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Separability of the third-order differential
operator given on the whole plane

In this paper, in the space La2(R?), we study a third-order differential operator with continuous coefficients
in R(—o00,+00). Here, these coefficients can be unlimited functions at infinity. In addition under some
restrictions on the coefficients, the bounded invertibility of the given operator is proved and a coercive
estimate is obtained, i.e. separability is proved.
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1 Introduction

Third-order partial differential equations are the basis of mathematical models of many phenomena and
processes. Significant literature is devoted to the solvability of boundary value problems for third-order
differential equations [1-6] and cited papers there.

Consider the differential operator

PBu 0

ou u
Lu+ A = 87/-*—32(19)@4‘1{1(9)% + Ro(y)u + \u (1)

initially defined on Cg% (R?), A > 0.

g% is a set consisting of infinitely differentiable finite functions in R2.

We assume that the coefficients of operator (1) Ro(y), R1(y), R2(y) satisfy the conditions:

i) Ro(y) > do) > 0, R1(y) > 61 > 0, —Ra(y) > d2 > 0 are continuous functions in R(—oco, +00);

ii) o = sup 1;[;((?)) < oo,pu1 = sup gll(("i)) < 00,2 = Sup 1;22(('1‘{)) < oo.

ly—t|<1 ly—t|<1 ly—t|<1

It is easy to verify that the operator L + A admits closure in Lo(R?), which we also denote by L + AI.

It should be noted that the issue of the existence of a bounded operator (L + AI)? of a closed operator
L+ in Ly(R?) is equivalent to the following problem: Find a unique solution of (L + A )u = f(x,y) € La(R?)
belonging to La(R?), i.e. u € La(R?). In this case, the closed operator L + A generates a problem without
initial conditions ([7], Chapter III, Section 4).

Recently, there has been an increased interest in differential operators with unbounded coefficients [8-14].

In [15], the linearized Korteweg-de Vries operator was studied, which generates the so-called periodic problem
without initial conditions on the strip.

In contrast to [15], we study the separability of the third-order differential operator defined on the whole
plane.

Theorem 1. Let the condition i) be fulfilled. Then the operator L + AI is continuously invertible in Lo(R?)
for A > 0.

Following the papers [8, 9], we introduce the following definition.

Definition 1. We called the operator L is separable in Lo(R?) if the estimate

du
dy

holds for u € D(L), where C is independent of u(x,y), || - ||2 is the norm of Lo(R?).
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+ 1 Ro(y)ull, < C([Lully + [[ully),
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Theorem 2. Let conditions i) - ii) be fulfilled. Then the operator L is separable.
Example. Let Ro(y) = |y|? + 1, Ri(y) = ' Ry(y) = —e'0%W 00 < y < o00. Tt is easy to verify that
all the conditions of Theorem 2 are satisfied. Consequently, the operator L is separable, i.e.

100]y| OU Ou

3

1000|y|a u
—e g
ox

923 + H(|y|2 + 1)U||L2(Rz) < CILull g, g2y + lull py (r2)),

2(R?)

La(R2) ’

H@y Ly(R?) ‘

where C' is a constant.
2 Auziliary lemmas and inequalities
Lemma 2.1. Let the condition i) be fulfilled and A > 0. Then the inequality
1L+ ADull L, g2y = (S0 + ) llull L, (2 » (2)

holds for all w € D(L), where d¢ > 0.

The proof follows from the functional < (L + Al)u,u >, where < -,- > is the scalar product in Ly(R?),
u € D(L).

Consider the operator

(e + M)z = 2'(y) + (—it"Ro j(y) + itRy;(y) + Ro;(y))2(y), (—o0 <t < o)

where Rs ;(y), Ri1;(y), Ro,;(y) are bounded periodic functions of the same period A; = (j — 1,5+ 1),
J=0,£1,£2, z(y) € C§°(R), —o0 < t < 00, z(y) = uly) + i (y).

It is easy to verify that the operator l; ; admits closure in Lo(R), which we also denote by I; ;.

