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On the solvability of a semi-periodic boundary value
problem for the nonlinear Goursat equation

In this paper, by means of a change of variables, a nonlinear semi-periodic boundary value problem for
the Goursat equation is reduced to a linear gravity problem for hyperbolic equations. Reintroducing a
new function, the obtained problem is reduced to a family of boundary value problems for ordinary
differential equations and functional relations. When solving a family of boundary value problems for
ordinary differential equations, the parameterization method is used. The application of this approach
made it possible to establish the coefficients of the unique solvability of the semi-periodic problem for the
Goursat equation and to propose constructive algorithms for finding an approximate solution.
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Introduction

On Ω = [0, X]× [0, T ] a boundary value problem for the nonlinear Goursat equation is considered

∂2z

∂x∂t
= 2

√
f(x, t)

∂z

∂x

∂z

∂t
, (1)

z(x, 0) = 0, (2)

∂z(0, t)

∂t
= ψ2(t), (3)

z(x, 0) = z(x, T ), (4)

where f(x, t)-given function depending on x and t.
Let C(Ω, Rn) be the spaces of functions u : Ω → Rn which are continuous on Ω, with the rate ‖u‖0 =

max
(x,t)∈Ω

|u(x, t)|.

In this paper, we study a remarkable equation, the importance of which was first noted by Goursat [1–2].
The function z(x, t) ∈ C(Ω, Rn) with partial derivatives ∂z(x,t)

∂x ∈ C(Ω, Rn), ∂z(x,t)∂t ∈ C(Ω, Rn), ∂
2z(x,t)
∂x∂t ∈

C(Ω, Rn) is called the classical solution to the problem (1)-(4), if it satisfies the system (1) with all (x, t) ∈ Ω
and boundary conditions (2)–(4).

To find the solution of the problem (1)–(4), we make differential substitutions, introduce the functions

u = u(x, t), g = g(x, t) by formulas: u =
√

∂z
∂t , g =

√
∂z
∂x . Differentiating these ratios, respectively, by t and x

excluding z using the equation (1), we get the system ∂u
∂x = g

√
f(x, t), ∂g∂t = u

√
f(x, t). Excluding g, we arrive

at a linear equation for the function u = u(x, t):

∂2u

∂x∂t
= a(x, t)

∂u

∂x
+ f(x, t)u, (5)

u(0, t) = ψ(t), (6)

u(x, 0) = u(x, T ), (7)
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z(x, t) =

∫ t

0

u2(x, η)dη, (8)

where a(x, t) = 1
2
∂
∂t ln f(x, t).

Such problems these were investigated in the works [3–6].
We introduce a new unknown function w(x, t) = ∂u(x,t)

∂x , and the problem (5)–(8) can be written in the form

∂w

∂t
= a(x, t)w + f(x, t)u(x, t), (x, t) ∈ Ω, (9)

w(x, 0) = w(x, T ), x ∈ [0, X], (10)

u(x, t) = ψ(t) +

∫ x

0

w(ξ, t)dξ, t ∈ [0, T ], (11)

z(x, t) =

∫ t

0

u2(x, η)dη. (12)

Here, the problem of finding a solution to a semi-periodic boundary value problem for hyperbolic equations
(5)–(8) reduced to a family of periodic boundary value problems for a system of ordinary differential equations
(9), (10) and functional relationships (11), (12).

The problems (5)–(8) and (9)–(12) are equivalent in the sense that if a pair of functions (u∗(x, t), z∗(x, t))

are the solution to the problem (5)–(8), then three (w∗(x, t) = ∂u∗(x,t)
∂x , u∗(x, t), z∗(x, t)) is the solution of the

problem (9)–(12) and vice versa, if three (w∗(x, t), u∗(x, t), z∗(x, t))- is the solution of the problem(9)–(12), then
a pair of functions (u∗(x, t), z∗(x, t)) is the solution of the problem (5)–(8).

Algorithms for finding the solution of a semi-periodic
boundary value problem for the nonlinear Goursat equation

To solve problem (9)–(12), we apply the method of a parametrization [7].

