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An analogue of the Lyapunov inequality for an ordinary
second-order differential equation with
a fractional derivative and a variable coefficient
This paper studies an ordinary second-order differential equation with a fractional differentiation operator
in the sense of Riemann-Liouville with a variable coefficient. We use the Green’s function’s method to find
a representation of the solution of the Dirichlet problem for the equation under consideration when the
solvability condition is satisfied. Green’s function to the problem is constructed in terms of the fundamental
solution of the equation under study and its properties are proved. The necessary integral condition for the

existence of a nontrivial solution to the homogeneous Dirichlet problem, called an analogue of the Lyapunov
inequality, is found.
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Introduction
In the interval 0 < x < I, consider the equation
Lu = u"(z) + q(z) D, u(z) = f(x), 0<a<l, (1)

where

W d 1 [ u®dt
Diu(x) = dzT'(1 - «) 0/ (x —t)

is the operator of fractional (in the sense of Riemann-Liouville) differentiation of order « [1], I'(2) is
the Euler gamma function, ¢(x) and f(x) are given functions, u(x) is the desired function.

In [2] (see Theorem 3), the unconditional and unambiguous solvability of the Dirichlet problem
u(0) = 0, u(l) = 0 for the equation (1) is proved for g(x) < 0. Also in [2], for ¢(z) = A, where
A = const, the question of the spectrum of the homogeneous Dirichlet problem for the homogeneous
equation (1) is investigated, in particular, it is shown that the numbers A < 0 cannot be eigenvalues of
the operator L, and the number A > 0 is an eigenvalue of the operator L if and only if Es_,2(—A) =0,
where

Epu(2) =) w0
s kzzo T(pk + 1)
— Mittag-Leffler type function [3; 117].
Lyapunov’s inequality plays an important role in the study of spectral properties of ordinary
differential equations. More detailed information can be found in [4-6]. Here we give the classical
Lyapunov inequality.
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If u(zx) is a nontrivial solution to the problem

u”’(z) + q(z)u(x) = 0, u(a) = u(b) =0,

where q(x) is a real, continuous function, then it holds true the inequality
b
[lat@idz > @)
x)|de > ——.
a b—a
a

There are works where various generalizations of the Lyapunov inequality (2) are constructed. For
example, in [7], for an ordinary fractional differential equation containing a composition of fractional
derivatives with different beginnings, the necessary integral condition for the existence of a nontrivial
solution to the homogeneous Dirichlet problem is found, namely: if u(x) is a nontrivial solution to the
problem

D2.0% u(z) — g(z)ulz) =0,  u(0) = u(1) =0, % ca<l,

where q(x) is a real continuous function, then the following inequality is true:

1
/’(J(l’)‘dm > (2a — 1)F2}(]JOZ), h= sup [(1 _ :1})20[71 i (1 o x2a71)2 )
0

0<x<1

The work [8] shows that for the existence of a nontrivial solution to the homogeneous Dirichlet
problem for an ordinary second-order differential equation with a distributed integration operator

B
/u a)Dytu(z)do = 0, u(0) =u(l) =0,
0

the condition must be fulfilled

B l
[ e [ la@las =3,

0 0

which is an analogue of the Lyapunov inequality.

In this paper, a representation of the solution to the Dirichlet problem for the equation (1), using
the Green function, is found in the case when ¢(z) < 0, and an analogue of the Lyapunov inequality
is proved.

Problem statement

We call a regular solution a function u(x) that belongs to the class C[0,1] N C2]0,![ and satisfies
the equation (1) for all z €]0,!].

Problem. Find a regular solution u(x) to the equation (1) in the interval ]0,[[ satisfying the
conditions

u(0) = ug, u(l) =y, (3)

where ug, u; are the specified constants.
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Supporting statements

Let g(x) be absolutely continuous on the segment [0,]. Consider two functions defined in the
compact Q = [0,1] x [0,]
Wiz, t)=x—1t— /(x — s)R(s,t)ds, (4)

t

Cla,t) = H(z — )W (2, t) — W(ll()) (W ow.n)]. (5)
Here -
R(z,t) =Y (-1)""Ky(z,t),  Ki(z,t) = 0%[(zx — t)q(t)],
n=1
Ko (z,) = /Kn(x,s)Kl(s,t)dt, neN,  o%u(z)= mla) / (Z'@)j)’;, a €0, 1]
t 0

— the operator of fractional (in the sense of Gerasimov-Caputo) differentiation of order o, H(x) —
Heaviside function.
Lemma 1. The function W (x,t) with respect to the variable x is the solution of the problem

Wae(z,t) + q(x) DE,W (2, 1) = 0, (6)
W(t,t)=0,  Wy(t,t)=1,  Vte[0,z], (7)

and according to the variable ¢ is the solution of the problem
Wit(z,t) + Oz la()W (2, t)] = 0, (8)

W(z,z) =0, Wi(z,x) = —1, vz € [0,1]. (9)

Lemma 1 is proved by directly substituting formula (4) into the equalities (6)—(9).

