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A priori estimate of the solution of the Cauchy problem
in the Sobolev classes for discontinuous coefficients
of degenerate heat equations

Partial differential equations of the parabolic type with discontinuous coefficients and the heat equation
degenerating in time, each separately, have been well studied by many authors. Conjugation problems for
time-degenerate equations of the parabolic type with discontinuous coefficients are practically not studied.
In this work, in an n-dimensional space, a conjugation problem is considered for a heat equation with
discontinuous coefficients which degenerates at the initial moment of time. A fundamental solution to the
set problem has been constructed and estimates of its derivatives have been found. With the help of these
estimates, in the Sobolev classes, the estimate of the solution to the set problem was obtained.

Keywords: conjugation problem, heat equation, degenerating equations, discontinuous coefficients.

Partial differential equations of the parabolic type with discontinuous coefficients are studied in
the works [1-8]. Time-degenerate equations of heat conduction are studied in the works [9, 10]. The
conjugation problems for the periodic equations of the parabolic type with discontinuous coefficients
are slightly studied. We consider the Cauchy problem for a degenerating equation with discontinuous
coefficients: find functions uq(z,t), us(z,t) that satisfy the equations

tpaautl =aiAu + fi(z,t), (2,t) € D, 4 ={(z,t),2' € R" ', z, <0,t >0}, (1)
8u2 2 " , -
tpW :(ZQAUQ—’_fQ(x;t), ($,t> 6Dn+1 e {(l‘7t)7x GR 7$TL > 07t> 0}’ (2)

with initial conditions
ui(z,0) = p1(x), wu2(z,0) = p2(x), (3)

and with conjugation conditions

(51 = U9 y (4)
Tn=—0 Tpn=-+0
8U1 a’uQ
k1— =ko—— 5
189571 Tn=—0 28% — )

where ' = (21,22, ..., Tn_1),
ki>0,p<1,(i=1,2).

The feature of the problem is that equations (1) and (2) with discontinuous coefficients degenerate
at the initial moment ¢ = 0.
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Method of solving.
To solve problems (1)—(5) let us consider an auxiliary problem A: in the domain D,;(z € R,

t > 0), find functions wu;(z,t), ua(x,t) that satisfy the equations

0
%:Aul—’_fl(x’t)’ (x’t)GD;Jrl:{(%t)vx/eRn_lﬂ?n<07t>0}7 (6)
%2 Nyt o), (0.0 € Dl = {0t RN ma 0050 (0

with initial conditions

ul(xvo) = @1(13)7 ’LLQ(.’E,O) = 902(x)7 (8)

and with conjugation conditions

uy = U2 > (9)
Tn=—0 Tn==40
8’&1 8u2
k =k 10
'Oy 2n=—0 Oy Tn —to 10

where k; > 0, (i = 1,2). Applying to problem (6)7(10) the Fourier transform with respect to variables
2’ = (r1, 22, ..., y—1) and the Laplace transform with respect to variable ¢, we obtain an inhomogeneous
second-order differential equation

> u ~ = N

W; - (p+ ‘3/|2) up = —fl(s/,xn,p) - Wl(slawn)v Ty <0, (11)
n

T ~ = N

W; - (p + |8/|2) Ug = _f2(8/7xnap) - @Q(Slvl'n)v Tp > Oa (12)
n

where s’ = (s1, $2, ..., Sp—1). Conjugation conditions (9)—(10) take the following form:

U1 = U2 R (13)
rn=—0 =40
d, d s
k1—— = ko—— , 14
dl‘n rn=—0 dx" =40 ( )

The solutions to equations (11)—(12) have the form:

60

Tn
= 1 ~ - ,
Ul(s’,lﬂmp) =1c — W/Fl((s”gmp)e—\/mfn dén, e\/m$"+
D+ s

2 ‘ |2 / 6 p+|8 " d§ e p+|s’|2xn’ Tp < 07
VPt s

Tn
= 1 ~ - /
HQ(SIVTTMp) = dl - 2_'_‘/|2/F2(8/7€n7p)6\/p+75|25n dfn e\/mﬁn_i_
p+|s

Y, +\ |2/ p)eV P dg, | em VR g, > 0,
p S
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here F;(s',xp,p)

= 0 Fl(S, fnvp)

ui (s, zn,p) = [ /e

—0o0

e VPHS P (En—2n) ge

~ toE
Un(s', 2n,p) = [ Fa(s' &n,p)

0 2\/ p+|5/‘2

0 =
F ! 3 —\/ / -
—00
here A = P2, gy = 29— (i=1,2).