For the step h > 0 : Nh = T we partition [0, T ) =
N⋃
i=1

[(i − 1)h, ih), N = 1, 2, .... In this case, the area

Ω is divided into N parts. By wi(x, t), ui(x, t), zi(x, t) we denote, respectively, the restrictions of the function
w(x, t), u(x, t), z(x, t) on Ωi = [0, X] × [(i − 1)h, ih), i = 1, N. Then problem (9)–(12) be equivalent to the
boundary value problem [8–14]

∂wi
∂t

= a(x, t)wi + f(x, t)ui(x, t), (x, t) ∈ Ωi, (13)

w1(x, 0)− lim
t→T−0

wN (x, t) = 0, (14)

lim
t→sh−0

ws(x, t) = ws+1(x, sh), s = 1, N − 1, (15)

ui(x, t) = ψ(t) +

x∫
0

wi(ξ, t)dξ, (16)

zi(x, t) =

t∫
0

(ψ(η) +

x∫
0

wi(ξ, η)dξ)2dη, (17)

where (15) is the condition of gluing functions w(x, t) in the internal lines of the partition. By λi(x) we get the
value of the function wi(x, t) at t = (i−1)h, i.e. λi(x) = wi(x, (i−1)h) and denote vi(x, t) = wi(x, t)−λi(x), i =
1, N. We obtain an equivalent boundary value problem for the unknown functions λi(x) :

∂vi
∂t

= a(x, t)vi + a(x, t)λi(x) + f(x, t)ui(x, t), (x, t) ∈ Ωi, (18)

λi(x, (i− 1)h) = 0, x ∈ [0, X], i = 1, N, (19)
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λ1(x)− λN (x)− lim
t→T−0

vN (x, t) = 0, x ∈ [0, X], (20)

λs(x) + lim
t→sh−0

vs(x, t)− λs+1(x) = 0, x ∈ [0, X], s = 1, N − 1, (21)

ui(x, t) = ψ(t) +

x∫
0

vi(ξ, t)dξ +

x∫
0

λi(ξ)dξ, (x, t) ∈ Ωi, i = 1, N. (22)

zi(x, t) =

t∫
0

(
ψ(η) +

x∫
0

vi(ξ, η)dξ +

x∫
0

λi(ξ)dξ

)2

dη. (23)

Problems (13)–(17) and (18)–(23) are equivalent in the sense that if the triple {wi(x, t), ui(x, t), zi(x, t)}, i =
1, N is the solution to the problem (13)–(17), then the system {λi(x) = wi(x, (i − 1)h), vi(x, t) = wi(x, t)−
−wi(x, (i − 1)h), ui(x, t), zi(x, t)}, i = 1, N , will be the solution to the problem (18)–(23) and vice versa, if
{λi(x), vi(x, t), ui(x, t), zi(x, t)}, i = 1, N - the solution to the problem (18)–(23), then the system {λi(x) +
vi(x, t), ui(x, t), zi(x, t)}, i = 1, N will be the solution to the problem (7)–(10).

Problem (18)–(19) for fixed λi(x), ui(x, t) is a one-parameter family of Cauchy problems for systems of
ordinary differential equations, where x ∈ [0, X] which is equivalent to the integral equation

vi(x, t) =

t∫
(i−1)h

a(x, η)vi(x, η)dη +

t∫
(i−1)h

a(x, η)dη · λi(x) +

t∫
(i−1)h

f(x, η)ui(x, η)dη. (24)

Instead of vi(x, t) we substitute the corresponding right-hand side (24) and repeating this process l (l = = 1, 2, ...)
times we get

vi(x, t) = Dli(x, t)λi(x) +Gli(x, t, vi) + Fli(x, t, ui), i = 1, N, (25)

where

Dl,i(x, t) =

l−1∑
j=0

t∫
(i−1)h

a(x, η1) . . .

ηj∫
(i−1)h

a(x, ηj+1)dηj+1 . . . dη1,

Fl,i(x, t, ui) =

t∫
(i−1)h

f(x, η1)ui(x, η1)dη1+

+

l−1∑
j=1

t∫
(i−1)h

a(x, η1)...

ηj−1∫
(i−1)h

a(x, ηj)

ηj∫
(i−1)h

f(x, ηj+1)ui(x, ηj+1)dηj+1dηj ...dη1,

Gl,i(x, t, vi) =

t∫
(i−1)h

a(x, η1)...

ηl−2∫
(i−1)h

a(x, ηl−1)

ηl−1∫
(i−1)h

a(x, ηl)vr(x, ηl)dηldηl−1...dη1, η0 = t, i = 1, N.

