L}—,(Ta) =
= sup || Y Ag(fix) <D swp [ As(fi%)l oy ra <

X X €T veey X
m—+1y--3Xn S¢FN m—+1s--In

a Lp(T9)

<Oy Y 2 @SS AL(f %) (ay <

s¢ly
Nl . H{2<a7§>}5¢1“1v

< A2 1Ay f
<Collf = SFN(f)Hng(Td) — 0 mpu N — oc.

<

lq/

Moreover, to estimate I, we use the fact that the trigonometric polynomial St (f; X1, ..., Xm, Xm41,
...,Xp) is a continuous function, then we receive

ISty (fs %1,y Xm, Bty .., ) _SFN(f;X]-""7Xm70""’0)||Ll3('I[‘a) —0

for ~max |h;| — 0.
1=m+1,...,n

This completes the proof.
Remark 2. In contrast to the trace theorem for functions from Nikol’skii-Besov spaces with do-

minating mixed derivative [21,22], proved for «; > d;/p; where i = m + 1,...,n, in Theorem 1, the
limiting case «; = d;/p; is considered under the condition ¢; = 1 for i = m + 1,...,n (this effect was
previously seen for example in [24,25]).

Theorem 2. Let 0 < oo = (@1, .+« y Qumy Q15+ -+, O) < 00, L < q = (q1y- -+ s Gy Gt 1s -+ - Q) < 00,
1<p= (1, --sPm>Pm+1,---,Pn) < 00. Then for oy = d;/p; and ¢; = 1, i = m+1,...,n, for the
function ¢(x1,...,%X;) € ng('ﬂ‘d) it is possible to construct a function f(x1,...,Xm, Xm+1,---,Xn)

having the following properties
f € Bp(TY);
171l ggocre) < C llellpoaray

(X1, X, 0,...,0) = (X1, .., X))

Proof. Let p € ng(Td). This function can be represented as a series converging to it in the sense
of Lf) (Td)

(X1, ey X)) = As(p(x1,...,Xm))

Nk

wi
Il
o

and

HgoHBga(Ta) = H{Q(a,g) |As (‘P)HL;—)(T‘_’)}HZ(—I'
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Let us choose the functions f;(x;) from the B;"iil(’]l"di), where «; = d;/p;, such that f;(0) = 1 for
i=m+1,...,n. Let us introduce a new function

f(X17---7Xm7Xm+17"'7 ZA le"'v m)) H ASq‘, (f’L(XZ)>
Consequently, for this function, we get

I Fllggacray = {29 18 @y o}, =

lq

=22 185 @huc}l, IT laen, = Collagaen

According to the condition f;(0) =1 for i =m +1,...,n we have

f(x1,e X, 0,...,0) = (X1, .., Xim).

Note that the conditions «; = d;/p; and ¢; = 1 for i = m + 1,...,n ensure the continuity of the
functions f;(x;). Therefore we obtain

I (X1y. ooy Xy X1y - - -5 Xn) — @(X1, .. ,xm)||Lﬁ(Ta) —
n
= SO(Xb axm)< H fl(xz)_1> é
i=m-+1 Lp(Ta)
< ||90(X17-"7 ||Lp(11‘d H fl Xz -1 =0
1=m-+1

here max |x;| — 0.
i=m+1,....,n

These arguments show that ¢ is the trace of the function f.

The proof is complete.

Remark 3. Note that the continuation operator constructed in the proof of Theorem 2 is linear.
We should note here that in the work of V.I. Burenkov and M.L. Goldman [26], where it is shown
that in the limiting case for classical anisotropic Nikol’skii-Besov spaces it is possible to construct only
a nonlinear continuation operator, but this effect is not observed for Nikol’skii-Besov spaces with a
dominant mixed derivative.
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M.B. Jlomonocos amuwindaev, Mackey memaexemms yrusepcumemi, Kasaxeman guauaav,, Acmana, Kasarxeman;

2 Mamemamuka oicomne Mamemamuraios modeavoey unemumymot, Aamamo, Kasaxcmar;
3 Axademurx E.A. Boxemos amuwmndaev. Kapaearndv ynusepcumemi, Kapaearndw, Kasaxcman

XaanbutaaraH apaJac Terictiriri 6ap Hukosbckuii-becoB
KEeHICTIKTepiHeri (pyHKnusaaap yIIiH i3/iep »KoHe KaJiracyJiap
TeopeMaJiapbl