Lemma 2.2. Let the condition i) be fulfilled. Then the estimate

1.5+ AD)2lly = (d0 + A) [|2]l, 3)

holds for all z(y) € D(ly; + AI), || - ||2 is the norm of La(R).

Proof. Lemma 2.2 is proved in the same way as estimate (2) of Lemma 2.1.

Lemma 2.3. Let the condition i) be fulfilled. Then the operator (I; ; + AI) has a continuous inverse operator
(It,; + AI)~! defined on the whole Ly(R).

Proof. By the estimate (3) it suffices to show that the range is dense in Ly(R).

Let us prove it by contradiction. Let us assume that the range is not dense in Lo(R). Then there exists an
element ¥ € Ly(R) such that < (I; ; + Al)u, ¥ >= 0 for all u € D(l; ;). This follows that

(It + A0 = =9 + (it® Ry j(y) — it Ry ;(y) + Ro;(y))9 = 0. (4)

in the sense of the theory of generalized functions. Now, using the periodicity of the functions Ro(y), Ri(y),
Rs(y), we have that (it>Rs ;(y) — itR1 ;(y) + Ro;(y))9 € La(R). Given this and from (4) it follows that
9 € W2 (R), where W3 (R) is the Sobolev space. The general theory of the embedding theorems implies that

lim J(y) = (5)

ly|—o0
Taking into account equality (5) and repeating the arguments used in the proof of the estimate (3), we obtain
[(e.g + A0, = do |19l - (6)

From estimates (4), (6) it follows that ¢ = 0. Lemma 2.4 is proved.
Let {152, € C5°(R) is a set of functions such that o;(y) > 0, suppp; € A;(j € Z), > ¢3(y) =

j=—00
Here we note that any point y € R can belong to no more than three segments from the system of segments
{suppg;} 9, 10].

Assume that
o0

Kxf= Y @i+ 0 f,

j=—o00

110 Bulletin of the Karaganda University



Separability of the third-order...

o0

Byf= > i) +A)""eif, feCF(R), A>0.
j=—o00
It is easy to verify that
e+ ADESf = f+ > @)y + M) s, (7)

J
where

(Iy + X))z = —2'(y) + (—it*Ra(y) + itR1(y) + Ro(y))z, z € D(1y).

Lemma 2.4. Let the condition i) be fulfilled. Then there exists a number \g > 0 such that ||By||,_,, < 1 for
all A > Xo. -
Proof. Only functions ¢;_1, ¢;, ¢j4+1 are nonzero in the interval A;(j € Z) , consequently

j+1
IIBAin(R):/ | Z @) e+ AD) s fPdy < Z /| > k@) e+ AD on f]Pdy.
- j=—00 ]——OOA k=j—1

From the last inequality and by using the obvious inequality (a + b+ ¢)? < 3(a? + b* + ¢?) and estimate (3), we
have

oo Jj+1
1B\l < D /\ 3" [l + M) rf][Pdy < 9 Z 165 es + AD 1051 ) <
j:_OOAj k=j—1 j=—00

(oo}
<9 Z [ (11 + M)~ ‘PJJCHL2 <9-c Z (e + /\I)_lHiz(RHMm) : H‘ij”iQ(R) <

j=—o00 Jj=—00
< e / (Pl = 15 U
(50 + A B 80‘7 y (5 + A) L2(R)
Hence 9.
C
IBA Ly ()= La(r) < ot 02 (8)

From (8) it follows that there exists a number Ao > 0, such that A > Xo, |Ballp,(g)—1,(r) < 1. Lemma 2.4
is proved.
Now consider the initial operator

(e + M)z = 2'(y) + (—it*Ra(y) + itRi(y) + Ro(y))z(y),

where z(y) = u(y) + i(y), 2(y) € CF(R), —o0 < t < 00, (R = (—00,0)).
Lemma 2.5. Let the condition i) be fulfilled. Then the estimate

1+ ADzlly = (0 + A) [|2]] 9)

holds for all z € D(I}).

Proof. The proof follows from the functional < (I; + Al)z,z >, z € D(I}).