Passing to the limit as t → ih − 0, in (25) we find lim
t→ih−0

vi(x, t), i = 1, N, x ∈ [0, X], by replacing them into

(20)-(21), for unknown functions λi(x), i = 1, N we obtain the system of functional equations:

Ql(x, h)λ(x) = −Fl(x, h, u)−Gl(x, h, v), (26)

where

Ql(x, h) =


I 0 . . . 0 −[I +Dl,N (x,Nh)]

I +Dl,1(x, h) −I . . . 0 0
0 I +Dl,2(x, 2h) . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . I +Dl,N−1(x, (N − 1)h) −I

 ,
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Fl(x, h, u) = (−Fl,N (x,Nh, uN ), Fl,1(x, h, u1), ..., Fl,N−1(x, (N − 1)h, uN−1)),

Gl(x, h, v) = (−Gl,N (x,Nh, vN ), Gl,1(x, h, v1), ..., Gl,N−1(x, (N − 1)h, vN−1)),

where I - the identity matrix of dimension n.
To find a system of four functions {λi(x), vi(x, t), zi(x, t), ui(x, t)}, i = 1, N, we have a closed system

consisting of the equations (26), (25), (22) и (23). Assuming invertibility of the matrix Ql(x, h), with all x ∈
[0, X], from the equation (26), where vi(x, t) = 0, ui(x, t) = ψ(t), we find λ(0)(x) = (λ

(0)
1 (x), λ

(0)
2 (x), ..., λ

(0)
N (x))

′
:

λ(0)(x) = −[Ql(x, h)]−1{Fl(x, h, ψ) +Gl(x, h, 0)}.

Using the equation (25), at λi(x) = λ
(0)
i (x) we find functions {v(0)

i (x, t)}, i = 1, N, т.е. v(0)
i (x, t) =

Dl,i(x, t)λ
(0)
i (x) + Fl,i(x, t, ψ) +Gl,i(x, t, 0).

The functions u(0)
i (x, t), i = 1, N, are defined from the relations

u
(0)
i (x, t) = ψ(t) +

x∫
0

v
(0)
i (ξ, t)dξ +

x∫
0

λ
(0)
i (ξ)dξ, (x, t) ∈ Ωi,

z
(0)
i (x, t) =

t∫
0

(ψ(η) +

x∫
0

v
(0)
i (ξ, η)dξ +

x∫
0

λ
(0)
i (ξ)dξ)2dη, (x, t) ∈ Ωi.

For the initial approximation of problem (18)-(23) we take the system (λ
(0)
i (x), v

(0)
i (x, t), u

(0)
i (x, t), z

(0)
i (x, t)),

i = 1, N and construct successive approximations on the following algorithm :
Step 1. А) Assuming that ui(x, t) = u

(0)
i (x, t), i = 1, N, , we find the first approximations of λi(x), vi(x, t)

by finding a solution to the problem (18)–(19). Taking λ(1,0)(x) = λ(0)(x), v
(1,0)
i (x, t) = v

(0)
i (x, t), we find the

system of couples {λ1
i (x), v1

i (x, t)}, i = 1, N, as the limit of the sequence λ(1,m)
i (x), v

(1,m)
i (x, t), which is defined

as follows:
Step 1.1. Assuming the invertibility of the matrix Ql(x, h), at all x ∈ [0, X], from equation (26), where

vi(x, t) = v
(1,0)
i (x, t), we find λ(1,1)(x) = (λ

(1,1)
1 (x), λ

(1,1)
2 (x), ..., λ

(1,1)
N (x))′ :

λ(1,1)(x) = −[Ql(x, h)]−1{Fl(x, h, u(0)) +Gl(x, h, v
(1,0))}.

By replacing the found λ(1,1)
i (x), i = 1, N in (25) we find

v
(1,1)
i (x, t) = Dl,i(x, t)λ

(1,1)
i (x) + Fl,i(x, t, u

(0)) +Gl,i(x, t, v
(1,0)).

Step 1.2. From equation (26), where vi(x, t) = v
(1,1)
i (x, t), we define

λ(1,2)(x) = −[Ql(x, h)]−1{Fl(x, h, u(0)) +Gl(x, h, v
(1,1))}.

Using as expression (25) again, , we find the functions {v(1,2)
i (x, t)}, i = 1, N :

v
(1,2)
i (x, t) = Dli(x, t)λ

(1,2)
i (x) + Fli(x, t, u

(0)) +Gli(x, t, v
(1,1)).

