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Inner boundary value problem with displacement for
a second order mixed parabolic-hyperbolic equation

This paper investigates inner boundary value problems with a shift for a second-order mixed-hyperbolic
equation consisting of a wave operator in one part of the domain and a degenerate hyperbolic operator of
the first kind in the other part. We find sufficient conditions for the given functions to ensure the existence
of a unique regular solution to the problems under study. In some special cases, solutions are obtained
explicitly.
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Introduction. Notation. Formulation of the problem

In the Euclidean plane with independent variables x and y consider the equation
m m—2
0=1{ W) tae —uyy +A(=y) 2wz, y <O, (1)
Uxx_uyy+fa y >0,

where A, m are given numbers; m > 0, [A\| < % f = f(z,y) is a given function; u = u(z,y) is an
unknown function.

When y < 0 equation (1) is a degenerate hyperbolic equation of the first kind [1]

(_y)m Uggy — Uyy + A (_y)mT U, = 0, (2)
but when y < 0 coincides with the inhomogeneous wave equation
Uggy — Uyy + f(:n,y) =0. (3)

Equation (2) belongs to the class of the first kind degenerate hyperbolic equations [1; 21|, that
is, at no point of the degenerate line y = 0 the tangent line does coincide with the characteristic
direction of the equation (2). An important property of equation (2) is the fact that when |A| < %
the Cauchy problem is correct for it in the usual formulation with data on the parabolic degeneracy
line y = 0 despite that the Protter condition [2] is violated. When m = 2 equation (2) turns into
the Bitsadze-Lykov equation [3; 37|, [4], [5; 234], and for A = 0 from equation (2) we come to the
Gellerstedt equation, which, as shown in the monograph [6; 234], finds application in the problem of
determining the shape of the dam slot. Apart from that as well the particular case for equation (2) is
the Tricomi equation, which presents the theoretical basis for transonic gas dynamics [7; 38|, [8; 280].

Equation (1) is considered in the domain Q = Q; U Q9 U I, where €2 is the domain restricted by
) m+2 ) m+2

characteristics 01 = AC' : © — 25 (~y) 2 =0and o9 = CB: 2+ ;25 (-y) 2 = r of equation
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2
(2) for y < 0, outgoing from the point C = (r/2,y.), yc = — [@} ™2 passing through the points
A =(0,0) and B = (1,0), and the segment I = AB of the strait line y = 0; Q2 is the domain restricted
by characteristics 03 = AD : © —y =0, 04 = BD : x4y = r of equation (3), outgoing from the points
A and B intersecting at the point D = (7, f) and the segment I = AB.
Let us introduce the following notation:

B m— 2\ B m + 2\ B _m
T2y P 2mry T T gy
T () T2-¢)(2—2e)"
M=) 7 T(1— )
a(x) _ a2(x) +’Yla1($) b(z) — '71/61(-73) + 53(x)
az(z) —yroa(z)’ Y2b1(x) — Ba(w)’
_ a(x) / a' (s) o Lipf) = K (r, t), 0<z<t,
K(2,t) = (t_x)l—a +x/ (t — 8)1_5d » Liz,t) = { K (rjt)— K(x,t), t<z<rm,
= X) — T T ¢2(t) — T / S, S8 S
Fi(w) = 261(s) — 1 Hx/“?’(") O / O/f(t+ s)dsdt,
z/2 z—t ( )
= X S, S — 802 :E ;
F2(35) _b( ) 2901( ) @1 / /f t dsdt ’YQﬁl( ) /82('1:),

0

x m o+ 2% 2/(m+2) x el 1-e
Ooo(x) = (2, — <4> x = (5, —(2—-2) "z ) ,

o\ 2/(m+2)
0r0(x) = (T‘ ; 957 B <m2— ) (r— x)Q/(m+2) _ (7“ —12— xa (- 26)5_1 (r - x)l_‘f)

— affixes of characteristics intersection points that leave the point (z,0) with characteristics of AC and
BC of equation (3), correspondingly;

e = (3 2). e = (755, 757)