Definition. The Green function of the Dirichlet problem (3) for equation (1) is called the function
v(x,t), having the following properties:
1. v(x,t) is continuous in Q.
2. v(z,t) as a function of the variable x is the solution of the problem

Vo (2, 1) + q(2)DSv(x,t) =0, 0(0,t) =0, wv(l,t) =0, (10)
by the variable t is the solution of the problem
v (z,t) + O [g(t)v(x, t)] =0, v(x,0) =0, wv(z,l)=0. (11)
3. For t = x, the derivatives v,(x,t) and v;(x,t) have a jump equal to one, that is
Vp(z, 2 +0) —vg(x, 2 —0) = —1, (12)

v(x,x+0) —v(x,x —0) = 1. (13)

Lemma 2. Let the condition W(l,0) # 0 be fulfilled. Then the function G(z,t), defined by formula
(5), is the Green function of the Dirichlet problem (3) for equation (1).

Proof. The continuity of the Green function G(x,t) in the compact Q follows from the continuity
of the function W (z,t) in this compact Q.

Mathematics series. Ne 2(106)/2022 85



B.I. Efendiev

The second property is proved by direct substitution of equality (5) in formulas (10), (11) and
taking into account the relations (6) — (9)

Gaa(w,1) + q(2) DG, G, £) = H(w — t) [Waa(a,1) + a(w) DEW (w,1)| -

_ x((ll (t))) [Wm(a:, 0) + q(z) Dg, W (z, 0)} —0, 14
Gula, 1) + ()G, 1)) = Hlw — 1) [Waula, 2) + 04 la ()W ()] +
+I;[/‘//((l O)) [th(l t) + O lq(t)W (I, t)ﬂ 0. (15)

From the representation (5), by virtue of the relations W (0,0) = 0, W(l,l) = 0, we have the
equality

G0.4) =0, GULH=0, G0 =0, Gla.i)=0. (16)
Differentiating equality (5) by = and by ¢
G, ) = H(z — )W (a, 1) — W(llo) Wt 0w, 0], (17)
Gi(w, ) = H(z — )Wy(x, t) — vvéo) W, 0wi.)]. (18)

and substituting formulas (17), (18) into relations (12), (13), taking into account that W(zx) is a
continuous function, H(x) is a function discontinuous at zero, and taking into account the equalities
Wye(z,z) =1, Wi(z,z) = —1, we get

Gz(z,240) — Gy(z,2 — 0) = lim H(e)W,(z,x) [Wx )}—
e——0
lim H ()W, (2, 2) + — [W (1a)] = - (19)
e A T gy [ e
Gi(z,z +0) — Gy(x,z — 0) = limOH( eYWy(x, x) {W (z,0)W(1 x)}
e——
= Jim HEWia, ) + 5005 [W@,O)Wt(z,x)} —1, (20)
which proves the validity of formulas (12) and (13). Lemma 2 is proved.
It follows from the relations (17), (18), by virtue of formulas (7) and (9), the equalities
W (z,0)W(L,0) W (x,0)
Gt(‘r70) t(.T,O) W(Z,O) ’ Gt(x7 ) W(l, O) ( )

Presentation of the solution

At this point, we will find a representation of the solution to the problem (1), (3).

Theorem 1. Let g(x) be absolutely continuous on the segment [0,!], and ¢(z) <0, f(x) € L[0,]] N
(10, 1[. Then if the condition W (l,0) # 0 is satisfied, there is a unique regular solution to the problem
(1), (3). The solution has the form

l
(@) = —uoGa(z, 0) + wGil, 1) + / Glo (23)
0
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Proof. Let u(zx) be a regular solution of the equation (1). Multiply both sides of the equation (1)
by the function G(z,t) after changing the variable x into ¢, and integrate the resulting equality by ¢
in the range from 0 to I. Then we have