Lemma 2.6. Let the condition i) be fulfilled. Then there is a number )¢ such that operator l; + A is
boundedly invertible for A > g and the equality

(It + X)) = Kx\(I - By)™! (10)

holds for the inverse operator (I; + AI)~1
Proof. Using estimates (7), (9) and Lemma 2.4, we obtain the proof of Lemma 2.6.
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On the existence of the resolvent. Proof of Theorem 1.

In this subsection, we prove Theorem 1. Firstly, we define the following definition:
Definition 2. The function u € Ly(R?) is called a solution of the equation (L + Al)u = f in Lo(R?) if there
exists a sequence {u, }5°; C C§°(R?) such that

lun —ully =0, [[(L+X)u— f|ll, =0, as n— oc.

Consider the equation

o & o
(L4 Mu= 50+ Raly) 55+ Raly) 5+ Roly)u -+ u = [ € CF(R?) (11)

Applying the Fourier transform to the equation (11) with respect to the variable x, we obtain

(I + A1)u = = (1, y) + (=it* Ro(y) + it Ra (y) + Ro(v)) = f(t,y), (12)

where @(t,y), f(t,y) are the Fourier transform of functions u(xz,y) and f(z,y) with respect to the variable .
Further, we denote the Fourier transform by F,_,; and the Fourier inverse formula by F,_}!, .
Hence, the problem of solving of the equation (11) turns into the problem of solving of the equation (12).

Therefore, according to Lemma 2.6, we have
U=+ M)f = Kx\(I—B\'J.

By using the inverse operator F,_} , we find

u(e,y) = Fy L = Frly (o + M)V, (13)

The set C5°(R?) is dense in La(R?). From here and passing to the limit, through the boundedness and continuity
of the Fourier transform, we obtain a proof for any f(x,y) € La(R?). The uniqueness follows from Lemma 2.1.
Theorem 1 is proved.

On the separability of the operator. Proof of theorem 2

To prove separability, first, we give the following lemmas.

Lemma 2.7. Let z(y) € D(ls; + M) and z(y) = u(y) + id(y), then it>Ra(y)z(y) € L2(R) if and only if
t3Ro(y)u(y) € L2(R) and t3Ry(y)9(y) € L2(R).

Proof. The proof of Lemma 2.7 is obvious.

Remark. This Lemma is also true for it>Ry ;(y)z(y).

Using this lemma, we consider the operator

(lej + M)u=/(y) + (—it* Ry ; (y) + itR1 ; (y) + Ro(y) + Nu(y)

on the set of infinitely differentiable, finite and real-valued functions.
Lemma 2.8. Let the condition i) be fulfilled. Then the estimates:

I1(L,; + )\I)u(y)H2 > Ro(y;) |ully, n=0,%£1,£2..., where Ry(y;) = miAAROJ-(y); (14)
HISTA
l(Le; + ADu(y)ll, > [tR1(F5) [[ully, n = 0,£1,£2..., where Ri(7;) = neliAARl,j(y); (15)
Yy J
[Ty + ADu)|ly > [#PRo(T5) |lully 7 = 0,1, £2..., where Ry(T;) = ngiAg\Rg,j(y)\ (16)
Yy J

hold for any uw € D(l;; + AI).
Proof. Let u(y) € C§°(R). It is easy to verify that fix;o u'(y)u(u)dy = 0 and reproducing the computations
used in the proof of Lemma 2.1, we have

| < (lej +ADu,u> | = |/ (—it’ Ry j(y) + itRy,;(y) + Ro;(y) + Nu’dyl. (17)
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From (17) we obtain

| < (g + M)u,u>| > I/ (Roj(y) + A)|u*dy| > HeliALRo(y) el - (18)
—00 Yy 3

Using the Cauchy-Bunyakovsky inequality, from (18) we obtain
10,5+ AD)ully = Ro(y;) [[ull, (19)

where Ry(y;) = min Ry(y).
ST
From (19) we obtain the proof of inequality (14) of Lemma 2.8. Inequalities (15) and (16) can be proved in
the same way as inequality (14). Lemma 2.8 is proved.
Lemma 2.9. Let the condition i) be fulfilled and A > A, « = 0,1,2,3, p(y) is a continuous function defined
on R. Then the estimate

oIt o+ AD T iy gy < €89 [P +AD )10 (20)

holds, where —oo < t < 00
Proof. Let f € C5°(R). From the representation (10), considering the properties of the functions ¢; (j € Z)
we have

