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Inner boundary value problem with displacement for
a second order mixed parabolic-hyperbolic equation

This paper investigates inner boundary value problems with a shift for a second-order mixed-hyperbolic
equation consisting of a wave operator in one part of the domain and a degenerate hyperbolic operator of
the first kind in the other part. We find sufficient conditions for the given functions to ensure the existence
of a unique regular solution to the problems under study. In some special cases, solutions are obtained
explicitly.
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Introduction. Notation. Formulation of the problem

In the Euclidean plane with independent variables x and y consider the equation

0 =

{
(−y)m uxx − uyy + λ (−y)

m−2
2 ux, y < 0,

uxx − uyy + f, y > 0,
(1)

where λ, m are given numbers; m > 0, |λ| ≤ m
2 ; f = f(x, y) is a given function; u = u(x, y) is an

unknown function.
When y < 0 equation (1) is a degenerate hyperbolic equation of the first kind [1]

(−y)m uxx − uyy + λ (−y)
m−2

2 ux = 0, (2)

but when y < 0 coincides with the inhomogeneous wave equation

uxx − uyy + f(x, y) = 0. (3)

Equation (2) belongs to the class of the first kind degenerate hyperbolic equations [1; 21], that
is, at no point of the degenerate line y = 0 the tangent line does coincide with the characteristic
direction of the equation (2). An important property of equation (2) is the fact that when |λ| ≤ m

2
the Cauchy problem is correct for it in the usual formulation with data on the parabolic degeneracy
line y = 0 despite that the Protter condition [2] is violated. When m = 2 equation (2) turns into
the Bitsadze-Lykov equation [3; 37], [4], [5; 234], and for λ = 0 from equation (2) we come to the
Gellerstedt equation, which, as shown in the monograph [6; 234], finds application in the problem of
determining the shape of the dam slot. Apart from that as well the particular case for equation (2) is
the Tricomi equation, which presents the theoretical basis for transonic gas dynamics [7; 38], [8; 280].

Equation (1) is considered in the domain Ω = Ω1 ∪ Ω2 ∪ I, where Ω1 is the domain restricted by
characteristics σ1 = AC : x − 2

m+2 (−y)
m+2

2 = 0 and σ2 = CB : x + 2
m+2 (−y)

m+2
2 = r of equation

∗Corresponding author.
E-mail: Giraslan@yandex.ru

Mathematics series. № 2(106)/2022 59



Zh.A. Balkizov, Z.Kh. Guchaeva, A.Kh. Kodzokov

(2) for y < 0, outgoing from the point C = (r/2, yc), yc = −
[

(m+2)r
4

] 2
m+2

, passing through the points
A = (0, 0) and B = (r, 0), and the segment I = AB of the strait line y = 0; Ω2 is the domain restricted
by characteristics σ3 = AD : x−y = 0, σ4 = BD : x+y = r of equation (3), outgoing from the points
A and B intersecting at the point D =

(
r
2 ,

r
2

)
and the segment I = AB.

Let us introduce the following notation:

ε1 =
m− 2λ

2 (m+ 2)
, ε2 =

m+ 2λ

2 (m+ 2)
, ε = ε1 + ε2 =

m

m+ 2
,

γ1 =
Γ (ε)

Γ (ε1)
, γ2 =

Γ (2− ε) (2− 2ε)ε−1

Γ (1− ε2)
;

a(x) =
α2(x) + γ1α1(x)

α3(x)− γ1α1(x)
, b(x) =

γ1β1(x) + β3(x)

γ2β1(x)− β2(x)
;

K(x, t) =
a(x)

(t− x)1−ε +

t∫
x

a′ (s)

(t− s)1−εds, L(x, t) =

{
K (r, t) , 0 ≤ x < t,
K (r, t)−K(x, t), t < x ≤ r,

F1(x) = 2ψ1(x)− ψ1 (r) +

r∫
x

ψ2(t)

α3(t)− γ2α1(t)
dt−

r∫
x

r−t
2∫

0

f (t+ s, s) dsdt,

F2(x) = b(x)

