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Asymptotic estimations of the solution for a singularly perturbed
equation with unbounded boundary conditions

The paper studies a two-point boundary value problem with unbounded boundary conditions for a linear
singularly perturbed differential equation. Asymptotic estimates are given for a linearly independent system
of solutions of a homogeneous perturbed equation. Auxiliary, so-called boundary functions, the Cauchy
function are defined. For sufficiently small values of the parameter, estimates for the Cauchy function and
boundary functions are found. An algorithm for constructing the desired solution of the boundary value
problem has been developed. A theorem on the solvability of a solution to a boundary value problem
is proved. For sufficiently small values of the parameter, an asymptotic estimate for the solution of the
inhomogeneous boundary value problem is established. The initial conditions for the degenerate equation
are determined. The formula is determined; the phenomena of the initial jump are studied.

Keywords: two-point boundary value problem, initial jumps, degenerate problem, small parameter, initial
function, boundary functions.

Introduction

Researchers [1-14] have developed efficient asymptotic methods for singularly perturbed problems.
For sufficiently small values of the parameter, these methods make it possible to construct uniform
asymptotic approximations. However, for some singularly perturbed two-point boundary value problems
with initial jumps, the choice of an appropriate method for constructing asymptotic approximations
without a preliminary study turns out to be almost impossible. The first studies devoted to the
phenomena of initial jumps were the works of Vishik, Lyusternik [15] and Kasymov [16]. In [17-19] these
studies were summarized and continued. The jump phenomenon in many real problems of practice is
a significant component, which is taken into account when building a model of these processes. In this
case, the value of the jump is the condition for the perturbed problem to be replaced by a degenerate
problem. For example, a new justification for the Painlev paradox, the existence of contrast structures,
and the jump phenomenon were established by Neimark and Smirnova [20]. Asymptotic behavior,
jump phenomena of the solution of a general two-point perturbed boundary value problem with finite
boundary conditions were considered in [21-23]. In these papers, using the formula for solving a two-
point boundary value problem for sufficiently small values of the parameter, asymptotic estimates
are established, a theorem on the solvability of a solution to a two-point boundary value problem is
formulated and proved, and the phenomena of initial and boundary jumps are revealed.

1 Statement of the problem

The next natural continuation in this direction is the study of the asymptotic behavior of solutions
to perturbed two-point boundary value problems with unbounded boundary conditions. This work is
devoted to the consideration of such problems.

*Corresponding author.
E-mail: kuralaimm7@gmail.com

20 Bulletin of the Karaganda University



Asymptotic estimations of the solution ...

Consider the following inhomogeneous differential equation:

Ly=cy +A(t)y +B(t)y +C(t)y = F(t) (1)

with unbounded boundary conditions of the form:
’ a9
y(0,e) = a1, y(0,¢e) = - y(1l,e) = a3 (2)

where € > 0 is a small positive parameter, ag # 0, a;, i = 1,2, 3 are known constants, A(t), B(t), C(t),
F(t) are functions defined on the interval [0, 1].

In this paper, based on the analytical representation of the solution to problem (1), (2), the existence
and uniqueness of the sought solution is proved.

Assume that the following conditions hold:

Cl) A(t), B(t),C(t), F(t) are sufficiently smooth functions defined on the interval [0,1];

C2) A(t) >y =const >0, 0<t <1,

=< _ |y10(0)  y20(0) .

) I = yio(1)  y20(1) =0

C4) Let a3 —l—% # 0.

2 The fundamental set of solutions to the homogeneous perturbed equation

Consider the following homogeneous equation associated with (1)

Ley(t,e)=ey + At)y + Bt)y +C(t)y =0, (3)

corresponding to the inhomogeneous equation (1). For the fundamental system of solutions to equation
(3), the following lemma [1] is valid.