P G+ AD T FS, gy = PO KA = BT ]2,

/ IS o5le; + D Yos (T — By) L f2dy.
{7}

From the construction it follows that on the intervalA;(j € Z), only functions ¢;_1, ¢;, @41 are nonzero,
therefore

o] Jj+1

(W)t (1 + AT) 1fHL <y /|p(y)|t|a2¢j(5t,j+)\1)_1s0j(I—BA)_1f|2dy§
]——OOAJ. Jj—1
<95upHp Mt %p (U, + M) 1HL /Z(p] |(I — By)~"'f|*dy. (21)

As is known (3 %) = 1, then from (21) we obtain
J

[Pl + AD TS, iy < 950 [ 05 +AD T 1 0a, / (1= By fPdy <
J

o 12 112 2
<9sup oWl e+ A 0,17 = B0 o115 (22)
j
From Lemma 2.4 it follows that || — BAHSaz < ¢(N). From this and (22), we obtain

[p(y)lt] ](ltvj+>\I)71HL2(R)—>L2(R)Sg (A f‘épHp YL @5l + M)~ HLQ(A)

Lemma 2.9 is proved.
Lemma 2.10. Let the conditions i)-ii) be fulfilled. Then the estimates

HRQ(y) (lt + /\I Cy < oQ; (23)

- HLQ(RHLZ(R)

- HLQ(R)—>L2(R)
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HR2 |t‘ (lt + /\I < (05 < o0, (25)

- HLQ(R)HLQ (R)

hold, where Cy, Cy, Cy are independent of t (n = 0,+1, £2...).
Proof. (10) shows that the operator Ro(l; + AI) is bounded if sup || Ro(y)ep; (Is,; + M)~ HLz(A s bounded.
jez 3

Therefore, we will estimate the last expression

[Ro@)ei (e + AN M2 s zamy < COV sup 1Ro);(les + AD M]3,
J

IN

12
gC(A)sgg;n%ﬂRo ()e;1? ||ty + M) lHL <C’( )SlelgéIéEZXRo y) || (lej + M) 1||LQ(A]_).

From the last inequality and taking into account inequality (14) and the condition ii), we obtain

< C(A) sup ()

-1
||R0 )l +AD) HL R)—L2(R) = ytl<1 R3(t)

<O\ -p2 <02 < .

This estimate proves inequality (23) of Lemma 2.10.
Now we prove inequality (24). By virtue of estimate (20), we have

| Ra(y)It(1: + M) <C(A supHRl el (L,; + M) 1”1;

12
HL2(RHL2(R) i)—La2 () <

< C(\) sup max Rf (y)[t|* [|(le,; + M)~

'
JEZ yeR; L2(Aj)—L2(A5)

From the last inequality, Lemma 2.8 and condition ii), we obtain

| Ry (y)[t|(1e + AI) 1|\L <C(\)-p3 < CF < .

A)LQ(R) -

The inequality (24) is proved.
The inequality (25) is proved in the same way as the inequality (24). Lemma 2.10 is proved completely.

Proofs of Theorem 2.

According to Theorem 1 and equality (13), we obtain
— —17 1 > —17 itx
Ro(y)u(z,y) = Ro(y)F, (e + M) f(ty) = E/ Ro(y)(le + AT f(t,y) - e®dt =

t—)zRO( )(lt + AI)il.}‘v(ta y)

Hence, using the unitarity property of the operator Ft__}z, we find

IRotwpute)ld = [ ([ oot + A0 (b)) it =

— 00 — 00

[ s o [ oty ol a

From the last inequality and using Parseval’s equality in Lo (R), we obtain
112 BT 2
[Ro(w)uCe. )3 < sup|[Ra(w)t + 2D, [ [Few)| ar<
S —00

12
< sup|[ Ro(w) e + 2D |, - 1/ ()3 -
From the last inequality and estimate (23) it follows that

1Ro(y)u(z, y)lls < C3 |1 (x93 .
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i.e.
| Ro(y)u(z, y)l5 < Co |(L + A)ul3, (26)
where (L + A)u = f(z,y).