2ϕ1(x)− ϕ1 (0)−
x/2∫
0

x−t∫
t

f (s, t) dsdt

− ϕ2(x)

γ2β1(x)− β2(x)
;

θ00(x) =

(
x

2
, −
(
m+ 2

4

)2/(m+2)

x2/(m+2)

)
=
(x

2
, − (2− 2ε)ε−1 x1−ε

)
,

θr0(x) =

(
r + x

2
, −
(
m+ 2

4

)2/(m+2)

(r − x)2/(m+2)

)
=

(
r + x

2
, − (2− 2ε)ε−1 (r − x)1−ε

)
– affixes of characteristics intersection points that leave the point (x, 0) with characteristics of AC and
BC of equation (3), correspondingly;

θ01(x) =
(x

2
,
x

2

)
, θr1(x) =

(
r + x

2
,
r − x

2

)
– affixes of characteristics intersection points that leave the point (x, 0) with characteristics AD and
BD of equation (3), correspondingly;

B (p, q) =

∫ 1

0
tp−1 (1− t)q−1 dt, Γ(p) =

∫ ∞
0

exp (−t) tp−1dt, B (p, q) =
Γ(p) Γ (q)

Γ (p+ q)

– Euler integrals of the first and second kind and their relationship;

Dα
cxg(t) =


sgn(x−c)

Γ(−α)

x∫
c

g(t)

|x−t|1+αdt, α < 0,

sgn[α]+1 (x− c) d[α]+1

dx[α]+1D
α−[α]−1
cx g(t), α > 0
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– fractional integro-differentiation operator (in the Riemann-Liouville sense) of order |α| with starting
point c [5], [6], [9]; the regularized fractional derivative (Caputo derivative) is defined using the equality
[10]

∂αcxg(t) = sgnn (x− c) Dα−n
cx g(n)(t), n− 1 < α ≤ n, n ∈ N ;

and it is related to the Riemann-Liouville derivative by the relation [10]

∂αcxg(t) = Dα
cxg(t)−

n−1∑
k=0

g(k) (c)

Γ (k − α+ 1)
,

where n− 1 < α ≤ n, n ∈ N ;

Eρ (z) =

∞∑
n=0

zn

Γ (1 + nρ)
, Eρ (z, µ) =

∞∑
n=0

zn

Γ (µ+ nρ−1)
, Eρ (z, 1) = E1/ρ (z)

– the Mittag-Leffler function and the function of Mittag-Leffler type [11].
Assume the function u = u(x, y) of class C

(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2), ux, uy ∈ L1 (I) in the

domain Ω is a regular solution, which by substitution transforms equation (1) into identity.
Problem 1. Find a regular solution of equation (1) in the domain Ω satisfying the conditions

u [θr1(x)] = ψ1(x), 0 ≤ x ≤ r, (4)

α1(x) (r − x)ε2 D1−ε1
rx {u [θr0(t)]}+ α2(x)D1−ε

rx u (t, 0) + α3(x)uy(x, 0) = ψ2(x), 0 < x < r, (5)

where α1(x), α2(x), α3(x), ψ1(x), ψ2(x) are given functions on the line segment 0 ≤ x ≤ r, moreover
α2

1(x) + α2
2(x) + α2

3(x) 6= 0 ∀ x ∈ [0, r].
Problem 2. Find a regular solution of equation (1) in the domain Ω satisfying the conditions

u [θ01(x)] = ϕ1(x), 0 ≤ x ≤ r, (6)

β1(x) (r − x)1−ε1 Dε2
rx

{
(r − t)ε−1 u [θr0(t)]

}
+

+β2(x)Dε−1
rx uy (t, 0) + β3(x)u(x, 0) = ϕ2(x), 0 < x < r, (7)

where β1(x), β2(x), β3(x), ϕ1(x), ϕ2(x) are given functions on the line segment 0 ≤ x ≤ r, moreover
β2

1(x) + β2
2(x) + β2

3(x) 6= 0 ∀x ∈ [0, r].
Earlier, the Goursat problem for the first kind degenerate hyperbolic equations was investigated in

[12], [13]. The criterion of continuity for the Goursat problem for equation (2) is investigated in [12],
and the solution of the Goursat problem for a model equation degenerating inside the domain is written
in explicit form in [13]. The first boundary value problem for the hyperbolic equation degenerating
inside the domain is considered in [14]. Boundary value problems for degenerate hyperbolic equations
in a characteristic quadrangle with data on opposite characteristics were investigated in [15–17].