Lemma 1. If conditions (C1) and (C2) are satisfied, then the fundamental set of solutions y;(t,¢),
i =1,2,3 of (3) in the interval 0 < ¢ < 1 has the following asymptotic representation as ¢ — 0:

y I (t,e)=y{ (1)+0(e), i=1,2, j=0,1,2,
t

: 1 1 : . (4)
ot e)=eap | - [ u@ds | w1+ 0. =012,
0

where u(t) = —A(t) <0, yio(t), i = 1,2, are solutions of the problem

Loyio(t) = At)yio + B()yio + C(t)yin =0, i=1,2, (5)
with initial conditions:

y0(0) =1, y19(0) =0, y20(0) =0, ya(0) =1,
Functions ys0(t) has the form
¢
yso(t) = (A(0)/A(t))exp /(B(SU)/A(fﬂ))dx 7# 0. (6)
0
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By applying asymptotic representation (4), for the Wy (¢, €), y2(t, €), y3(t, €)] with sufficiently small
e we get

t

W(t.e) = pean i/mwm:mamﬂwwmu+0@n¢m (7)
0

where W (t) is the Wronsky determinant of the fundamental system of solutions y;o(t), i=1,2,3 of
equations (5),(6), and W (t) # 0.

3 Constructing the initial and boundary functions

Also as in previous works [17, 18|, we introduce the initial function

W(t,s,e)

K(t,s,e):m,

(8)

determined from the next problem:

L.K(t,s,e) =0, K(s,s,6)=0, K,(s,8,¢)=0, K, (s,5,¢)=1, (9)

where W (t, s, ) is the determinant obtained from the Wronskian W (s,¢) by replacing the third row
with the fundamental set of solutions y (¢, ), y2(t,€), ys(t, €).

Obviously, the initial function K (¢, s,¢) satisfies equation (3) and initial conditions (9), where the
function K (t,s,e) does not depend on the choice of the solution fundamental set for equation (3).
Therefore, the initial function for equation (3) exists, it can be expressed by formula (8) and it is
determined by a unique form.

Let us consider the determinant

yll(oﬂa) y/g(o,é“) y;(O,a)
'](5) - y1(0,€) y2(07€) y3(07€) : (10)
yi(Le) wa(l,e) ws(l,e)

Due to asymptotic estimation (4), elements of determinant (10) has next form ¢ — 0:

¥ (0,6) =yl (0) + O(e), i =1,2, = 0,1, yi(1,¢) = yio(1) + O(e), i = 1,2, (11)

16(0,2) = o[l +O()), 45(0,2) = Zyso(O(O)[1 + O,

1
(1) =eap - [ ua)de | (1) + 0]
0

Then the determinant J(e) taking into account (11) has the following representation as £ — 0

J&) =~ p(0)7(1+ 0). (12)

Definition 1. The functions ®,(t, ), i = 1,2,3, are called boundary functions for boundary value
problem (1) and (2), if they satisfy homogeneous equation (3) and boundary conditions

(I>z('j)(07 g) = {

1, j=i—1,i=1,2,

. . . (13)
07 ]#Z_L 12172737 j:0717
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The following theorem is valid.

Theorem 1. If conditions (C1)—(C3) are satisfied, then the boundary functions ®;(t,¢), i = 1,2, 3,
on the interval |0,1] exist, unique and can be expressed by formula:

JZ' (t, 8)

(I)Z‘(t, E) = J(g) )

i=1,2,3, (14)

where J;(t,e), i = 1,2,3 is the determinant obtained from J(g) by replacing the i-th row with the
fundamental set of solutions yi(t,¢), ya(t,e), y3(t, ).

Proof. We seek the boundary functions ®;(t,¢), ¢ = 1,2,3 in the next form which satisfy the
condition (13) ‘ ‘ .
D;(t,e) = ciyi(t,e) + cyya(t, €) + cys(t,e), 1 =1,2,3. (15)

where ¢, cb, ¢ are unknown constants which are defined from the function (15), that function satisfies
boundary condition (13). Obviously, the function (15) depending on one variable ¢ satisfies the homogeneous
equation (3). By substituting (15) into (13), we obtain

25(0.¢) = 1, k=i—1,4i=1,2, 16)
0, k#i—1,i=1,23, k=0,1,

1, i=3,

®;(1,¢) = ciyi(1,e) + chya(l,€) + chys(1,e) = {0 1o

With a fixed value i system (16) has a linear algebraic system of equations for determining ¢, ¢, cé,
which determinant is J(g). Then, by means of (12) for a sufficiently small € the system (16) is uniquely
solvable. Solving (16), we have

