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Generalized boundary value problem for a linear ordinary
differential equation with a discretely distributed fractional
differentiation operator

This paper formulates and solves a generalized boundary value problem for a linear ordinary differential
equation with a discretely distributed fractional differentiation operator. The fractional derivative is unders-
tood as the Gerasimov—Caputo derivative. The boundary conditions are given in the form of linear function-
als, which makes it possible to cover a wide class of linear local and non-local conditions. A representation of
the solution is found in terms of special functions. A necessary and sufficient condition for the solvability of
the problem under study is obtained, as well as conditions under which the solvability condition is certainly
satisfied. The theorem of existence and uniqueness of the solution is proved.
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function.

Introduction and statement of the problem

In the interval 0 < < 1, let us consider the equation
Y Bidhulz) + dulz) = f(z), (1)
j=1

where o € (1,2), A\, B €R, 51 >0, aq > g > ... > quy, 9y, u(z) is the Caputo derivative [1; 11]:
O u(x) = sign™(z — s)DL"u™(2), n—1<~y<n,neN, (2)

and Dy, is the Riemann—Liouville fractional integro-differentiation operator of order v with respect to
the variable x [1; 9|, which is defined by the formula

sign(z — s) i u(t)dt
Dyuta) = = [0 <o

s

Dzzu(m) = U(.’L‘), Y= 0,
n

D] u(z) = sign"(x — s)d—anm_"u(w), n—1<y<n,neN.
x

Operator (2) is also known in the literature as the Gerasimov—Caputo operator [2, 3.

At present, differential equations of fractional order are being extensively studied in connection with
practical applications in various areas of physics and mathematical modeling. The theory of fractional
differential equations has proven itself well in the study of «classicaly viscoelastic models. All this is
supported by new applied problems [4-8|.
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One of the first works devoted to fractional calculus and its applications is the monograph [9]. The
main theoretical results and solution methods are reflected in the works [7], [6], and [10].

Linear fractional ordinary differential equations were studied by many authors; a detailed biblio-
graphy on this subject can be found in [1, 5, 6, 11|. A significant contribution to the study of fractional
differential equations was made by the authors of [12-15].

Differential equations with discretely distributed differentiation operator

m ao-k

z; M yr

/ i (w157 ) ante)

with a measure concentrated on a discrete set [16, 17].

can be treated as an operator

Differential equations with discretely distributed differentiation operators and continuously distri-
buted differentiation operators were studied in [18-20], where equations with discretely distributed
differentiation operators were used to search for approximate solutions of equations with continuously
distributed differentiation operators. We also note the papers [16], [17], [21], [22], where equations with
fractional discretely distributed differentiation operators were studied.

In this paper, we investigate a generalized boundary value problem (in the terminology of
M.A. Naimark) for equation (1) [22; 16]. An explicit representation of the solution of the problem
under study is constructed, a condition for unique solvability is found, and a uniqueness theorem
for the solution is proved. We specified boundary conditions in the form of linear functionals, which
makes it possible to cover a wide class of linear local and nonlocal conditions. Various boundary value
problems for equation (1) were studied in the works [23-25|. Note also that in work [26] a generalized
boundary value problem for an ordinary differential equation of fractional order with general conditions
was investigated.

A regular solution to equation (1) is said to be a function v = u(z) that has an absolutely continuous
first-order derivative on the closed interval [0, 1] and satisfies equation (1) for all = € (0,1).

Problem. Find a regular solution to equation (1) in the interval (0, 1), which satisfies the conditions

lo[u] = uo, (3)

O [u] = uy, (4)

where g, u; are given real numbers, £y, ¢1 are linear bounded functionals in C'*[0, 1].
Notation and auxiliary statements

We use the following notation (see [27])

o0

Gh () = G (2301, oy U3 Y1y ooy Ym) = /e_tSf,LL(:c;ult, ooy Ut Y1y ooy Y ) dE,
0
A B .
VG=—-——=, Vj:_ijv " =a, v = o — Qy, (]:27m)7
b1 b1

SE(L5 21, ey Zmi Y1y ooy Ym) = (h1 % ho % ..o x by ) (2),
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by

(g h)(x) = / o — )h(t)dt
0

we denote the Laplace convolution of the functions g(z) and h(x),
hj = hj(x) = 27 Gy, s 2ja0),

where
o0 k
z

o(p,¢;2) :gklf(plﬁ@‘)

is the Wright function (see [28]).
Further, we assume that the parameters G, (x) range over

x>0, zeR, >0, pj>0.