— affixes of characteristics intersection points that leave the point (x,0) with characteristics AD and
BD of equation (3), correspondingly;

L(p)T ()

1 o)
Bl = [ 0= 1) = [ exn (=) 7 B(p) = oY

— Euler integrals of the first and second kind and their relationship;

T
sgnx c
Doy = | FeT IR =0
[a]+1 -1
sgnlolt1 (z — >di[a]+1D" L@, a0
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— fractional integro-differentiation operator (in the Riemann-Liouville sense) of order || with starting
point ¢ [5], [6], [9]; the regularized fractional derivative (Caputo derivative) is defined using the equality
[10]

9% g(t) = sgn™ (x — ¢) DX "g™M(#), n—1<a<n, neN;

and it is related to the Riemann-Liouville derivative by the relation [10]

n—1 g(k
9(0) = Do) = 3 =4 £

wheren —1 < a<n,né€ N,

[e.e] o

Zn n

E,(2) = T;)F(H—np)’ E, (2, p) = ;Wa E,(2,1) = By, (2)

— the Mittag-Leffler function and the function of Mittag-Leffler type [11].

Assume the function v = u(z,y) of class C (Q) N C*(Q) N C? (0 UQy), ug, uy € Ly (1) in the
domain €2 is a regular solution, which by substitution transforms equation (1) into identity.

Problem 1. Find a regular solution of equation (1) in the domain €2 satisfying the conditions

ulbp(z)] =v1(z), 0<z<m, (4)
ai(@) (r— )7 Dy {ulf,0(6)]} + aa(x) Dy (t, 0) + as(@) uy(z,0) = ¢o(z), 0<z<r, (5
where aq(x), as(x), asz(z), ¥1(x), ¥o(z) are given functions on the line segment 0 < x < r, moreover

ad(z) +a3(x) +a3(z) #0 YV €l0,7]

Problem 2. Find a regular solution of equation (1) in the domain 2 satisfying the conditions

U [901(37)] = ¢1(x)7 0<z<r (6)
Bu@) (=)' D { (r = ) ulbro(t)]} +
+p2(x) Diw_luy (t, 0) + B3(z) u(x,0) = pa(z), O0<x<r, (7)

where 51(z), fa(z), B3(z), ¢1(z), w2(z) are given functions on the line segment 0 < x < r, moreover
B3 () + B(x) + B(x) £ 0 Va € [0,7].

Earlier, the Goursat problem for the first kind degenerate hyperbolic equations was investigated in
[12], [13]. The criterion of continuity for the Goursat problem for equation (2) is investigated in [12],
and the solution of the Goursat problem for a model equation degenerating inside the domain is written
in explicit form in [13]. The first boundary value problem for the hyperbolic equation degenerating
inside the domain is considered in [14]. Boundary value problems for degenerate hyperbolic equations
in a characteristic quadrangle with data on opposite characteristics were investigated in [15-17].

Inner boundary value problems 1 and 2 considered in this paper belong to the class of boundary
value problems with a displacement of the Zhegalov-Nakhushev [18-20] and are generalization of the
Goursat problem and problems with data on opposite characteristic lines for an equation of the type
(1). The displacement problems for the first kind hyperbolic equations degenerating inside the domain
were previously studied in [21-24]. The displacement problems for the first kind degenerate hyperbolic
equation of the type (2) were investigated in [25], presented as generalization of the first and second
Darboux problems. A rather complete bibliography of works devoted to the formulation and study of
the displacement problems for various types of partial differential equations is provided in [26-32|. In
this paper, sufficient conditions are found for the given functions «;(z), Bi(z), i = 1,3; ¢j(x), ¢¥;(z),
j =1,2; f(z,y) that insure a unique reqular solution of investigated problems 1 and 2. In particular
cases, when the relation a(x) = ca(@ptnanlz) _ o onst or b(x) = nh@)+Bs(@) _ p — copst the

) ag(z)—y100(x) L Y281 (x)—B2(x)
regular solutions of problems 1 and 2 are written explicitly.
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Research task 1