Ji
J(e)’
where J;i is the algebraic complement of the determinant element J(g), at the intersection of the ¢ —th
row and k—th column. Substituting (17) into (16) and comparing the decomposition obtained with the
determinant decomposition J;(¢,&) by elements ¢ — th row, we get formula (14). Hereby, the functions
®;(t,e), i =1,2,3, defined by the formula (14) satisfy the equation (3) and boundary condition (13).
Consequently, functions ®;(t,e), ¢ = 1,2,3, are defined on the interval 0 < t < 1, are boundary
functions of the perturbed problem (1), (2). The theorem is proved.

i = i=1,2,3, (17)

Lemma 2. The initial function K(¢,s,e) and its derivatives by variable ¢ to the second order are
defined on the interval [0,1] at s < ¢ have following asymptotic representation as ¢ — 0:

t

@ (¢, s S ¢ v s 1_j7y30(t)ﬂj<t)ex 1 x)dx
KO(,0) = s | TP (15) 41 20 ey g/u( )d

s

W(s)+0 | e+ Texp

M| =

t
/ wa@yde | ||, j=0,1.2, (18)

where W (t, s) = Y10(s) yQO(S)) ‘

y10(t)  y20(t
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Proof . We expand W (t, s, ) by the elements of the third column:

w) (t,s,¢) = ys(s,e)Wis(t,s) — yé(s,E)ng(t, s) + y:gj) (t,5)W33(s,€), (19)

where the minors Wis(t,s) (i = 1,2,3) by virtue of (11) as € — 0 can be represented in the form
Wis(t,5,) = wio()y5) (1) — vao ()it (1) + O(e), (20)

Was(t,e) = W (t,5) + Oe),
Wss(s,e) = W(s) + O(e)
where W’ (t,s) is determinant obtained from the Wt,s after deleting second row to ygj )(t), y%) (t).
Then, taking into account estimates (20) and (4), from (19) for the function W) (t,s,e) we have
following representation as ¢ — 0

S

W(j)(t,s’s) - éexp (i /’u(x)dx) ygo(s),u(g) [—W(j)(t,5)+

0

i (1 [ e | 200890 o
- p(/ H “) () T

S

+0 (8 +e*exp (i/u(x)daz))] . (21)

Use (21) and (7) in (8) we obtain estimate (18). Lemma is proved.

Lemma 3. Under conditions (C1)-(C3), on the interval for the boundary functions ®;(¢,¢), i =
1,2, 3, the following asymptotic representation holds as ¢ — 0

oW (t,e) = jgj)(t) ~ eap (1 /tﬂ(x)dx) F, j§2)(0)+
’ J gl € T J

0
g2 1 /
+0 €+ —jeap B ,u(:l:)dm)), (22)
(5 (]
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t
2

€ 1
0 - - d i =0,1,2,
+0 | e+ —eap 5/#(66) z] ), J=01,
0

where j(j)( t) is the determinant obtained from J by replacing the i — th row with the fundamental set
of solutions ygj ) (1), y%) (t).

Proof. By spreading Ji(] ) (t, ) the element of the third column and taking into account the estimation (4),
we have

t

I0(0,2) = =~ iO(0) 700 + B0 e < [ wtonts | 70+
0

¢
; 1
+0 | e+e*Texp 8//QL(x)d:z: ,

0
; t
JQ(J) t,e) = ys30(0 { _JWemp i_/u(m)daz J+
0
t
+0 <€+E “Jexp i/,u(af)da: , (23)
0

I (42 = ~Zs0(0)u(0) |75 (1)

exp | —

Lot (1 /
Y30(0)(0) £ )

t
; 1
J(Q)( 0)+0 |e+eTexp E/u(ac)dx
0
Then, using (12) and (23) in (14), we get (22). Lemma is proved.