Inner boundary value problems 1 and 2 considered in this paper belong to the class of boundary
value problems with a displacement of the Zhegalov-Nakhushev [18–20] and are generalization of the
Goursat problem and problems with data on opposite characteristic lines for an equation of the type
(1). The displacement problems for the first kind hyperbolic equations degenerating inside the domain
were previously studied in [21–24]. The displacement problems for the first kind degenerate hyperbolic
equation of the type (2) were investigated in [25], presented as generalization of the first and second
Darboux problems. A rather complete bibliography of works devoted to the formulation and study of
the displacement problems for various types of partial differential equations is provided in [26–32]. In
this paper, sufficient conditions are found for the given functions αi(x), βi(x), i = 1, 3; ϕj(x), ψj(x),
j = 1, 2; f(x, y) that insure a unique regular solution of investigated problems 1 and 2. In particular
cases, when the relation a(x) = α2(x)+γ1α1(x)

α3(x)−γ1α1(x) = a = const or b(x) = γ1β1(x)+β3(x)
γ2β1(x)−β2(x) = b = const the

regular solutions of problems 1 and 2 are written explicitly.
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Research task 1

The following Theorem holds.
Theorem 1. Let the given functions α1(x), α2(x), α3(x), ψ1(x), ψ2(x) and f(x, y) be such that

α1(x), α2(x), α3(x), ψ2(x) ∈ C [0, r] ∩ C2 (0, r) , (8)

ψ1(x) ∈ C1 [0, r] ∩ C3 (0, r) , (9)

f(x, y) ∈ C1
(
Ω̄2

)
, (10)

α3(x)− γ1α1(x) 6= 0 ∀ x ∈ [0, r] . (11)

Then there is a unique regular solution of Problem 1 in the domain Ω.
Proof. Assume there is a solution of problem (1), (4), (5) and assume that

u(x, 0) = τ(x), 0 ≤ x ≤ r, (12)

lim
y→0

uy(x, y) = uy(x, 0) = ν(x), 0 < x < r. (13)

Find the relations between the functions τ(x) and ν(x) brought from Ω1 and Ω2 of the domain
Ω onto the line I. The solution to problem (12), (13), when |λ| ≤ m

2 for equation (2), is written out
according to one of the formulas [33]:

u(x, y) =
1

B (ε1, ε2)

1∫
0

τ
[
x+ (1− ε) (−y)

1
1−ε (2t− 1)

]
tε2−1 (1− t)ε1−1 dt+

+
y

B (1− ε1, 1− ε2)

1∫
0

ν
[
x+ (1− ε) (−y)

1
1−ε (2t− 1)

]
t−ε1 (1− t)−ε2 dt, |λ| < m

2
, (14)

u(x, y) = τ
[
x+ (1− ε) (−y)

1
1−ε
]

+

+ (1− ε) y
1∫

0

ν
[
x+ (1− ε) (−y)

1
1−ε (2t− 1)

]
(1− t)−ε dt, λ =

m

2
, (15)

u(x, y) = τ
[
x− (1− ε) (−y)

1
1−ε
]

+

+ (1− ε) y
1∫

0

ν−
[
x+ (1− ε) (−y)

1
1−ε (1− 2t)

]
(1− t)−ε dt, λ = −m

2
. (16)

First, consider the case for |λ| < m
2 . In this instance, employing (14) we get

u [θr0(x)] = u

(
r + x

2
, − (2− 2ε)ε−1 (r − x)1−ε

)
=

1

B (ε1, ε2)