The following Theorem holds.
Theorem 1. Let the given functions ay(x), as(x), as(z), ¥1(x), ¥e(x) and f(z,y) be such that

ai(z), az(z), as(@), ¥a(x) € C[0, 71N C (0, 7), (8)
Y1(x) € CH{0, r]NC3 (0, 7), (9)

fla,y) € CH (D), (10)

az(z) —mai(z) #0 Yz elo,r]. (11)

Then there is a unique regular solution of Problem 1 in the domain €2.
Proof. Assume there is a solution of problem (1), (4), (5) and assume that

u(z,0) =7(x), 0<z<r, (12)

limuy(z,y) = uy(z,0) =v(r), 0<z<r. (13)
y—0
Find the relations between the functions 7(x) and v(z) brought from ; and Qg of the domain
Q2 onto the line I. The solution to problem (12), (13), when |A| < % for equation (2), is written out
according to one of the formulas [33]:

1
U(%Z/ /T 1 —€ ( y)i (2t — 1)] 21 (1 _ t)51—1 dt+
81,82
0
1
* /V (1—¢) (—y) ™= (2t - 1)} £ (L= t) =t A < (14)
B(l—El,l—EQ , 27
0

u(@,y) =7 [ﬁf +(1—e¢) (—y)i} +
1
vy [vfra-aat -] a-pFe A= )
0

u(wy) =7 o~ (1-2) (-y) 77| +
1

F—e)y /,,— er - -2n] (-0 Far A= (16)
0

First, consider the case for [A| < %. In this instance, employing (14) we get

1

—(2—2o)" (7”—37)1_8> (er e /T (r—az)t] 27 (1=t tdt—
1 2

0

r+x

ulbofe)] =u (

1
1 e—1 1—¢ — —€
- (2—-2e) " (r—x) vie+ (r—ax)t] t7° (1 —t) "2 dt.
0/

B<1—€1,1—€2)
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Introducing a new variable z = z + (r — ) ¢t we rewrite the last equality as

=)' [r(e) (r—2) ! (2 — 2)=" v (2) (r—2)"%
u[fro@)} = B (g1, €2) / (z — ) 72 dz - B(l—¢1,1—¢9) / dz.

In terms of fractional (in the sense of Riemann-Liouville) integro-differentiation operator, the previous
equality can be rewritten as

[Oro ()] = IF((;)) (r—ax)'7° D, 2 [T(t) (r — ) 1]
_rr((f__;)) (2—2e)° " DT [w(t) (r— )72 (17)

Further we use the following properties of the weighted composition of operators for fractional differentiation
and integration with the same origins [5], [6], [9]:

D 6Dct(10( ) @($)7 (18)
D& [t — |t Do (s) =[x — ¢’ DEFA |t — ¢ p(t), (19)

where 0 < a <1, 8<0,a+ 3> —1; p(z) € L|a, b], and when o + 5 > 0 the function ¢(x) contains
the fractional derivative D& o(t).

Applying to both sides of equality (17) the operator D! ¢t and using the above composition
properties (18) and (19) we find

Dy ulbo(t) = m (r—a) 2 D 7(t) =72 (r — 2)  v(a). (20)

Substituting the value D1t u [0,9(t)] from (20) into (5) we come to the ratio

[ (x) + 0 (@)] Dpz=r(t) + [as(x) — Mo (2)] v(z) = o (). (21)

The obtained relation (21) is the first fundamental relation between the functions 7(z) and v(x) taken
from the domain 2; onto the line I.

Next, we find the fundamental relationship between the functions 7(x) and v(z) taken from the
domain Qy onto the line I. The solution of problem (12), (13) for equation (3) is written by the
d’Alembert formula [34]:

) Tty 1 y zt+y—t
u(z,y) = = (z+y) ‘2” (x=y) | 3 / v(t)di + 5 / / F(t, s) dsdt. (22)
T—y 0 z—y+t
Satisfying (22) to condition (4), we obtain
) (r—x)/2 r—t
o (2)] = (T”, T“’”) T | / vity [ [ 10 dsdt= i) (23
2 2 2 2
0 T+t
Differentiating (23) we arrive at the relation
(r—z)
v(z) =7 (x) — 29 (2 / flx+t,t)d (24)
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Relation (24) is the second fundamental relation between the functions 7(z) and v(x) taken from
the domain €9 onto the line 1.

