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Existence and smoothness of solutions of a singular differential
equation of hyperbolic type

This paper investigates the question of the existence of solutions to the semiperiodic Dirichlet problem for
a class of singular differential equations of hyperbolic type. The problem of smoothness of solutions is also
considered, i.e., maximum regularity of solutions. Such a problem will be interesting when the coefficients
are strongly growing functions at infinity. For the first time, a weighted coercive estimate was obtained for
solutions to a differential equation of hyperbolic type with strongly growing coefficients.
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1 Introduction. Formulation of results

Considered on the strip

Q={(z,y): -7 <z <7 —00<y<o0}
next problem:
(L + M)u = Ugg — Uyy + a(y)uz + c(y)u + Au = f(z,y) € L2(2), (1)

u(_ﬂ-vy) = u(ﬂ-a y)a um(_ﬂ-vy) = uz(ﬂ-vy)a —00 <y < oo. (2)

Further, we assume that the coefficients a(y), ¢(y) satisfy the conditions:

i) |a(y)| > do > 0, c¢(y) > 6 > 0 are continuous functions in R(—o0, 00);
ii) po = sup %<oo, [L= sup %<oo;
ly—t[<1 ly—t|<1

i) c(y) < co-c(y) for all y € R,cy > 0 is a constant number.

Here it has to be noted that a(y) and c(y) can be unlimited functions at infinity.

The existence and uniqueness, as well as the qualitative behavior, of solutions for differential
equations of hyperbolic type, were studied in [1-14]. In these works, Darboux and Goursat problems
and the Cauchy problem, periodic and some boundary value problems for differential equations of
hyperbolic type with constant or variable bounded coefficients were examined.

In this paper, in the space Ly(2), we study questions about the existence, uniqueness of solutions,
and also the smoothness of solutions to a periodic problem without initial conditions [13] for a
differential equation of hyperbolic type with strongly increasing coefficients at infinity.

In our previous paper [14], we studied a differential operator of hyperbolic type in the space Lo(R?).

In contrast to [14], in this paper, on a strip, we consider the so-called periodic problem without
initial conditions. Here we note that in the future, this work will allow us to study questions about
the compactness of the resolvent, about estimates for the singular (s-numbers) and eigenvalues of a
differential operator of hyperbolic type corresponding to problem (1)—(2).
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Definition 1. We say that function u(x,y) € L2(f2) is a strong solution to problem (1)—(2), if there
is a sequence {un} C CF% () such that

[un = ullLy@) = 0, 1L+ AD)un = fllry@) =0 for n— oo,

where C55 () is the set consisting of infinitely differentiable finite functions with respect to variable
y and satisfying conditions (2) with respect to variable x.

Theorem 1. Let the condition i) be fulfilled. Then for A > 0 for any f(x,y) € L2(Q2) there is a
unique strong solution to the problem (1)—(2), and the equality is true

o0

w(e,y) = LAAD T f= 3 G+ A fuly) - €™,

n=—oo

where f(z,y) € L2(Q), f(z,y) = Y. faly) - e™®, fuly) =< f(z,y),e™ > are fourier coefficients,

n=—oo

i2 = —1, < -,- > is the scalar product in Ly(2),

1"

(ln + M)u = —u (y) + (=n* +ina(y) + c(y) + Nu(y),u € D(ly).

Theorem 2. Let the condition ¢) be fulfilled. Then for A > 0 for any f(x,y) € L2(Q2) there is a
unique strong solution to the problem (1)—(2), and the equality is true

[uaz = vyyll2 + lluyll2 + la(y)uall2 + le()ullz < ¢ [ fl2,

where ¢ > 0 is constant number.
2 Proof of theorems 1-2

Using the Fourier method, we reduce problem (1)-(2) to the study of the following differential
operator with negative discrete parameter n (n = 0,+1,+2,...):

(In+ ADu = —u" (y) + (—n® + ina(y) + c(y) + Nu(y),u € D(l),

where D(l,,) is the domain of the operator [,,.

Consider two cases:

I. Let be (n = 0). In this case, the operator [y is the Sturm-Liouville operator.

This operator has been studied thoroughly in [15-21].