4 Constructing the solution of the boundary value problem

Theorem 2. If conditions (C1)—(C3) are satisfied then for sufficiently small € > 0 boundary value
problem (1), (2) on the interval |0,1] has a unique solution y(¢,¢), which can be presented in the
following form

y(t,e) = a1 (t,€) + %%(t,a) +az®s(t,e)—

m»—l

1
—®3(t,¢) /K (1,s,¢) (S)ds—l-/K(t,S,é‘)F(S)dS. (24)
0

Proof. We seek the solution y(t,e) of BVP (1), (2) in the form:

t
Y(he) = C1D1(E€) + Coba(t, €) + Cybs(h, 2) + i/K (t, 5,2) F(s)ds, (25)
0

Mathematics series. Ne 4(108)/2022 25



N. Atakhan, K.S. Nurpeissov, K.T. Konisbayeva

where C;, ¢ =1,2,3, are unknown constants. By directly substituting (25) in (1) we make sure that the
function y(t, ) is defined by formula (25) is a solution of equation (1). For determination C;, i = 1,2, 3,
we use (25) in (2). Then we will have:

1
1
01 = a, 0223, 03:(13—5/K(1,8,€)F(8)d5. (26)
0

Substituting found values (26) into (25), we obtain (24). From here and from that, the boundary
function ®;(t,e) does not depend on the choice of the fundamental solution system of equation (3) it
follows that solutions of the boundary value problem (1), (2) exist, are unique and are expressed by
formula (25). The theorem is proved.

Theorem 3. Under conditions (C1)—(C3), for the solution y(t, ) of the boundary value problem (1)
and (2) in the interval [0,1] the following asymptotic estimations hold uniformly by variable ¢ and as
e—=0

as | = -
y(t, e §[a1—— P ()| + |ag||Pa(t) ]|+
ly(t, )l < | u(o)” O] + |as|| 2 (1))
t
Haa) (exp (—78>> + max [F()], (27)
where C' > 0 are constants independent of ¢ and ¢, functions 61(t):jlj(t), 62(t)2j27(t) satisfy the
degenerate homogeneous equation
Ay + By +C1)g=0 (28)
and boundary conditions
®1(0) =1, &5(0) =0, (29)
D1(1) =0, &y(1)=1.

Proof . In (24) the expression L [ K(1,s,e)F(s)ds can be expressed in the next form

O

1 1
i/K(l,s,s)F(s)ds =— /K(l, s) i((j)) ds+O0(e) =
0 0
1
:/K@$$3%+WQ (30)
0
where the function B W(t.s)
K@Q:ﬁ%w (31)

is an initial function of equation (28), by means of (31) and by variable ¢ satisfies equation (28) and
initial conditions

K(s,s) =0,K(s,s) =1

and, the function K (, s) does not depend on the choice of the fundamental set of solution y10(t), y2o(t)
to equation (28). The function
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Ty(t) = J’f](t), k=1,2, (32)

satisfies the degenerate homogeneous equation (28) and the boundary conditions (29).
Consequently, functions (32) are boundary functions of the unknown degenerate problem. The
function ®,(t) does not depend on the choice of the fundamental set of solution yi0(t), y20(t) of

equation (28) too. From (24), and by means of (30),(18), (22), we have
() 1t 0
1(t / Yy3o(l
te)=ar 2 4 ay |- - Y30 33
y(t,e) = a1— 2 (5 0 p( v0(D(0) (33)
1 t F(s)
— (s — s
—a3 ) ds+/K(t,s)A(S)ds+O(8).
0 0

Hence, we obtain the desired estimate (27). The theorem is proved.

5 Constructing a solution of the unperturbed problem

Now we formulate a degenerate problem. Let’s consider the degenerate equation

Loy = A1)y + B()Y +C(t)y = F(t). (34)
In order to select the boundary conditions of the degenerate problem, we turn to the estimate (27).
In the first approximation, in these estimates, for the boundary functions of the degenerate problem,
there are constants a; — %, a3 Taking into account this consideration, we construct a solution to
equation (34) under the conditions:

mmzarjﬁﬁ,mn:a& (35)

Theorem 4. Under the conditions (C1)—(C4), the solution %(¢) of the boundary value problem (34),
(35) on the interval [0,1] is unique and can be presented in the following form

_ az = =
y(t) = <a1 - M(O)) Py (t) + azP2(t)—-

—<I>2 /Kls

where ®.(t), k = 1,2, K(t,s) are functions defined in (31), (32).