Excluding the sought function v(z) from (21) and (24) in view of the matching condition 7 (r) =
1 (1), with respect to 7(x), we arrive at the following problem for the first-order ordinary differential
equation with a fractional derivative in the lower terms

[a3(2) — yron ()] 7' (2) + [aa(x) + e (@) Dy o7 (t) =

(r—z)/
= 2[as(x) — Mo (2)] ¥ (x) — () + [as(x) — e (& / fla+t)d (25)

T(r) =41 (r). (26)

If condition (11) of Theorem 1 is satisfied, then by dividing each term in equation (25) by ag(x) —
~v1 a1 (z) with the subsequent integration of the resulting equation over x ranging from x to r we come
to the integral equation

@) - F}E) / K(,t) r(t)dt = Fi(2), (27)

which corresponds to problem (25), (26).

It follows from properties (8), (9), (10) that equation (27) is a Volterra integral equation of the
second kind with the kernel K(z,t) € Ly ([0, r] x [0, 7]) and with the right-hand side Fi(z) =
C'[0, 7] N C3(0, ). According to the general theory on Volterra integral equations the solution of
equation (27) exists, is unique and can be written out by the formula:

T

(2) = Fi(z) + rée) / Rlz, )y (t)dt, (28)

x
oo
where R(z,t) = > I'™" (¢) K,(x,t) is a kernel resolvent K (z,t); Ko(z,t) = K(z,t), Kpt1(z,t) =

t
[ K (z,s) K, (s,t)ds are iterated kernels of the basic kernel K (z,t); moreover, the resolvent R(z,t),

x
as well as the basic kernel K (z,t) of equation (27), will belong to the class R(z,t) € Lo ([0,7] x [0,7]),
and the solution 7(x) of equation (27), as well as its right side Fi(x), will belong to the class 7(z) €
cro, 7] nC3 (0, r).

The solution of equation (27) for a(x) = a = const is written explicitly by the formula:

T

7(x) = Fy(z) + a/ (t—x)° ! By [a(t —x)° ;€] Fi(t)dt. (29)

T

The sought function 7(z) for A = £% is found again employing formulas (28) or (29), but €2 = 0,
e=ea1 = n =17 =221 (1—e) T (1—¢)at A = —gande =0,e =6 = 5, 1 =0,
Yo =2"1(1—¢)f at A= 2.

Once the function 7(z) has been found, the second sought function v(x) is found employing formulas
(21) or (24). Then the solution of the studied problem 1 in the domain €; is written out according to
one of the (14), (15) or (16) formulas and in the domain 2y the problem (12), (13) for equation (3) is

solved by formula (22).
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Research task 2

Similarly as above, satisfying (14) to condition (7) we find the first fundamental relation between
the sought functions 7(x) and v(x) taken in the domain €; onto the line I:

[11B1(2) + B3(2)] 7(2) = ebi(x) — Ba(2)] Dig w(t) + o (). (30)

Employing (22) under condition (6), we find the second fundamental relation between 7(z) and
v(z) taken in the domain €y onto the line I:

T /2 z—t
7(z) = 2¢1(z) — 7 (0) — /I/(t)dt - / / f(s,t)dsdt. (31)
0 0 t

Excluding in (30) and (31) the sought function 7(z) in view of the matching condition 7 (0) = ¢ (0)
with respect to v(z) we obtain the equation
(1264 (a) = Ba(e)] Diz (0) + [aBao) + Ba(a)) [ eyt =