II. Let be n # 0. In this case, it is easy to see that the first term in the coefficient (—n? + ina(y) +
c(y) + M) tends to —oo , i.e. —n? — —o0 .

In this case, the [,, operator is not a semi-bounded operator. Consequently, the methods that have
been worked out for the Sturm—Liouville operator L = —% + ¢(z)u turn out to be poorly adapted to
the study of the Sturm-Liouville operator with a negative parameter.

Let us take {¢;} the set of non-negative functions from C§°(R) such that

Zcp? =1,sup p ¢; C Ay, UA]- =R,
J J

where Aj = (j — 1,5+ 1), j = 0,£1,£2, ... the multiplicity of the intersection of which is not higher
than three. The existence of such a covering follows from the results of [22].
Continue a(y) , ¢(y) from A; for all R . The resulting functions will be denoted by a;(y) and ¢;(y).
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These functions are bounded and periodic functions. Denote by (I, j.o + AI) the closure of operator
(In o+ ADu = —u’(y) + (=1 + in(a;(y) + @) + ¢;(y) + Nu

defined on C§°(R). We introduced the real number « to evaluate the norm of the operator Dy (1, j o +
AI)~!in the space Lo(Q2) , where D, = 8% . The sign of the number « is chosen as follows: a.-b(y) > 0
at y € R.

In the course of the proof using Lemma 3, we will get rid of this number.

Lemma 1. Suppose that the coefficients of the operator I, j o + Al satisfy condition ). Then for
A>0:

1) for the differential operator I, j o +AI at A > 0, there is a bounded inverse operator (I, jo+AI)™"
defined at all La(R).

2) the resolvent of the operator I, j o + Al satisfies the following estimates:

a) |(lnja + AI)7Hlame < m, ¢ > 0 — constant number independent of n, j, a;

b) H%(ln,j,a + A7 Hae < (6+C)\)21I, ¢ > 0 — constant number independent of n, j, «;

¢) (o + M) Hlam2 <

e " # 0, ¢ > 0 — constant number independent of n, j, a;
d) |(lnja + M) 7 Hlame < c(;ﬁ, ¢ > 0 — constant number independent of n, j, a;
J

1
Inl-la(y;

where || - |l2—y2 — is the norm of the operator (I, o + A)~! in space Lao(R), |a(y;)| = mizn la(y)|,
yeL;
|e(y;)| = min |e(y)].
yEAj
Lemma 1 is proved using functionals < (I, o + A)u,u >, < (lpnja + M)u,—inu > (n =
0,£1,42,...) and repeating the calculations and arguments for these functionals, which were used
in the proof of Lemma 2.1 [22] and Lemmas 4-6 [23].

Now, consider the differential operator

(lna + Au = —u" + (=n? +in(a(y) + @) + c(y) + A) - u,
which is a closure in Ly(R) of the following operator originally defined on C§°(R):

(lno + M)u = —u" + (=n? +in(a(y) + @) + c(y) + A) - u.

We introduce the operator

Knof =Y @ijllnja+ )"0 f, f € La(R).
{5}
The following lemma is proved with the help of calculations and arguments that were used in the
proof of Theorem 1.1-1.3 in [22] and Theorem 1 in [23].
Lemma 2. Suppose that the coefficients of the operator I, j o + Al satisfy condition ). Then there is
a number \g > 0 such that for the operator I, j o + Al for A > Ag there is a resolvent and the equality

(lnjia + M) f = Ky o(I — My o) ' f, f € La(R)

holds, where My of = 3 ¢} (Injia + M) 7 0 f + 23 @)t (lnjia + M) 7105 f, f € La(R).
{1} {1}

Lemma 3. Suppose that the coefficients of the operator I, j» + AI satisfy condition 7). Then there
is a number Ay > 0 such that for the operator I, + AI (n = 0,+£1,£2,...) for A > Ag there is a resolvent
and the equality

(ln +AD)7Hf = (Ina + AT = Myo) ™' f f € La(R)
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holds, where M) , = inoz(lma—%-/\f)_l (n =0,%1,+2,...) and the operator’s norm M} : || M) o[22 < 1.
Using the method used in the proof of Lemma 9 in 23], we obtain the proof of Lemma 3.
Proof of Theorem 1. Using the scalar product < (L 4+ Al)u,u > for all w € D(L) and taking into
account the condition i), we obtain that

1L+ ADullz = ¢ lull2,

where ¢(d) > 0 is a constant number. Further, repeating the calculations and arguments used in the
proof of Theorem 1 in [23], we obtain the proof of Theorem 1.