1∫
0

τ [x+ (r − x) t] tε2−1 (1− t)ε1−1 dt−

− 1

B (1− ε1, 1− ε2)
(2− 2ε)ε−1 (r − x)1−ε

1∫
0

ν [x+ (r − x) t] t−ε1 (1− t)−ε2 dt.
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Introducing a new variable z = x+ (r − x) t we rewrite the last equality as

u [θr0(x)] =
(r − x)1−ε

B (ε1, ε2)

r∫
x

τ (z) (r − z)ε1−1

(z − x)1−ε2 dz − (2− 2ε)ε−1

B (1− ε1, 1− ε2)

r∫
x

ν (z) (r − z)−ε2

(z − x)ε1
dz.

In terms of fractional (in the sense of Riemann-Liouville) integro-differentiation operator, the previous
equality can be rewritten as

u [θr0(x)] =
Γ (ε)

Γ (ε1)
(r − x)1−ε D−ε2rx

[
τ(t) (r − t)ε1−1

]
−

− Γ (2− ε)
Γ (1− ε2)

(2− 2ε)ε−1 Dε1−1
rx

[
ν(t) (r − t)−ε2

]
. (17)

Further we use the following properties of the weighted composition of operators for fractional differentiation
and integration with the same origins [5], [6], [9]:

D−βcx Dβ
ctϕ (s) = ϕ(x), (18)

Dα
cx |t− c|

α+β Dβ
ctϕ (s) = |x− c|β Dα+β

cx |t− c|α ϕ(t), (19)

where 0 < α ≤ 1, β < 0, α+ β > −1; ϕ(x) ∈ L [a, b], and when α+ β > 0 the function ϕ(x) contains
the fractional derivative Dα+β

cx ϕ(t).
Applying to both sides of equality (17) the operator D1−ε1

rx and using the above composition
properties (18) and (19) we find

D1−ε1
rx u [θr0(t)] = γ1 (r − x)−ε2 D1−ε

rx τ(t)− γ2 (r − x)−ε2 ν(x). (20)

Substituting the value D1−ε1
rx u [θr0(t)] from (20) into (5) we come to the ratio

[α2(x) + γ1α1(x)] D1−ε
rx τ(t) + [α3(x)− γ1α1(x)] ν(x) = ψ2(x). (21)

The obtained relation (21) is the first fundamental relation between the functions τ(x) and ν(x) taken
from the domain Ω1 onto the line I.

Next, we find the fundamental relationship between the functions τ(x) and ν(x) taken from the
domain Ω2 onto the line I. The solution of problem (12), (13) for equation (3) is written by the
d’Alembert formula [34]:

u(x, y) =
τ (x+ y) + τ (x− y)

2
+

1

2

x+y∫
x−y

ν(t)dt+
1

2

y∫
0

x+y−t∫
x−y+t

f (t, s) dsdt. (22)

Satisfying (22) to condition (4), we obtain

u [θr1(x)] = u

(
r + x

2
,
r − x

2

)
=
τ (r) + τ(x)

2
+

1

2

r∫
x

ν(t)dt+
1

2

(r−x)/2∫
0

r−t∫
x+t

f (s, t) dsdt = ψ1(x). (23)

Differentiating (23) we arrive at the relation

ν(x) = τ ′(x)− 2ψ′1(x)−
(r−x)/2∫

0

f (x+ t, t) dt. (24)
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Relation (24) is the second fundamental relation between the functions τ(x) and ν(x) taken from
the domain Ω2 onto the line I.