HuddepennmanianaTbid QyHKIUAIAD KEHICTIKTEPIiHIH €HII3y TeopusiChl 9pTYpJii MeTprKaap/a dOyHKIHsI-
JIAPJIBIH, MAaHBI3IBI GailmanbicTapsl MeH GyHKIuanbiH, auddepernnaanpk, (TericTlik) Kacuerrepiniy ka-
THIHACTAPBIH 3ePTTEHi KoHE /e MaTeMaTUKAJbIK (PU3NKAHBIH IIEKTIK €CEelTep TEOPUSCHIH/IA, YKYBIKTAY
TEOPUSICHIH/A YKOHEe MaTeMaTHKAHBIH HacKa /a cajlajapblHa KeHIHEH KOJITaHbICKa ue. Makaitaga yKasbl-
JIaHFaH apaJjiac TericTiri xkoHe apajac merpukackl 6ap Hukonbckuit—becos keHicTikTepi QyHKIMATAPBIHBIH
i3/1epi MEH KaJIFaChl TypPaJIbl TEOPEMAJIAP JIRJIeJIeHreH. AJIBIHFAH HOTHXKEJIEPIIH JI9/Ie/Aeyl apaaac METPU-
kacol 6ap Jleber kenicTiKTepineri TPUrOHOMETPUSIIBIK, TIOJIMHOM/AD YIIiH 9P TYPJIi eJIImeM/ i TeHCi3TikTepin
2KoHe KaaccukayIblK, Hukombckuii—becoB keHicTikTepiniH, y3imiccid dyHKIUsSAIap KEHICTIriHE €Hy TeopeMa-
CBIH KOJIJIaHyFa HeTi3/IeJreH.

Kiam coe3dep: Hukosbcknii-BecoBThIH KeHICTIr, »KaJIIbLIAHFAH apaJiac TEriCTiK, apajgac MeTPHUKa, (OyHKIHsI-
HBIH, 131, QYHKIIUSHBIH YKAJIFACHL.
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! Mockoscxuti zocydapemeeniondi ynusepcumem umernu, M.B. Jlomonomosa, Kazaxcmanckudl gusuan, Acmana,
Kasaxcman;
2 Huemumym mamemamury, u mamemamuseckozo modesuposanus KH MOH PK, Aamamo, Kazaxcman;
3 Kapazandunckuti ynusepcumem umenu axademure E.A. Byxemosa, Kapazanoda, Kazaxcman

Teopembl 0 ciiegax U NPOAOIXKEHUAX JJd (PYHKIINI U3 HPOCTPAHCTB
Hukonbckoro-BecoBa ¢ 0600I1IIeHHOI CMeNIaHHOM IJIaJIKOCThIO

Teopusa BmoxkeHust TPOCTPaHCTB AudDEPEHITUPYEMBbIX DYHKINI N3ydIaeT BayKHBIE CBSI3U M COOTHOITEHUST
nuddepennmanbubIX (IVIaIKOCTHBIX) CBOHCTB (DYHKIMI B PA3IMYHBIX METPUKAX M MMeeT IIMPOKOe IIPU-
MeHEHVe B TEOPUU KPAEBBIX 33/a9 MATEeMATHIECKON (PU3WKM, TEOPpUU TPUOIUKEHUN n JPYTUX pasesax
MaTeMaTUKU. B JaHHOW cTaTbe MbI JIOKA3bIBAEM TEOPEMBI O CJIEJAX U IPOJOJKEHUAX MJist (PyHKIMA 13
npocrpancTB Hukosnbckoro-BecoBa ¢ 0600IeHHO# CMENIaHHOM TVIAJIKOCTBIO U CO CMEIIAHHONW METPUKOIA.
JlokazaTebCTBa MOy YeHHBIX PE3y/IbTATOB OCHOBAHBI HAa MCIIOJIH30BAHUNM HEPABEHCTBA PA3HBIX M3MEPEHUIH
JJIsI TPUTOHOMETPUYIECKUX IOJIMHOMOB B IIpocTpancTBax Jlebera co cMmemnraHHOM METPUKOI U TeopeMme BJIO-
JKeHUsT KJIaCCHIeCcKux rpocrpancTB Hukosibckoro-BecoBa B IpOCTPaHCTBO HENPEPBIBHBIX (DYHKIHIA.

Karoueswie caosa: npocrpancrBa Hukosbekoro-Becosa, 060bmieHHasT CMeMIaHHas [VIAJKOCTb, CMEIIAHHAS
METPHUKa, CJell (PyHKINY, TPOAOIKEHNE (DYHKITAN.
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