Proof of Theorem 2. Taking into account conditions #i)—4i7), and also using the method used in the
proof of Theorems in [24-26], we obtain the proof of Theorem 2.
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M. X. Tysamu amvndazv, Tapas ewnipaix yrusepcumemi, Tapas, Kasaxeman

I'umep6os1aJIbIK, TUNITEr CUHTYJISPJILIK, AnddepeHImaaablK TeHaeyTiH

102

mienriMaepidia, 6ap 00JIybl »KoHe TericTiri

Makasazia rumepOoJIaIblK, TANTI CHHIYISAPIBIK, JuddepeHInalIblK, TEHIEYIep KIachl YIIH KapThuiait
nepuoAThIK Jlupuxie ecebiniy memiMiaepiHiy 6ap eKeHAIri TypaJibl Macese 3eprresreH. COHbBIMEH KaTap
MIENTMJIEP/IiH, TETiCTirl TypaJjbl Macese, SFHU MIENIMAEPAiH MaKCUMAaJIIbl PEryasapJIbIFbl KAPACTBIPBLIFaH.
Koaddbunuenrrepi 1mekcizmikre KbuigaM eceTiH MyHKIUAIAP OOJFaHa MyHJIall ecell KbI3bIKThI 00J1aIbI.
Ocs1 xymbIcTa OipiHmn per KoahdunueHTTEepl XKBLIIaM OCETiH MMIepOoIaIbIK THITI JuddepeHInallIbIK,
TeHJEYIH IIenriMaepi VITiH caJMaKThl KOIPIIUTUBTI Oaraiayiap aJbHFaH.

Kiam cesdep: pe3obBeHTa, TUIEPOOJIAIBIK, TUIITEC TEHJIEY, MAKCUMAJIIBI PETYJISIPIIBIK, IIEKCi3 00JIbIC.
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M.B. Mypat6ekos, E.H. Basnnen

Tapasckuti pecuornasvrnti ywusepcumem umenwu M. X. JTysamu, Tapas, Kazaxcman

Cy1iecTBoBaHUE U IVIAJJKOCTh PEHIeHNil CUHTYJISPHOIO
anddepeHImaIbHOr0 ypaBHEHsST TUIEPOOIMYECKOTO TUIIa

B crarbe m3yden BOIpOC O CyIIECTBOBAHWU PEIIEHWI TOJYepUOANYIecKoil 3amaun Jlupuxiie s oHO-
ro KJIacCa CHHIYJISIPHBIX JnddepeHnnalbHbIX ypaBHEeHUi rumnepbosmmaeckoro tuma. Takyke paccMOTpeHa
3a/a9a O TVIQJIKOCTU PEIleHni, T.e. MAaKCUMAJTbHAS PErYIsIPHOCTE perrenuii. /lanHast 3aga4ua GymeT nuHTEpEC-
HOM, KOrma KoM MUIIMEHTHI ABISIOTCS CUIBHO pacTymmMu GYHKIuIMA Ha 6eckoHedHOoCTH. lo-Buanmomy,
B HACTOsiIIell pabore BIIEPBbIE IOJyYeHA BECOBasl KOIPIUTHUBHASI OIEHKA perieHnil JuddepeHuajibHoro
yPpaBHEHUsT TUIIEPOOJINIECKOTO THIA C CUJIBHO PAaCTyIuMu KoddpUIMeHTaMu.

Karouesvie crosa: pe3obBEHTa, ypaBHEHNE TUIIEPOOINIECKOIO TUIIA, MAKCUMaJIbHasl PEryJIIPHOCTD, OECKO-
HeuHas 00JIACTb.
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