The solutions to equations (6)—(10

‘“7 §| +(zn §n)

= ?i(sl,xn,p) + @i(s, xn), (i =1,

(e—\/p+\51‘2|wn_§n| +)\e‘/p+|5/\2(x”+f")> d§n+

z, <0,

(e—\/pﬂs'mxn—m _ Aef\/W(xnm)) de, +

) have the form:

e’ =& P+ (@n+En)?
4

- [ | [y

+00 o/ €12+ (xn—€n)?
+ p2 / / ‘ - @2 (&
2/7t)"
e (2v/t)
0 &’ —¢' |24 (zn —€n)2

4(t—T)

+A S e \/;;)n }w(g’,gn)ds’dm

,&n) d€'dén+

e’ =& P+ (@n+en)?
e 4(t—T1)

T//M

+oo

t—T))

o’ &' 12+ (2 —En)?
4(t—T)

o’ —&'|%+(2n—En)?

} ful€ &, 7) d€'dgn+

4 (2 m(t — T))n

/ / 6(2 =k fol€ 60 7) dE'dE,, Dy,

e’ =& P+ (zn+en)?

Rfl [ e

2’ =24 (an—n)? +(xn &n)?

e

Rnl—

o1&

+00 o’ —¢’|2 +<zn &n)?

4(t—T)

A m) }m@',gn)ds’dw

,&n) d€'dEp+

2’ =&+ (@n+€n)?

0 _l/-¢1?+@n—tn)?
A(t—T1)

/[e(z i)

where d¢' = d&idés - ... - d&p—1, |2 =& =

/ 6(2 =k f1(€ €, 7) dE'de,,
w(t—T1

e 4(t—7)
A n :|f2(§,7§n77—) d£/d£n+
(2\/7‘(’(75 - 7'))

D+

no

Vi(wr —&)?

introduce the notation G(z' — &', xy, £&,,t) = £
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V)" . Then

+ (ajZ — 52)2 —+ ...+ (l'nfl - 5n71)2'

_ ‘xl—ﬁl\2+g$ni§n)2
Iz s A enZen)

2). We obtain a solution to problem (11)-(14):

We
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0
w(z,1) = / / {Gu'—s',mn—fn,o+AG<x/—s’,xn+§n,t>]w<§',§n>d§'d§n+

Rn—1 —oc0

+o0o
T / / (@ — € — s Opa(€', £0) dE'dEn+

e (16)
+ dT |:G<.T/ _517‘7:71 _£n7t_7—) +)‘G($/ _€I7$n+§n7t_7—):| f1(§17€n77—) dfldfn—’_
[=] ]
t “+o0
T / dr / / Gla! — €ty — Enit — 1) o€ &0 7) dE'dEn, Dy,
0 Re-1 0
“+o0o
U2(1‘7 t) = / / |:G(l', - 5/7 Tn — gna t) - )\G(l’l - 5,7 Tn + gna t):| 902(5/7 fn) dfldfn-i—
R-1 0
0
v [ 66 =€ - (€ 6 de'de
fnmt oo (17)

t +oo

+/dT/ /|:G($/—fl,$n_€n,t—7')_)\G(x/_g/axn+§nat_T)}fQ(glvfmT)dfldfn—'_

0 Rr—1 0

t 0
+ 1 dr G(I’l 7§I,xn *gnat 77')f1(§,,€n,7') df’dfn, D'r—i_
(]/ R/l 4

We have obtained the solution to auxiliary problem (6)—(10) in the form (16)—(17).
_lz?
Using [11], for the function I'(z,t) = ﬁ, we obtain an estimate:
Ce_‘;%
k
|Dg D{"I(z, )| < %ﬁ
This estimate is valid from [12]. Here § < 7.
For the function G(z' — &', 2,1 — &,—1,t) the same estimate can be given:
g2
o528