On step (1,m) we obtain the system of couples {λ(1,m)
i (x), v

(1,m)
i (x, t)}, i = 1, N . Suppose that the solution

of problem (18)-(21) is a sequence of systems of couples {λ(1,m)
i (x), v

(1,m)
i (x, t)} converge as m → ∞ goes to

continuous, respectively, on x ∈ [0, X], (x, t) ∈ Ωi functions λ
(1)
i (x), v

(1)
i (x, t), i = 1, N.

B) Functions u(1)
i (x, t), i = 1, N, are defined from the relations:

u
(1)
i (x, t) = ψ(t) +

x∫
0

v
(1)
i (ξ, t)dξ +

x∫
0

λ
(1)
i (ξ)dξ, (x, t) ∈ Ωi,
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z
(1)
i (x, t) =

t∫
0

(ψ(η) +

x∫
0

v
(1)
i (ξ, η)dξ +

x∫
0

λ
(1)
i (ξ)dξ)2dη, (x, t) ∈ Ωi.

Step 2. A) Assuming that ui(x, t) = u
(1)
i (x, t), i = 1, N we find the second approximations of λi(x), vi(x, t)

by finding a solution to the problem (18)-(21).
Taking λ(2,0)(x) = λ

(1)
i (x), v

(2,0)
i (x, t) = v

(1)
i (x, t) we find the system of couples {λ(2)

i (x), v
(2)
i (x, t)}, i =

1, N as the limit of the sequence λ(2,m)
i (x), v

(2,m)
i (x, t), which is defined as follows:

Step 2.1. Assuming invertibility of the matrix Ql(x, h), at all x ∈ [0, X], from equation (26), where vi(x, t) =

v
(2,0)
i (x, t), we find λ(2,1)(x) = (λ

(2,1)
1 (x), λ

(2,1)
2 (x), ..., λ

(2,1)
N (x))′ :

λ(2,1)(x) = −[Ql(x, h)]−1{Fl(x, h, u(1)) +Gl(x, h, v
(2,0))}.

By replacing the found λ(2,1)
i (x), i = 1, N in (25) we find

v
(2,1)
i (x, t) = Dli(x, t)λ

(2,1)
i (x) + Fli(x, t, u

(1)) +Gli(x, t, v
(2,0)).

Step 2.2. From equation (26), where vi(x, t) = v
(2,1)
i (x, t) we define

λ(2,2)(x) = −[Ql(x, h)]−1{Fl(x, h, u(1)) +Gl(x, h, v
(2,1))}.

Using the expression (25), we find functions {v(2,2)
i (x, t)}, i = 1, N :

v
(2,2)
i (x, t) = Dli(x, t)λ

(2,2)
i (x) + Fli(x, t, u

(1)) +Gli(x, t, v
(2,1)).

On the step (2,m) we obtain the system of couples {λ(2,m)
i (x), v

(2,m)
i (x, t)}, i = 1, N . Suppose that the

solution of problem (18)-(21) is a sequence of systems of couples {λ(1,m)
i (x), v

(1,m)
i (x, t)} which as m → ∞

converges to x ∈ [0, X], (x, t) ∈ Ωi functions λ
(2)
i (x), v

(2)
i (x, t), i = 1, N .

B) The functions u(2)
i (x, t), i = 1, N, are defined from the relations:

u
(2)
i (x, t) = ψ(t) +

x∫
0

v
(2)
i (ξ, t)dξ +

x∫
0

λ
(2)
i (ξ)dξ, (x, t) ∈ Ωi,

z
(2)
i (x, t) =

t∫
0

(ψ(η) +

x∫
0

v
(2)
i (ξ, η)dξ +

x∫
0

λ
(2)
i (ξ)dξ)2dη, (x, t) ∈ Ωi.

Sufficient conditions for the convergence of algorithms for finding its solution

The conditions of the following statement ensure the feasibility and convergence of the proposed algorithm,
as well as the unique solvability of the problem (18)–(23).

Theorem 1. Let for some h > 0 : Nh = T, N = 1, 2, ... и l, l = 1, 2, ..., (nN × nN) - the matrix Ql(x, h) be
reversible for all x ∈ [0, X] let the following inequalities be satisfied:

1)‖[Ql(x, h)]−1‖ ≤ γl(x, h);

2)ql(x, h) =
(a(x)h)l

l!

[
1 + γl(x, h)

l∑
j=1

(a(x)h)j

j!