We note that the function Gl (z) is independent of the distribution of the numbers p; > 0, but only
m
depends on their sum = ) pu;.
j=1
The following equalities for the function G, (z) (see [24]) hold:

GH (z)=O(z*Y) mpm z —0,

Dy, G () = Gh 7V (x), ecm  p>v, (5)
m -1
D b () = xh
;1 Do Gle) = T 1> 0. (6)

In particular, from equalities (5) and (6) we obtain the formula (see [25])

Brat—oal

Z@G“ Y @)+ AG(w) = o

n > oq.

We also need the following auxiliary statement proved in (see [26]).
It should be noted that hereinafter the ¢ functionality is applied to the function depending on x.
Lemma. Let K (z,t) € C([0,1]x[0,1]) end (%K(:r, t) € C([0,1]x[0,1]), £— linear bounded functional
in space C1[0,1]. Then the following relation is true

1

K(z,t)dt| = [ (K (z, t)]dt. (7)
e - |

0

Main result

Theorem. Let a function f(z) satisfy the conditions
e (@) € C01] f(2) = DiyPg(w), g(x) € L0, p>0,
and the inequality

det A = lo[Wa(2)]01[Ws(2)] — Lo[Ws(2)]e1 [Wa ()] # 0 (8)
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be fulfilled. Then a function u(z) defined by the relation

1
UuQ
O/f T (z, t)dt + W(z )’H(ul), 9)
_ o
T(a,) = [L=-W@H]Wi(a — 1), W(z) = Wala) Ws(2)), 1= ( 2 )

Gri(@); Wa(z) =z +unGpl ™2 (2); Ws(x) =1+ nGH (),

ot — [ LoVa(x)] Lo[Ws(w)] IR OWs(x)] = bo[Ws(x)]
A=LW(2)] = ( GDVa(2)] 6 [Wa(a)] > H=A= detA( L0 LoDAa(e) )

is a regular solution to problem (1), (3), (4). The solution to problem (1), (3), (4) is unique if and only
if the condition (8) is satisfied.

Proof. Let u(x) be a regular solution to the problem (1), (3), (4). To find a solution to the problem
(1), (3), (4) we use the solution of the Cauchy problem for the equation (1), which can be represented
as [24, 25|

/1f Wlx—tdt—i—W()(g;). (10)
0

Further, taking into account the introduced notation and equalities (7), we satisfy (10) the boundary

conditions
/ C
. 1) _ [ Uo
/f YW (x t)]dt+A<02)—<u1>.
0

(g;>_ ( ) 0/1f () HEW1 (z — t)]d.

After elementary transformations, substituting the found value into (10), we obtain a representation
of the solution to problem (1), (3), (4) in the form (8). This, in particular, implies the uniqueness of
the solution.

Let us now check the fulfillment of the boundary conditions (3), (4).

From this we find

|
o

FOT (x,t)dt + W(z)H ( ZO )] =1+ I,

1
Wi(z)H < Z‘l) ﬂ .

where

1
L=/ /f(t)T(x,t)dt] end Ib="/
Lo

Taking into account (7), we have

| —

j /g[fr(x,t)] Ft)dt = /(z[wl(x )] — LV (@) HE W (2, 1)]) f(t)dt.
0 0
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By virtue of the equality /[\W(x)] = H ™!, we obtain that I; = 0. Similarly, for Iy we have

b:z[vv(@]%(Z? > :H1%<Z‘l) ) = < Z(l) >

Let us prove that the function u(x), given by equality (9), is a solution to problem (3), (4) for equation

(1).
{Z 8,003 + A] yi = f(z), i=13,

=1
X

Y1 = /f(t)W1(:v —t)dt, yo2 = /f(t)W(x)HEVvl(x _Bdt, g3 = W(a)H ( o ) '
0

u1
0

Taking into account relations (5) — (8) and since the functions y2 and y3 is a linear combinations of
the functions W;(z),i = 1,3 we have

{Zﬁjag‘; + A] vy =0, i=2,3.

=1

Considering that (see [25])

T

/ FOG (x — )dt + f(x),

0

m o z B \
;5jaox0/f(t)wl($—t)dt_ 7

B
we get
{Z Bi0s + )\] vy = f(x).
j=1

It means that the solution satisfies equation (1).
Let us show that if condition (8) is satisfied, that is,

boWa ()]0 [Ws(2)] — Lo[Ws()]61[Wa(x)] = 0, (11)

then the solution to the homogeneous problem is not unique.
Consider the function

~ C
o) = (o)l (€ )
where C7 and Cy are arbitrary constants,

o= (). i ().