0
I/2 x—t
— 2161 (0) + Ba(a)) [p1(2) ~ 1(0)] - pa(o) ~ bnfa(e) + Ba(@)] [ [ 1G5, dsat
0t
Denoting v(z) = [wv(t)dt provided that y261(x) — B2(x) # 0Vz € [0,r] the recent equality is
0
rewritten as follows
DM (1) + b(z)v(z) = Fy(z), 0<a <, (32)
while
v (0) = 0. (33)
Once the operator D} ¢ has been applied to both sides of the equation (32) it could be represented
as follows
V' (z) + DLEb(t)u(t) = DL FFy(t), 0<z <7 (34)
Integrating equation (34) over x ranging from z to r taking into account (33) we arrive at the
equation of the form

1 / 1 /
V@) + g O/ WK (@, o)t =~ 0/ K (z,t) Fy(t)dt, (35)

Tl (t—2)t, 0<t<u,
et r<t<r

If b(x) € C1[0,7] N C3(0,r) is a positive non-decreasing function, then there is a unique regular
solution of equation (35) [6; 133|. Then v(z) = v/(z) and 7(z) are found by one of the formulas (30)
or (31).

In the case, when b(z) = b = const the solution of equation (34) is written explicitly by the formula:

equivalent to problem (32)-(33), where K (x,t) = {

14+b [(t—2) " By [b(t—2);eldt r
(@) = - DeFo(t) + b / 17V By (b1 €) D Fy () dt | +
140 [t By ) (b5 ) dt 0
0
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+D, S Fy(t) +b / (t— 513)571 By b (t - x)°; el DS F>(s)dt

T

T
provided that 140 [ ¢! E; Je (bt%5 €)dt # 0. If b > 0, then the fulfillment of this inequality is obvious.
0

Once the functions 7(x) and v(x) have been found similarly as for the previous problem 1, the
solution to problem 2 in the domain € is written employing one of the formulas (14), (15) or (16),
and in the domain €y the problem (12)-(13) for equation (3) is solved by the formula (22).

10

11

12

13

14

15

16

66

References

CwmuproB M.M. Vpasuenust cmemansaoro tuna / M.M. Cyupros. — M.: Hayka, 1970. — 296 c.
Protter M.H. The Cauchy problem for a hyperbolic second-order equation with data on the
parabolic line / M.H. Protter // Canad. J. of Math. — 1954. — 6. — P. 542-553.

Bunamze A.B. Ypasuenns cmemanuoro tuma / A.B. Bunanze. — M.: Usn-s8o AH CCCP, 1959. —
164 c.

JIpikoB A.B. Ilpumenenne MeTOI0B TEPMOIUHAMUKN HEOOPATUMBIX MPOIECCOB K UCC/IETOBAHUIO
rerio- u Maccoobmena / A.B. JIbikos // WHxk.-dus. xxypu. — 1955. — 9. — Ne3. — C. 287-304.
Haxymes A.M. Vpasaenus: maremarudeckoit buosorun / A.M. Haxymes. — M.: Beicur. mx., 1995.
- 301 c.

Haxymes A.M. /Ipo6Hoe ucuucyienue u ero npumenenne / A.M. Haxymes. — M.: @usmariur,
2003. — 272 c.

Bepc JI. MaremaTuaeckue BOIIPOCHI JT03BYKOBOI 1 OKOJIO3BYKOBOiT ra3oBoii qunamukn / JI. Bepc.
— M.: Unocrpannasa mureparypa, 1961. — 208 c.

@pankip O.J. Usbpanusie Tpyas! 1o razosoii aunamuke /| O.1. Opankiab. — M.: Hayka, 1973.
- 771 c.

Camko C.I. Vnrerpaibl u mpousBOjHBbIE JAPOOHOIO HOPSJKA U HEKOTOPbIE UX MPHUJIOKEHUs /
C.I. Camko, A.A. Kunbac, O.11. Mapuues. — Munck: Hayka u Texauka, 1987. — 688 c.

[Texy A.B. YpaBHeHuUsI B 9aCTHBIX POU3BOIHBIX JApobHOro mopsiaka / A.B. Ilexy. — M.: Hayxka,
2005. - 199 c.