! l
/G:z:t "( dt+/Gmt q(t) Dgyu(t) /G (24)
0 0

Integrating in parts the first term of the left side of equality (24), given that the function G(z,t)
has a jump, having previously split the integration interval into two intervals from 0 to « and from x
to [, we will have

l—e

lin%) G(z,t)u" (t)dt = lim [u’(l —&)G(z,l —¢) —u'(e)G(x,¢) /Gt x, t)u' (t)dt—
E—

e—0

— / Gt(x,t)u’(t)dt] =u'(1)G(z,1) — u'(0)G(x,0) — u(l)Ge(x, 1) + u(0)Gy(z,0)+

+u(z) [Ge(z, z + 0) — Gy(z,x — /Gtt z,t)u (25)

According to the formula of fractional integration by parts and equalities (16), the second term of
the left part of the formula (24) can be rewritten as

l
/G (t)Dg,u(t)dt = q(1)G(z, l)Dg‘flu(t) —q(0)G(x, O)Dg‘(;lu(t)—
0
la / 9
- [ 5 a®GE Dt =~ [ w5 a0 . )it =
0 0
l
- / w(8)05[q(8) G, 1)]dt. (26)

0

Considering formulas (20), (25), and (26) by equality (24) we obtain

l
u(z) + / u(t) [Gr(e. 1) + B la(1)C e, 1)]| e =
0

!
= —u'(1)G(x,1) + 4 (0)G(z,0) + w(l)Gi(z,1) — u(0)Gy(x,0) + /G
0
from which, by virtue of the relations (15) and (16), we obtain the formula (23).
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Let us now show that the function u(x), defined by formula (23), is indeed the solution of problem
(1), (3). Differentiating equality (23) twice, taking into account the formula (19), we will have

l
u'(x) = —ug [Gt(x,(])} + u [Gi(w,1)] —F/GgC t. (27)
0

From formula (27) we get

x !
u"(z) = —uo[Gi(x,0)]” +w [Gi(x,1)]" + % / Gy (z, t) f(t)dt + / Go(z, ) f(t)dt| =
0 x
!
= o [Gil.0)]" + Gl )] + [ Guala, (DY + (2). (28)
0
Further, from formula (23) we have
!
D¢ u(x) = —ug DG, Gi(z,0) + w DG, G (z, 1) —|—/f ) D5, G(x, t)dt. (29)
0

Substituting formulas (28) and (29) into equation (1), by virtue of equality (14), we obtain that the
function defined by relation (23) is indeed the solution of equation (1). Taking into account formulas
(16), (21), (22), the direct substitution of function (23) into equality (3) gives the correct identities.
Theorem 1 is proved.

An analogue of the Lyapunov inequality

At this point, we reduce the homogeneous problem
W(2) + q(@)Du(z) =0, w(0) =0, u(l)=0 (30)

to the Fredholm integral equation of the second kind, with the help of which we obtain an analogue of
the Lyapunov inequality.
Since by the condition u(0) = 0, then through the property of the fractional differentiation operator
we have the equality
Dgu(x) = D "ol (a).

Given the last formula, we will act on both parts of the first equality (30) with the operator Do_ml.
Then, with respect to the function u/(z), we obtain the loaded integral equation

x

o' (z) + /q(t)DS‘t_lu’(t)dt =/(0). (31)

0

To determine the unknown constant «'(0) in formula (31), we will act on both parts of equality
(31) with the operator D;-'. Then we will have

l
w(l) — ulz) + / / o(8) D5l (s)dsdt = ! (0)(1 — ). (32)

t
z 0
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Letting x tend to zero in equation (32) and taking into account the equalities u(0) = 0, u(l) = 0,

we get that
It
/ / q(s) D& M (s)dsdt. (33)
0 0

Substituting now formula (33) into equality (31), after simple transformations, we obtain the
Fredholm integral equation of the second kind with respect to the function u/(z)

N"—\

l—t

() = /Z q(t) [z — H(zx - t)] DEL/ (t)dt. (34)
0

Theorem 2. Let g(x) be continuous on the segment [0,[], the homogeneous problem (30) has a
nontrivial solution u(x). Then there is an inequality

l
[ lataidz > o (35)
0

Proof. First, we note that if u(x) is a nontrivial solution of equation (30) satisfying the conditions
u(0) = 0, u(l) = 0, then and the function «'(z) # 0. It is valid if u/(x) = 0, then u(z) = const, and by
the condition u(0) = 0, therefore, in this case, we have u(z) = 0, which contradicts the condition of
Theorem 2.

Suppose that

U= max |u'(2)].