The proof of Theorem 3 is carried out similarly to the proof of Theorem 2.

t
) ds + / K(1 z (36)

6 About limit transition and initial jump

Theorem 5. Under the conditions (C1)—(C4), for a sufficiently small € > 0 the difference between
solution y(¢,e) of BVP (1), (2) and solution 7(¢) of problem (34), (35) on the interval [0,1] satisfies the
following inequality:

t

ly(t,e) —y(t)| < C | e+ exp i/,u(x)da: ) (37)
0
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Proof . We introduce a function u(t,e) = y(t,e) — y(t). The problem (1), (2) have the next form:

Leu(t,e) = —e7" (1), u(0,6) = 2 4/ (0,¢) =

1(0)

By applying Theorem 3 to boundary value problem (38), taking into account (37), we obtain the
following inequality:

% —7(0), u(1,e) = 0. (38)

t

1
ute) <C (eteap 2 [utaidn |,
0

which proves the estimation (38).
Thus, from Theorem 5 it follows that

limy(t,e) =7(t), 0 <t <1 (39)
e—0

Now we determine the magnitude of the initial jump. For this, we turn to the estimate (33). From
(33) taking into account (36), we obtain

a2
p(0)’

Based on (39) and (40), we conclude, that the solution y(t,e) of a singularly perturbed equation
(1) with unbounded boundary conditions (2) has the zero order of initial jump at point ¢ = 0, which
is one of the features of the studied problem.

Thus, we conclude that the established algorithm for studying the solution of a boundary value
problem with unbounded boundary conditions allows us to investigate the asymptotic behavior of
the solution of a general boundary value problem with unlimited boundary conditions for higher
order linear equations. However, the proposed algorithm does not allow to construct the asymptotic
solution of substantially nonlinear boundary value problems with unbounded boundary conditions that
possess the phenomena of initial jumps. A natural direction for further research is the construction
linear asymptotic solution, and nonlinear singularly perturbed boundary problems with unbounded
boundary conditions possessing initial jumps. Therefore, the study of the asymptotic behavior and
the construction asymptotic solution of the singularly perturbed boundary problems with unbounded
boundary conditions that possess the phenomena of initial jumps are still relevant, of particular
theoretical interest and important in applications. The obtained results provide opportunities for
further research and development of the theory of boundary value problems for ordinary differential
equations with a small parameter at the highest derivatives. The constructed initial approximations
can be used when considering various problems of chemical kinetics.

lim (0, ¢) —5(0) = y(0.0) = . (40)

7  Conclusion

Thus, the initial and boundary functions for perturbed and unperturbed problems are introduced
and constructed, and their asymptotic estimations are found. Using these functions, we constructed
an analytical representation of the solution to a singularly perturbed boundary value problem (1), (2)
with unbounded boundary conditions. The unperturbed boundary value problem is formulated. The
difference between the solutions of the degenerate and initial boundary value problems is estimated
for sufficiently small € > 0, and thus it is proved that the solution of the perturbed problem tends to
solve the degenerate problem as the small parameter tends to zero. The growth of the derivative with
respect to a small parameter is established. The class of boundary problems with unbounded boundary
conditions with the phenomenon of initial jumps is distinguished.
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The obtained results give the opportunity for further research in the theory of singularly perturbed
boundary value problems, to reduce the boundary value problem (1), (2) to the Cauchy problem
with unbounded initial conditions, which in turn can be considered as the basis for constructing
the asymptotic expansions of some singularly perturbed boundary value problems with unbounded
boundary conditions.
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H. Araxan', K.C. Hypnencos?, K.T. Konricoaesal

LOn-DPapabu amwmdazse Kazax yammes ynusepcumemi, Aamamas, Kazaxcman;
2I. XKancyeipos amwmdaew Xemicy ynusepcumems, Taadwopean, Kasaxcman