Jlxxpbaman M.M. Unrerpasibubie npeodpa3oBaHus U IpejcTaB/ienns PyHKIUH B KOMILJIEKCHOM
mockoctu / M.M. JIxpbamsia. — M.: Hayka, 1966. — 672 c.

Kambpmenos T.IT1. Kpurepunit equncrBennocTn pemrenus 3agaqu JapOy /i OMHOTO BBIPOZKIAIO-
mierocst rutiepbosindeckoro ypasaenusi / T.I1. Kanbmenos // Huddepenn. ypasuenus. — 1971.
—7.— Nel. - C. 178-181.

Bankuzos 2K.A. KpaeBasi 3aja4a Jjisi BBIPOXKJIAIOIIEr0CsT BHYTPH O0JIACTH THIIEPOOIUIECKOrO

ypasuenust / 2K.A. Bankuzos // W3B. Beicir. yueb. 3aB. CeBepo-Kaskasckuit peruon. Cep. Ecre-
crBenHble Hayku. — 2016. — Ne1(189). — C. 5-10.

Bankuzos 2K.A. IlepBasi kpaeBas 3ajadua JJTsl BBIPOKIAIOIIET0OCST BHYTPU OOJIACTH TUIIEPOOJITH-
vyeckoro ypasaenusi / ZK.A. Bankuzos // Buamukaskas. mar. xxypu. — 2016. — 18. — Ne 2. —
C. 19-30.

Kywmpikopa C.K. O6 omgHoli KpaeBoii 3ajiade [Jist TUIEPOOIMIECKOTO YPABHEHUS, BHIPOXK IAIOIIE-
rocst sayTpu obsactu / C.K. Kymbikosa, @.5. Haxymesa // duddepenr. ypasuenus. — 1978. —
14. — Ne 1. — C. 50-65.

Bankuzop 2K.A. Kpaesble 3a7a1un ¢ JaHHBIMH Ha IIPOTHBOIIOJIOXKHBIX XAPAKTEPUCTUKAX JIJIsT

CMEIIAHHO-TUIEePOOINIECKOr0 ypaBHeHnsi Broporo nopsiaka // Jokm. Ansirckoit (Hepkecckoit)
Mexaynap. akaj. Hayk. — 2020. — 20. — Ne 3. — C. 6-13.

Bulletin of the Karaganda University



Inner boundary value problem with displacement ...

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

Bankuzos 2K.A. Kpaesble 3amaun 1151 cmermanno-runepbosmaeckoro ypasaenns: /| 2K.A. Bas-
ku3oB // Becrn. [arecran. roc. yu-ta. Cep. 1: EcrecrBennbie mayku. — 2021. — 36. — Ne 1. —
C. 7-14.

)I(eraJIOB BI/I KpaeBaH 3a/lava JJ1d YpaBHEHUA CMENIaHHOI'O TUIla C 'PaAHUYIHBIMU YCJIOBUAMN
Ha 00enX XapaKTEPHCTUKAX U ¢ paspbiBamu Ha juHuu nepexona / B.UM. 2Keramos // Vuenbie
zammcku Kaszanckoro yausepcurera. — 1962, — 122, — 3. — C. 3-16.

Haxymes A.M. HoBas kpaeBast 3a/1a9a JIJIsi OJJHOT'O BBIPOZKAIOIIETOCs THIEPOOINIECKOTO ypaB-
nenusi / A.M. Haxymes // doki. Akax. nayk CCCP. — 1969. — 187. — Ne 4. — C. 736-739.

Haxymres A.M. O HEKOTOPBIX KPaeBbIX 3ajladax JJIsl TUIePOOINIECKUX YPaBHEHWH U ypaBHEHMH
cmerransoro tuma / A.M. Haxymes // duddepenn. ypaBaerns. — 1969. — 5. — Ne 1. — C. 44-59.
Canaxurauaos M.C. O HEKOTOPBIX KPaeBbIX 3aa9ax /ISl FUIEPOOINIECKOro yPABHEHNs, BHIPOXK-
natorerocst BuyTpu obsiactu / M.C. Camaxurauaos, M. Mupcabypos // duddepentr. ypaBHeHusi.
—1981. - 17. — Ne 1. — C. 129-136.