tn—é—k +m

IDEDY'G (2! — € a1 — &1, t)] <

Now consider the auxiliary problem B. Consider the Cauchy problem for a degenerate heat equation:
in the domain D}, | = {(z,t),z € R",t > 0} to find a function u(z,t) that satisfies the equation

tp?;Z = Au+ f(x,t), (x,t) € Dypy1 ={(z,t),z € R",t > 0}, (18)

with initial condition

u(z,0) = p(x). (19)
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By applying the Fourier transform in variables = (21, ..., z,) to equation (18)

(] (20)

we obtain a non-homogeneous differential equation of the first order. Here s = (s, s2, ..., Sn),
= /57 +s3+..+52, p< 1. The initial condition (19) takes the following form:

u(s,0) = @(s). (21)

Taking into account the initial condition (21), the solution to equation (20) has the form:

2 _@i=1h Tq) 2
(s, 1) = s f sl

dr, (22)

hereq=1—p
Applying the inverse Fourier transform to equality (22), using the convolution formula, formulas [13]
and (15), we obtain a solution to problem (18)—(19):

] 2 | 3 qlz—¢[?
uet) = [ e i e [T [ e W e e (2)
B <2\/ﬁ) 0 B (2 (4 —Tq))

% ||
If we introduce the notation I'y(z,t) = (ane_qM, then formula (23) can be written in the form:
2/ 7t )

(o, t) = / S —t) d£+/dT/ €t — 1) (6, 7) de. (24)

RTL

In [14], the function I'g(z,t) was constructed in one-dimensional space. As shown in [12|, for this
function we can accept the following estimate:

|2

k Ce®ir
|DEDIT (2, )] < ———— (25)

= tq(n;—k) +m

where § < i.
The results of research.

Now let us solve the main problem (1)-(5). Using the solutions to auxiliary problems A and B, the
solutions of which have the form (16)—(17) and (24), we can obtain the solution to problem (1)—(5) in
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the form:
= [ / [ = 60 8) + XG0 = €00+ 60,0)|1(€ ) A+
Rn—1—
v f / Go(a' = €00 — s )2 €, E) dE'dEt
o (26)
/ / / Gala’ = €00 = st = 7) 4 A Gyl = € - = )| (€1 6007 €l
0 Rn—1—
d +°°
+M2/7_; / / Gq(l‘,—f/,l‘n—fn,t—T)fg(f,,ng) dEldfn, D;,
0 Rn-1 0
“+oo
UQ(ZE, t) = / / |:Gq(lj - 6/7 ZTn — &n, t) - A Gq(xl - 5/’ Tn + Ena t):| 902(5/7 gn) d£/d£n+
RA1 0
| / T — s )1 (€, €0) dE A6+
Rt oo (27)
/ / / Gala’ = €00 = G0t = 7) = A Gyl €+ = )| Fl€' 7)€l
0 Rr-1 0
d
n / e / Gola' ~ €2~ &yt = DVA(E o) dE'd, DY,
0 Rn—1 —o0
n _—ale' =€ 2+ (zntén)?
where  Gy(a’ =&, z, £&,,1) = g2e (2\/£t)qn . Thus, we have completely solved problem (1)-

(5). It is easy to check that the obtained solutions (26)-(27) satisfy equations (1)-(2), initial conditions
(3) and conjugation conditions (4)-(5). A similar estimate can be obtained for the function Gy(2’ —
6/7 Tn — ény t)

lz—¢|
Ce 0

RSN,

| DED}" Gyl — € an — &n, )] < (28)
The solution to problem (1)—(5) and estimates (25) and (28) can later be used in the study of differential
properties and obtaining a priori estimates of initial-boundary value problems in the Sobolev and Holder
classes for non-stationary heat equations.