Further, using estimate (24) and repeating the computations and arguments that were used in the proof of
(26), we have

ou
RG] <z anu,. (27)
2
Similarly, we have
u
RQ(ZJ)% < Co (L + ADull, - (28)
2
Now from inequalities (26)—(28) we have
du ou
(L+ I gu_ v _ _ <
15 =]+ an - mwEs - mw G - R <

< [I(L+ )‘I)U‘HQ + Co[[(L+ ADully + Cy (L + Aully + Co [[(L + Alull, +

FANL A ADully, < C) (L A+ AD)ull, - (29)
From (26)—(29) it follows that
ou Pu ou
— <
15+ |G|+ megs| + 1ot < coviza, + )

where C' > 0 is constant number independent of u(x,y). Theorem 2 is proved.
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A.O. CyneitmbexoBa

JI.H. lymunes amvndazor Bypasusa yammows yrnusepcumemsi, Hyp-Cyaman, Kazaxcman

Bykin »ka3bIKTHIKTA OepijreH yimiHir perTi muddepeHnnanabik,

onepaTopbIH, OOJIIKTEeHY1 TypaJibl

Maxkanama Lo (R?) xenicriringe kosddumuentrepi R(—00, +00)-ma yaimiccis yrinmi perti qudbdepernmumarr-
JIBIK orepaTop KapacTeipbuirald. Mysma 6y koaddunmenTrep mekcizikre mekreycis GyHKusap 60J1ybl
mymKiH. CoHBIMEH KaTap, KO dUImeHTTePre KATHICTHI YKOFAPBIIAFbI MapTTapiAaH 6ejeK Keil [MeKTey KO
apKbUIbI OEPlJINeH OIepaTOP/IbIH, MEKTEYI KARTHIMIBLIBIFBL JIJIEJJIEHI€H YKOHE KOIPIUTUBTI Harasiay ajbl-
HFaH, SIFHU OOJIIKTEHY aHBIKTAJIFaH.

Kiam cosdep: pesosibBeHTa, yIIiHII perTi guddepeHuaiabK, onepaTop, 6eIiKTeHy.

A.O. CyneitmbexoBa

Espasuiickutl nayuonarvorul yrusepcumem umeny JI.H. Dymuaesa, Hyp-Cyaman, Kasaxcman

Paznenmumocth anddepeHnmaabHOro oneparopa TpPeThbero mopsjakKa,

116

3aJJaHHOI'0 HA BCEMl IIJIOCKOCTU

B craTbe B mpocTpancTse L2(R2) u3yder auddepeHInaibHbIi OepaTop TPETHEero MOPsiIKa C HEelPePhIB-
HpIMu KO3 durmentamu B R(—00,+00). 31ecy naHHble KO9(DOUIUEHTH MOIYT OBITH HEOIDAHMIEHHLIMU
dbyHKIIAMEI HA GECKOHEIHOCTH. ABTOPOM IIPU HEKOTOPBIX OMPAHUYEHUAX HA KOIMDMUIUEHTHI, TOMUMO YKa-
3aHHBIX BBIIIE yCJIOBUIA, JIOKa3aHa OrpaHUYeHHAsT OOPATUMOCTD 3aJAHHOTO OIIEPATOPA U IIOJIYyY€HA KO3PIIH-
TUBHAsl OIEHKA, T.€. Pa3IeIUMOCTb.

Karouesvie caosa: pe3onbBeHTa, AuddepeHIuaIbHble yPDABHEHUS TPETHErO IOPSIKa, Pa3JdeIMOCTb,
HeOTpaHUYEeHHbIE (DYHKIIVH.
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