Excluding the sought function ν(x) from (21) and (24) in view of the matching condition τ (r) =
ψ1 (r), with respect to τ(x), we arrive at the following problem for the first-order ordinary differential
equation with a fractional derivative in the lower terms

[α3(x)− γ1α1(x)] τ ′(x) + [α2(x) + γ1α1(x)]D1−ε
rx τ(t) =

= 2 [α3(x)− γ1α1(x)]ψ′1(x)− ψ2(x) + [α3(x)− γ1α1(x)]

(r−x)/2∫
0

f (x+ t, t) dt, (25)

τ (r) = ψ1 (r) . (26)

If condition (11) of Theorem 1 is satisfied, then by dividing each term in equation (25) by α3(x)−
γ1 α1(x) with the subsequent integration of the resulting equation over x ranging from x to r we come
to the integral equation

τ(x)− 1

Γ (ε)

r∫
x

K(x, t) τ(t)dt = F1(x), (27)

which corresponds to problem (25), (26).
It follows from properties (8), (9), (10) that equation (27) is a Volterra integral equation of the

second kind with the kernel K(x, t) ∈ L2 ( [0, r]× [0, r] ) and with the right-hand side F1(x) =
C1 [0, r] ∩ C3 (0, r). According to the general theory on Volterra integral equations the solution of
equation (27) exists, is unique and can be written out by the formula:

τ(x) = F1(x) +
1

Γ (ε)

r∫
x

R(x, t)F1(t)dt, (28)

where R(x, t) =
∞∑
n=0

Γ−n (ε) Kn(x, t) is a kernel resolvent K(x, t); K0(x, t) = K(x, t), Kn+1(x, t) =

t∫
x
K (x, s) Kn (s, t) ds are iterated kernels of the basic kernel K(x, t); moreover, the resolvent R(x, t),

as well as the basic kernel K(x, t) of equation (27), will belong to the class R(x, t) ∈ L2 ([0, r]× [0, r]),
and the solution τ(x) of equation (27), as well as its right side F1(x), will belong to the class τ(x) ∈
C1 [0, r] ∩ C3 (0, r).

The solution of equation (27) for a(x) = a = const is written explicitly by the formula:

τ(x) = F1(x) + a

r∫
x

(t− x)ε−1E1/ε [a (t− x)ε ; ε]F1(t)dt. (29)

The sought function τ(x) for λ = ±m
2 is found again employing formulas (28) or (29), but ε2 = 0,

ε = ε1 = m
m+2 , γ1 = 1, γ2 = 2ε−1 (1− ε)ε Γ (1− ε) at λ = −m

2 and ε1 = 0, ε = ε2 = m
m+2 , γ1 = 0,

γ2 = 2ε−1 (1− ε)ε at λ = m
2 .

Once the function τ(x) has been found, the second sought function ν(x) is found employing formulas
(21) or (24). Then the solution of the studied problem 1 in the domain Ω1 is written out according to
one of the (14), (15) or (16) formulas and in the domain Ω2 the problem (12), (13) for equation (3) is
solved by formula (22).
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Research task 2

Similarly as above, satisfying (14) to condition (7) we find the first fundamental relation between
the sought functions τ(x) and ν(x) taken in the domain Ω1 onto the line I:

[γ1β1(x) + β3(x)] τ(x) = [γ2β1(x)− β2(x)]Dε−1
rx ν(t) + ϕ2(x). (30)

Employing (22) under condition (6), we find the second fundamental relation between τ(x) and
ν(x) taken in the domain Ω2 onto the line I:

τ(x) = 2ϕ1(x)− τ (0)−
x∫

0

ν(t)dt−
x/2∫
0

x−t∫
t

f (s, t) dsdt. (31)

Excluding in (30) and (31) the sought function τ(x) in view of the matching condition τ (0) = ϕ1 (0)
with respect to ν(x) we obtain the equation

[γ2β1(x)− β2(x)]Dε−1
rx ν(t) + [γ1β1(x) + β3(x)]

x∫
0

ν(t)dt =

= 2 [γ1β1(x) + β3(x)] [ϕ1(x)− ϕ1(0)]− ϕ2(x)− [γ1β1(x) + β3(x)]

x/2∫
0

x−t∫
t

f(s, t) dsdt.