Canaxurmuao M.C. O aByX HEJOKAJbHBIX KPAEBBIX 3aJ1a4aX JJIsi BHIPOXKIAIOIIErocs runepbo-
mndyeckoro ypasaenusi /| M.C. Canaxuraunos, M. Mupcabypos // Huddepeni. ypaBHenus. —
1982. — 18. — Ne 1. — C. 116-127.

Permur O.A. 3ajada ¢ HeJTOKATBLHBIMEU YCIOBUSIMU Ha XapaKTEPUCTUKAX JIIsT YPABHEHUS BJIATO-
neperoca / C.B. Edumosa, O.A. Penun // Hduddepenn. ypasuenns. — 2004. — 40. — Ne 1. —
C. 116-127.

Penun O.A. O zagade ¢ oneparopamu M. Cajiiro Ha XapaKTEepUCTUKAX JJIsl BBIPOXKIAIOIIETIOCS
BHYTpHU obstactu runepbosmaeckoro ypasuerusi / O.A. Penun // Becrn. Camap. roc. TexH. yH-
ta. Cep. ¢us.-mar. vHayku. — 2006. — B, 43. — C. 10-14.

Bankuzos 2K.A. 3amada co cMeleHneM Jijisi BEIPOXKJIAIONIErocs TUIIEPOOJIMIECKOTO yPABHEHUS
nepsoro pona / ZK.A. Bankusos // Becrn. Camap. roc. texu. yu-ra. Cep. ¢dbus.-mar. HayKu. —
2021. — 25. — Nel. — C. 21-34.

Canaxurauaos M.C. Ypasuenus cmermanuo-cocraporo tuma / M.C. Camaxutanaos. — Tamkent:
®AH, 1974. — 165 c.

Penuur O.A. KpaeBble 3a1a4u o CMeIeHHEM JJIsT yPaBHEHUH MUIEepOOJTNIECKOr0 U CMENTAHHOTO
tunios / O.A. Penmn. — Camapa: Usn-so Camap. dummana Caparos. yu-Ta, 1992, — 162 c.
Kanbmenos T.ITI. Kpaesbie 3aauu jijist TUHEHHBIX yPABHEHUI B YACTHBIX [POU3BOIHBIX THIIEP-
6ommraeckoro tuna / T.II. Kamemenos. — [lsivkent: ['butas, 1993. — 328 c.

Casraxutramaos M.C. Kpaepble 3aj1aum JiJist YpaBHEHNN CMEITAHHOTO THUIIA CO CIEKTPAJBHBIM I1a-
pamerpom / M.C. Canaxuraunos, A.K. ¥Ypunos. — Tamkenr: ®AH, 1997. — 165 c.

Haxymes A.M. Bajaun co cmernenneM il ypaBHEeHUiT B 9acTHBIX mpon3Boaubix / A .M. Haxy-
mes. — M.: Hayka, 2006. — 287 c.

Haxymmesa 3.A. HemokaabHbIe KpaeBble 331a49H1 JJIsi OCHOBHOTO U CMEITAHHOTO TUTIOB jiuddhepen-
muasibHbix ypasaennit / 3.A. Haxymesa. — Haspunk: KBHIT PAH, 2011. — 196 c.

Caburos K.B. K reopun ypasuennii cmemansoro tuna / K.B. Caburos. — M.: ®usmariaur, 2014.
- 304 c.

Cumupros M.M. Beipoxgaronuecsi runiepbosmmueckue ypasaenuss / M.M. CvmupnoB. — MuHck:
Bomm. mk., 1977. — 160 c.

Tuxonos A.H. ¥Ypasuenus maremarndeckoit dusnkn / A.H. Tuxonos, A.A. Camapckuit. — M.:
MI'Y; Hayka, 2004. — 798 c.

Mathematics series. Ne 2(106)/2022 67



Zh.A. Balkizov, Z.Kh. Guchaeva, A.Kh. Kodzokov

68

2K.A. Bagkmsos!, 3.X. I'yuaesa?, A.X. Konzoxkos?