CuHryngapJsl aybITKbIFaH auddepeHnnaiaablK, TeHaey YIIiH

meKTe/JIMereH mmeKapaJiblK IHapTTapbl 6ap eCGHTiH ACIMIITOTUKAJIBIK

30

OaraJjiaysiapbl

Maxkasaga CBIBBIKTHI CHHIYJISADJIBI ayBITKBIFaH auddepeHnuaaplK TeHAey VIIH IIeKTeJIMereH IIeKapa-
JIBIK, IIIAPTTAPhl 6ap eki HYKTesi MekapaJsblK, eCell 3epTTeareH. AybITKbIFaH OipTeKTi TeHAey IemiMaepinin
CBIBBIKTHI TOYEJICI3 2Kyifeci YIIIiH acUMIITOTHKAJBIK Oarasaysnap Oepinren. [lekapassik dynknusrap, Komn
GDYHKITUSICHI JIET aTAJIATHIH KOMEKII (DYHKIUsIap aHbIKTa Fad. [lapameTp/in xKeTKiTiKTI a3 MoHIEpi VImiH
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Komm dyskiusacel MeH mekapasiblk, GQyHKIUIaApAbIH Oarajiaysiapbl TaObLIFaH. 3€PTTEJETIH IIEKAPAJIBIK,
eCcelTiH KayKeTTi menriMiH Kypy ajaropuTMi KypacTelpeliasl. IllerTik ecenriy menriminig memiseringiri Ty-
pasel Teopema gpsengerai. [lapamerpain »KeTKiTIKTI a3 MoHAEP] YIMIH KAapaCTBIPBLIBIIT OTBHIPFaH OipTEKTI
eMec IIeKapaJibIK, eCEIITIH, MIeNIiMi YIIiH aCHMITOTUKAJIBIK, 6araay 6epiimi. ©3repriiren TeHaeyis 6acrar-
Kbl mapTrTapbl aHplKTaaran. PopmMya aHBIKTAIAbI, OACTAIKbI CEKipic KYOBLIBICHI 3€PTTEJIIEH.

Kiam cesdep: exi HyKTeJIl MeKapaJsbIK, ecern, 6acTalKbl CeKipic, aybITKbIFaH eCell, Kill napaMerp, 6acTanKb
bYHKIMS, MIeKapaJIblK, PYHKIUSIAP.

H. Araxan!, K.C. Hypneucos?, K.T. Konuc6aesa'

1 . .
Kasazxckul nayuonarvrvil yrusepcumem umeny aav-Papabu, Aamamo, Kasaxcman;
2 XKemmicycrutl yrusepcumem umeny M. XKancyeyposa, Taadvwopean, Kazaxcman

AcuMIToTnyeckue ONEeHKH pellleHUs CUHTYJISIPHO BO3MYIIEHHOM
KpaeBOi 3aJ1a4i C HEOrPAHUYEHHbIMU I'PAHUYHBIMU YCJIOBUSIMUA

B crarpe mccienoBana ByxTOdedHasl KpaeBas 33Jl1a4a C HEOIDAHWYEHHBIMU KPAEBBIMH YCJIOBHUAMU It
JINHEHOTO CHUHTYJISIPHO BO3MYIIEHHOTO JuddepeHnnaaIbHOr0 ypaBaenus. /[aHbl acCHMITOTHYeCKHE OIEeH-
KU JJIsl JIMHEHO HE3aBUCUMOI CUCTEMbl PEIIeHUil OJIHOPOJHOIO BO3MYINEHHOro ypaBHeHUs. OrpejiesieHbl
BCIIOMOTaTeJIbHbIE, TAK Ha3blBaeMble IpaHndHble pyaKImu, pyukius Kommnm. [Ipun moctaTouno Masbix 3HA-
YeHUAX TapaMeTpa HalIeHbl OleHKu s yHkiun Komm n rparngHbix yHKImit. Pazpaboran aaropurm
IIOCTPOEHUS MCKOMOTO DeIlleHrsl UCCIelyeMOoit KpaeBoil 3amaun. Jlokazana TeopemMa O pa3pemmMOCTH pPe-
IIeHus] KpaeBoil 3aja4un. 1Ipu JocTaTOYHO MAJIbIX 3HAYEHUSX IIapaMeTpa yCTAHOBJIEHA ACHMIITOTHYECKAs
OIIEHKA PEIEHNsT PACCMATPUBAEMOM HEOTHOPOIHOM KpaeBoit 3agaun. OmpeesieHbl HadaIbHbIE YCIOBUS JIJTsT
BBIPOKIAIONIerocst ypasuenus. Qopmysia onpesieeHa, n3ydeHbl ABICHNsT HAYAJIBHOTO CKAIKA.

Kmouesvie crosa: IByxTodedHasi KpaeBas 3aa4a, HadaJIbHbIE CKAYKH, BBIDOXKJEHHAA 3aJa4a, MAaJIbIi Ia-
paMeTp, HadaJIbHAsA (PYHKIMS, TPAHNIHBIE DYHKITAN.
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