Denoting υ(x) =
x∫
0

ν(t)dt provided that γ2β1(x) − β2(x) 6= 0 ∀x ∈ [0, r] the recent equality is

rewritten as follows
Dε−1
rx υ′(t) + b(x)υ(x) = F2(x), 0 < x < r, (32)

while
υ (0) = 0. (33)

Once the operator D1−ε
rx has been applied to both sides of the equation (32) it could be represented

as follows
υ′(x) +D1−ε

rx b(t)υ(t) = D1−ε
rx F2(t), 0 < x < r. (34)

Integrating equation (34) over x ranging from x to r taking into account (33) we arrive at the
equation of the form

υ(x) +
1

Γ (ε)

r∫
0

b(t)K(x, t)υ(t)dt = − 1

Γ (ε)

r∫
0

K(x, t)F2(t)dt, (35)

equivalent to problem (32)–(33), where K(x, t) =

{
tε−1 − (t− x)ε−1 , 0 ≤ t < x,
tε−1, x < t ≤ r.

If b(x) ∈ C1 [0, r] ∩ C3 (0, r) is a positive non-decreasing function, then there is a unique regular
solution of equation (35) [6; 133]. Then ν(x) = υ′(x) and τ(x) are found by one of the formulas (30)
or (31).

In the case, when b(x) = b = const the solution of equation (34) is written explicitly by the formula:

υ(x) = −
1 + b

r∫
x

(t− x)ε−1 E1/ε [b (t− x)ε ; ε] dt

1 + b
r∫
0

tε−1E1/ε (b tε; ε) dt

D−ε0r F2(t) + b

r∫
0

tε−1E1/ε (b tε; ε) D−εrt F2 (s) dt

+
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+D−εrx F2(t) + b

r∫
x

(t− x)ε−1 E1/ε [b (t− x)ε ; ε]D−εrt F2 (s) dt

provided that 1+b
r∫
0

tε−1E1/ε (b tε; ε) dt 6= 0. If b ≥ 0, then the fulfillment of this inequality is obvious.

Once the functions τ(x) and ν(x) have been found similarly as for the previous problem 1, the
solution to problem 2 in the domain Ω1 is written employing one of the formulas (14), (15) or (16),
and in the domain Ω2 the problem (12)–(13) for equation (3) is solved by the formula (22).
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Екiншi реттi аралас-гиперболалық теңдеу үшiн
ығысуы бар iшкi-шеттiк есептер

Мақалада облыстың бiр бөлiгiнде толқындық оператордан, ал басқасында бiрiншi реттi өзгеше ги-
перболалық оператордан тұратын екiншi реттi аралас-гиперболалық теңдеу үшiн ығысуы бар iшкi-
шеттiк есептер зерттелген. Берiлген функциялар бойынша зерттелетiн есептердiң шешiмiнiң бар бо-
луын, бiрегейлiгiн қамтамасыз ететiн жеткiлiктi шарттар анықталды. Кейбiр дербес жағдайларда
зерттелетiн есептердiң шешiмдерi айқын түрде жазылған.

Кiлт сөздер: толқын теңдеуi, бiрiншi реттi өзгеше гиперболалық теңдеу, Вольтерраның интегралдық
теңдеуi, екiншi типтi Фредгольм интегралдық теңдеуi, Трикоми әдiсi, интегралдық теңдеулер әдiсi,
бөлшек есептеу теориясының әдiсi.
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Внутренне-краевые задачи со смещением для
смешанно-гиперболического уравнения второго порядка

В статье исследованы внутренне-краевые задачи со смещением для смешанно-гиперболического урав-
нения второго порядка, состоящего из волнового оператора в одной части области и вырождающегося
гиперболического оператора первого рода — в другой. Найдены достаточные условия на заданные
функции, обеспечивающие существование единственного регулярного решения исследуемых задач. В
некоторых частных случаях решения исследуемых задач выписаны в явном виде.

Ключевые слова: волновое уравнение, вырождающееся гиперболическое уравнение первого рода, ин-
тегральное уравнение Вольтерра, интегральное уравнение Фредгольма второго рода, метод Трикоми,
метод интегральных уравнений, методы теории дробного исчисления.
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