Then from equation (34) we have the inequality

!
tl—oz
<u- — H(zx —t)| =—dt.
S U / ' (z )‘F(Q ~a) (36)
0
The function
F(.’IJ t)— l;t_H(x_t) i
o I'2—-a)

takes the largest value at x = ¢t = [, therefore, given the equality
ll—a

Frax = F(,1) = T2—a)

from the relation (36) we have the inequality

ll—oz !
— >
oy ] l0lar=1,
0

that is equivalent to (35). Let us call inequality (35) an analogue of Lyapunov’s inequality.
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B.U. 9denanen

PFA KBFO Koadanbaav, mamemamuka sicone agmomammardopy uncmumymst, Harvuuk, Pecet

Beamniek TybIHABLIBI KoHE aiifHBIMAJIbI KO3 duImeHTTi
eKiHII peTTi KapanaiibiMm audepeHIaaablK TeHJey
yiriH JIgmmyHoB TeHCI3airiHiH aHAJIOTbI

MakaJtazia aliabiMasibl Kodddunuentti Puman—/luyBusib MarbiHACBIHAAFBI O0JIITIEK TuddepeHnuaiiay omne-
paTopsl 6ap eKiHII peTTi KapamaiibiM nuddepeHInaiIbK TeHeY 3epTTeireH. [ puH OyHKITUSICHIHBIH, 9/1iCi-
MEH KapacCThIPBLIFAH TeHJEY/IiH e M/IUTK IIapThiH OpbIHIay1a dupuxiie ecebiniy mernmiMiniag MoHi TabbLI-
raH. 3epTTeJieTiH TeH ey IiH, iprei memnriMi GoiibiHina ['puHHIE THICTI PYHKIUICH KYPBLIIbI )KOHE OHBIH Ka-
crerTepi apsesaeH . JISmyHoB TeHCI3miriniy aHaJIOTHl e aTajaTeiH 6iprekTi upuxie ecebinin TpuBmat
eMec IIenriMi GOy bIHBIH KAXKeTTi MHTErPAJIJIbIK, TapThl TAOBLIIbI.

Kiam cesdep: Puman—JluyBuib Gesek muTerpasibl, Puman—J/InyBuib Gesiiek TybIHABICHI, ['epacnMoB—
Kamyro 6emnmex Tywiamapicel, Jlupuxie ecebdi, 'pun dyHKImsICH, JISTYyHOB TEHCI3MINrHIH aHAJJIOTH.
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B.U. 9denanen

Hnemumym npuxaadnot mamemamuryu u asmomamusavuy KBHI] PAH, Haavwuk, Poccus

AmnaJjior HepaBeHcTBa JIgmyHoBa 1y OOBIKHOBEHHOT'O
anddepeHImaIbHOr0 YypaBHEeHsT BTOPOTO MOPAIKa C APOOHOIT
MMPOU3BOJIHOM 1 C IepeMeHHbIM KO3 PUunmeHToM

B crarpe uccremoBano oObikHOBeHHOE IauddepeHInaIbHOe ypaBHEHNE BTOPOTO MOPSIKA C OIMEPATOPOM
npobuoro auddepeHnupoBanus B cMbiciie Pumana—JInyBuiis ¢ nepeMeHHbIM KoddduimenToM. MeTomom
dbyukun ['puHa HaliIeHO TIpe/iCTaB/IeHNe peleHus 3agadn Jlupuxie mjis paccMaTpuBaeMoOro ypaBHEHUsT
[IPU BBINOJIHEHUN YCJIOBUs paspermumoctu. [locTpoena coorBercrByomas (yHKnus ['puHA B TepMUHAX
dyHIaMEHTAILHOIO PEIIeH sl UCCJIelyeMOro YpaBHEHUsI U JOKa3aHbl ee cBoiicrBa. HalijleHo Heobxoumoe
WHTErPaJIbHOE YCJIOBHE CYIECTBOBAHUS HETPUBUAJIBLHOTO PEIEHUsT OTHOPOIHOM 3amaun Jlupuxie, Ha3BaH-
HOE aHAJIOTOM HepaBeHCTBa JIamyHoBa.

Karouesvie caosa: mpobubtit marerpan Pumana—Jluysunns, npobuas npoussonnast Pumana—JIuysusis, 1po6-
Has npousBogHas ['epacumoBa—Kamyro, 3amada dupuxie, dyuknus ['puna, anasor vHepaBercTsa JIsmyHo-
Ba.
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