Let us consider the following potential of the initial condition:

“+o00

hel(a,t) = / /q

e~ YT (e €,) dE'dE,
e (wm)

|3

hy(a,t) = / / Gl — & 0o, &) de'de, = / Gyl — 6,00 (€', &) de'dey,
J
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here
* (/ _ 90(87571)7
® (§ 7€n) - {O,

S t) /G — & 0)" (€, &) dE =

&n > 0,

£ <0

Dihg(z,t) = /Dth(y,t)gp*(a: —y)dy.

As DiGy(—y,t) = DiGy(y,t) is a even function, at the same time, for any ¢ >0 [ D,G
Rn

(.) [mx Cy) - 20 @) + oMot y>] dy. Using

da:)

|D:Gy(y,t)| < Ce Stq , taking into account the inequality, we obtain the following estimate:

It can be written as follows: Dihg(z,t) = L [ D,G
RTL

Minkowski’s inequality:

(/‘Dthq(az,t) sd:c)i _ ;/
s

Rn
ly|2

C

I Debola, Ol < gy [ e

R’I’L

where  N(y) = ||¢*(z — y) — 29" (x) + ¢*(z + y)||s,rn. We write inequality (29) as follows:

C _lw?
Db Ol < /e e
RTL

where % + = = 1. Then using the Gelder inequality:

1
C W :
Dt Ol < g ([ 80 Noyay) ([t

Rn

taking into account 5 =1- % we get

So

Cy _
| Duhy(, ) ls.n < tH( / )
Rn

Now let us take a norm || Dihg(2,)||s, D,y -
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ly|2
8td

2
lyl
8tq .

2
[y

. e_ 8tqs/ .

N(y)dy,

N(y)dy,

- N*(y) dy)

s

x—¢ —y‘ /G y, t)e*(x —y) dy,

D0 [ || =) - 207+ 9740
s

Then from the last inequality we get:

oy, t)dy =

0 |=

0.

(29)
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2
if we introduce % =z a replacement:

s
1

y) = 2¢"(2) + " (z +y) 1

N*5(y ‘ B s
[ Dehg(z,)]s,041 < C2< % ) <// P dxdy) ,
oyl lyl o

R™ R

s

ot 2 e ri)] s
L p> %_l </ da:/ - dy> i (30)
wa TR A, yls

Given that (30), then

[Dehg(z, )lls,0p1 SC<<9"> 2.2 .
W% (Rn)

As estimates Djhy(—x,t) = Dihg(x,t) and DjG4(x,t) are consistent with estimate D;Gy(z,t), the
estimate || D2hg(x,t)|s, is also taken similarly. Therefore, the following inequality is obtained:

||Da%hq(957t)”s,Dn+1 SCKP"> 2 2 .
qu qs (Rn)

Theorem 1. The potential of the initial condition satisfies the estimate:

L hg(x,t) >y, SO <" >

2_2 ;
qu qas (Rn)

where
<K he(z,1) W2 (Dpyr) = || ot ”s Dnyr T Z ”3 3$ lls,Dps1-
7]7

This notation < . > means the main part of the norm in the Sobolev classes.
Consider the following volume potential

gq(:c,w:/ / /G (2 — &t — 1) (€ &) dE'dEs,

0 Rn—1

Using the method [15], the following theorem can be proved.
Theorem 2. The following estimates are appropriate for the volume potential:

< gq(2,1) >>VV52’1(Dn+1)S CHfHWsQ’l(DnH)’ (1<g <o),

where
n

9’9
nt1 T Z Hax 8(.]1’ H57Dn+1'

7.7_

<L gq(z,t) >z p

n+1)

This notation < . > means the main part of the norm in the Sobolev classes.
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Oa-DPapabu amvndazv, Kasax yammok yrusepcumemi, Aamamoi, Kasarxcman;

2KP FBXX BowcE'M FK Mamemamuka scone Mamemamukaivr modeavdey uncmumymos, Aavamo, Kasaxcman;
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KosddburmenTi y3iigicTi XKbLIyeoTKI3rinmTik Teqaey ymiia Komn ecebi