Then it follows from (11) that the function u(x) is a solution to a homogeneous problem

S Bioi(x) + Ni(w) =0, Lofd] =0, 4[] = 0.
j=1
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JI.X. T'anzoBa

PFA KBFO Koadanbaav, mamemamuka stcone agmomammandopy uncmumymot, Harvuuk, Pecet

Bemmnek muckperri yiaecripiiaren nudpdepennunangay onepaTopbl 6ap

114

CBIBBIKTBIK KapanaiibiM auddepeHInaablK TeHAey YIIiH
KaJINbLIaHFaH MIETTIK ecell

Maxkanaga Gesek AUCKPeTTi yirecTipiirer auddepeHnuaiiay omepaTopbl 6ap ChISBIKTHIK, KaparmaibiM
nuddepeHITnANIBIK, TEHIEY VITH YKAJMBIIAHFAH IMETTIK €Cell KypPacCThIPBLIBIN YKOHE IIenriaren. besmek
TyerEAbI 'epacumon-KamyTo TybIHIBICH MarbIHACHIHIA TyciHimeni. [IleTTik maprTap CHI3BIKTHIK, (DyHKIIN-
OHAJIIAP TYPiHAEe 6eplireH, Oyl CHI3BIKTHIK YKEPTiTIKTI YKOHE YKEPTiTiKTI eMec KarmaiiapablH KETKUTIKTI
K€H KJIACBIH KaMTyFa MyMKiHmiK 6epesi. [lerrimuin Mo apHaiibl QyHKIUIIAD apPKBLIBI TAOBLIABI. 3epTTe-
JIETIH €CENTiH IIeNIijly MyMKIHJITNHIH Ka>KeTTi »KOHe KeTKIIIKTI MapThl, COHJIali-aK eIy IapThl Co3Ci3
OPBIHJAIATHIH mapTTap aablaabl. [lemivuin 6ap 60ybl *KoHe OGipereiiiri TeopeMachl T2/ IeHI].

Kiam cesdep: Gemmek muddeperuangay omneparopbl, KamyTo TYBIHIBICH, IMIETTIK ecem, (pyHKIMOHAJ,
Paiir dyHKImACH.

Bulletin of the Karaganda University



Generalized boundary value ...

JI.X. I'agzoBa

Hremumym npuraadnoti mamemamuru u asmomamusauyuu KBHI] PAH, Haavwuk, Poccus

O06ob1IeHHas KpaeBad 3a4a4a JIJIsd JIMHETHOI0 OObIKHOBEHHOTI'O
anddepeHInaIbHOrO YPaBHEHNsI C OIEPAaTOPOM JIPOOHOIro ANCKPETHO
pacnpegesienHoro auddepeHnnpoBaHus

B crarbe chopmynupoBana u pereHa oOOOIIEHHAsT KpaeBasl 3a/1a4a JJisl JIMHEHHOTNO OOBIKHOBEHHOT'O JTud-
depeHInaIbHOr0 ypaBHEHHsI C OIIEPATOPOM JIPOOHOrO JUCKPETHO PACIPEIEICHHOr0 UM depeHIIIPOBAHMS.
JlpobHast Tpou3BOIHAS IOHUMAETCS B CMbIcie mpousdBonuoit ['epacumoBa—Kamyro. Kpaesnie ycioBus 3ama-
10Tcsl B (hOpMe JIMHEHHBIX (DYHKIMOHAJIOB, 9TO IO3BOJISIET OXBATUTH JOCTATOYHO IUPOKHIA KJIACC JIMHEHHBIX
JIOKAJIbHBIX 1 HEJIOKAJIBHBIX YCJIOBHUI. B TepMumHax crenuaibHBIX (YHKIWI HANIEHO MPEICTABIEHNE Pellle-
uusi. [losydyeno HeobXoqUMOE U JOCTATOYHOE YCIOBHUE PA3PEIIUMOCTH UCCIIELyeMOi 3a/1aun, a TaKKe yCJIo-
BUsI, IIPU KOTOPBIX YCJIOBUE Pa3PENINMOCTH 3aBeJIOMO BbIosiHseTcs. Jloka3aHa TeopeMa CyIeCTBOBAHUS U
€/IMHCTBEHHOCTU PEITIEeHUSI.

Kmouesvie crosa: onieparop apobHoro mauddepenimpoBans, mpou3soanas Kamyro, kpaeBas 3a1a4a, QyHK-
nuoHaJs1, MyHKIus Paiita.
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