LPFA KBFO Koadanbaiv, Mamemamura sHcone asmomammandopy unemumymor, Hasvwuk, Pecei;
2X.M. Bepbexos amuvindaev. Kabapoun-Baskap memaexemmir yrusepcumemi, Hasvwur, Pecet

Ekinmmi perrti apaJjiac-runep0oJiajblK, TeHJley YITiH
BIFBICYBI Oap IMIKI-IIIETTIK ecerTep

MakaJrazia 06sbIcTBIH, Oip G6JIiriHe TOJKBIHIBIK, OllepaTop/JaH, ajl backachblHIa OipiHmm peTTi e3rerie ru-
1epOOJTaJIBIK, OTIEPATOPIAH TYPATHIH EKIHII peTTi apajgac-TUIepOoIaiblK TEHIEY YIIH BIFBICYBI Oap imKi-
meTTiK ecenTep 3epTrenren. bepinren dyuknusmap OOfbIHITA 3ePTTENETIH ecenTep il mmentiMiniyg 6ap 6o-
JIYBIH, Oipereiririn KaMTaMachbl3 eTeTiH »KeTKUIKTI maprrap aHblKTasabsl. Keiibip jgepbec Karmaitnapia
3epPTTeJETIH eCenTep/IiH IMeniMIepi alKblH TYP/Ie Ka3bLIFaH.

Kiam coesdep: ToNKBIH TeHaeyi, Oipinii perTi e3remre rumnepboJIablK, TeHAEY, BoabreppaHblH, MHTEMPAJIIBIK,
TeHieyi, exinmi Tunti PpeArosbM UHTErPAJIBIK, TeHeyl, TpukoMu 9iici, MHTErpaablK TEeHEYJIep 9JIic,
GeJIIIIeK ecenTey TEOPUSICHIHBIH OIICI.

7K. A. Bankusos!, 3.X. I'yuaesa?, A.X. Koazokos?

1 o
Hrnemumym npurasadhoti mamemamury u asmomamusayuy KBHI] PAH, Harvuuk, Poccus;
2 Kabapdumo- Baaxaperud 2ocydapemeennud yrusepcumem umenu X.M. Bepbexosa, Haavwur, Poccus

BryTpenHe-kKpaeBbie 3aJ/la4u CO CMeENIeHueM s
CMEIIaHHO-TUTIEPOOJIMIEeCKOTO YPaBHEHNS BTOPOTO ITOPSIKa

B craTbe ncciemoBannr BHyTpeHHE-KPAEBBIE 38[a91 CO CMENIEHNEM I CMENTaHHO-TUIIEPOOINIeCKOTO ypaB-
HEHUs BTOPOTO MOPSIKA, COCTOSIIETO U3 BOJTHOBOI'O OIIEPATOPA B OJHON YacTU 0OJIACTH U BBIPOXK JAIOIIEr0Cs
rUepObOJIMIECKOTO OlepaToOpa MEPBOTO Poja — B Apyroi. HaiimeHsl mocTaTodHble yCJIOBUS HA 33 aHHBIE
byHKINH, 06€CIIeINBAIOININE CYIIECTBOBAHNE €IMHCTBEHHOTO PETY/ISPHOTO PEIIEHNs UCCIeAyeMbIX 3a1ad. B
HEKOTOPBIX YaCTHBIX CJIydadX PeIIeHusd UCCIIedyeMbIX 3324 BbIIINCAHBI B ABHOM BH/IE.

Karoueswie cao6a: BOTHOBOE ypaBHEHUE, BBIPOXKIAIOIIEECS THIIEPOOINYECKOe YPABHEHNE IIEPBOrO POJa, MH-
TerpaJjibHOe ypaBHeHne Bosbreppa, nHTerpaabaoe ypapaenue @pearospma BTOPOro poaa, MeTo 1 pukomu,
MEeTO/T HHTErPAJIbHBIX yPABHEHUN, METOABI TEOPUU JTPOOHOIO UCUUCTIEHUS.
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