HIeNIiMiHiH co00JIeB KJIaChIHAAFbI allPUOPJIbIK Oarachl

Koaddunuenrrepi yaimicri napaboiaablk TANTI JepOec TYbIHIABLILI JuddepeHInaliIblK, TeHIEeYIep KoHe
YaKbIT OOMBIHIINA ©3rellejIeHIeH KbLITYOTKI3TIITIK TEeHJAEYIEPIiH 9PKANCHICH YKEKe-2KEKe KOITEreH aBTOp-
JIapMeH KakChl 3epTrenren. KoaddummenTi y3imicTi yakpIT OOUBIHINIA ©3TeIIeIeHreH TapabosIaIblK, THIITI
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TeHJIeyJIep VIIH Tyi#iHIec ecenTep ic XKy3iHge 3eprresmMered. Makasaga n-eJimeM i KeHiCTiKTe 6acTanKbl
yakpIT Me3eTingeri koadduimenTrepi y3iaicTi e3relenenres *KbUIyoTKI3MIITIK TeRaey yiuin 6ip Tyitiagec
ecen KapacThIpblLIFaH. Koiibutran ecenTiH ipresi mremmimMi TaOBIIABI KOHE OHBIH, TYbBIHIBLIAPBIHBIH Oarachl
aJIBIHIBI. AJIBIHFAH HOTHYKEHI KOJIIaHa OTBIPBII, GepijireH ecentiy mentiMiliy coboJIeB KIIaChIHIAFEI Oarachl
TaOBLIIbI.

Kiam ceadep: Tyitinznec ecen, »KbIIyOTKI3IIITIK TEH/EY, ©3relle/IeHIeH TeH ey, y3lricTi koaddunueHTrep.

V.K. Koitnermos!'?, K.A. Beiicenbaesa?, C./I. Kammaposal

! Kasazexuti nayuonarvnsdi yrusepcumem umenu Aav-Papabu, Asmamol, Kazaxcman;
2 Huemumym mamemamuky, u mamemamuseckozo modeauposanus KH MOH PK, Aamamo, Kazazcman;
3 Axademus nozucmuru v mpancnopma, Aamamo, Kazaxcman

AnpuopHas olieHKa pelieHus 3aga4un Korm
JJIS BBIPO2KJIATOIIET0CsT YPABHEHUS TEMJIOIIPOBOIHOCTI C PAa3PbIBHBIMU
KO3 PuIiimeHTaMu B COO0JIEBCKIX KJIaccax

Huddepenrmaabable ypaBHEHUS B YaCTHBIX ITPOU3BO/IHBIX [1apabOIMIECKOro TUIIA C Pa3pbIBHBIMHU KO3 dU-
[IMEeHTAMU W BBIPOXKIAOIINECS TI0 BPEMEHU YPaBHEHUS TEIJIOMPOBOIHOCTH OTIAETLHOCTH XOPOIIO U3y YEHbI
MHOTHMHY aBTOPAMU. 33/Ia9H CONPSI?KEHUS JIJIsT BBIPOKIAIOIIETOCS IO BPEMEHU yPABHEHUSIM TapabOoInIeCcKo-
ro THIIA ¢ Pa3PbIBHbIMHA KO3 UIMEHTAMY TPAKTUYECKU He U3y4YeHbl. B craThe paccMOoTpeHa OHa 3aa4a
COTIPSI?KEHUST JIJIsl YPaBHEHUSsI TEIJIONPOBOJHOCTH C Pa3pPBIBHBIMU KO3(MDUIMEHTAMHU, BBIPOXK IAIOIIEr0Cs B
HaYAJbHBII MOMEHT BPEMEH! B N-MepHOM mpocTpaHcTBe. I[locTpoeHo dyHmaMeHTaIbHOE PEIleHne TTOCTaB-
JIEHHOW 3aJIa4¥, U HaiijieHa OleHKa ee NPOou3BOAHBIX. C IIOMOIIBIO STUX OLEHOK II0JIyYeHa OIEHKA PEIIeHUsI
[TOCTABJIEHHOMN 3329l B COOOJIEBCKUX KJIACCAX.

Karoweswie caosa: 3aaada CONPSIPKEHNsI, yPABHEHUSI TEIJIOIIPOBOIHOCTH, BHIPOXKJAIOIIMECS yPABHEHNUsI, Pa3-
PBIBHBIE KOI(DDUITUEHTHI.
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