]
≤ µ < 1,

Then there exists a unique solution to problem (18)-(23) and the following estimates are valid

a) max
i=1,N

‖λ∗i (x)− λ(k)
i (x)‖+ max

i=1,N
sup

t∈[(i−1)h,ih)

‖v∗i (x, t)− v(k)
i (x, t)‖ ≤
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≤ z(x)f(x)

∞∑
j=k

1

j!
(

x∫
0

z(ξ)f(ξ)dξ)j
x∫

0

g(ξ)dξ max
t∈[0,T ]

‖ψ(t)‖,

b) max
i=1,N

sup
t∈[(i−1)h,ih)

‖u∗i (x, t)− u
(k)
i (x, t)‖ ≤

≤
x∫

0

max
i=1,N

‖λ∗i (ξ)− λ
(k)
i (ξ)‖+ max

i=1,N
sup

t∈[(i−1)h,ih)

‖v∗i (ξ, t)− v(k)
i (ξ, t)‖dξ,

c) max
i=1,N

sup
t∈[(i−1)h,ih)

‖z∗i (x, t)− z(k)
i (x, t)‖ ≤

≤ t
x∫

0

max
i=1,N

‖λ∗i (ξ)− λ
(k)
i (ξ)‖dξ +

t∫
0

x∫
0

max
i=1,N

sup
t∈[(i−1)h,ih)

‖v∗i (ξ, η)− v(k)
i (ξ, η)‖dξdη,

where k = 1, 2, ..., a(x) = max
t∈[0,T ]

‖a(x, t)‖, f(x) = max
t∈[0,T ]

‖f(x, t)‖, b1(x) = γl(x, h)h
l−1∑
j=0

(a(x)h)j

j! ,

b2(x) =
[
1 + γl(x, h)

l∑
j=1

(a(x)h)j

j!

]
h

l−1∑
j=0

(a(x)h)j

j!
, b3(x) = γl(x, h)

(a(x)h)l

l!
,

θ(x) =
1 + b3(x)

1− ql(x, h)
ql(x, h) + b3(x), ρ(x) =

1 + b3(x)

1− ql(x, h)
b2(x) + b1(x),

d(x) = ρ(x)f(x)

x∫
0

[f(ξ) + 1][b1(ξ) + b2(ξ)]dξ + θ(x)b2(x)[f(x) + 1].

By virtue of the equivalence of the problems (1.1)–(1.3) и (1.11)–(1.15) from Theorem 1 follows Theorem
2. Let the assumptions of Theorem 1 be satisfied. Then problem (1)–(4) as a unique solution u∗(x, t) and the
evaluation is performed

max{‖u∗‖0, ‖
∂u∗

∂x
‖0} ≤Mν(x, h) max

t∈[0,T ]
‖ψ(t)‖,

where Mν(x, h) = max{1 +
∫ x

0
ρ̃(ξ)dξ, ρ̃(ξ)},

ρ̃(x) = z(x)σ(x) exp(

∫ x

0

ρ(ξ)σ(ξ)dξ)

∫ x

0

g(ξ)dξ + θ(x) + [σ(x) + 1][b1(x) + b2(x)].
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Сызықтық емес Гурс теңдеуi үшiн жартылайпериодтық
шеттiк есептiң шешiмдiлiгi туралы

Мақалада айнымалыларды ауыстыру арқылы Гурс теңдеуi үшiн сызықты емес жартылайпериодты
шеттiк есебi гиперболалық теңдеулер үшiн сызықтық гравитация есебiне келтiрiлген. Жаңа функция-
ны қайта енгiзу арқылы алынған есеп қарапайым дифференциалдық теңдеулер мен функционалдық
қатынастарға арналған шекаралық есептер тобына түседi. Қарапайым дифференциалдық теңдеулер
үшiн шекаралық есептер тобын шешкен кезде параметрлеу әдiсi қолданылды. Бұл тәсiлдi пайдалану
Гурс теңдеуi үшiн периодтық есептiң бiржақты шешiлу коэффициенттерiн анықтауға және жуық
шешiмдi iздеудiң конструктивтi алгоритмдерiн ұсынуға мүмкiндiк бередi.

Кiлт сөздер: жартылайпериодты шеттiк есеп, екiншi реттi шеттiк есеп, Гурс теңдеуi, шеттiк есеп,
алгоритм, жуық шешiм.
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О разрешимости полупериодической краевой задачи для
нелинейного уравнения Гурса

В статье с помощью замены переменных нелинейная полупериодическая краевая задача для уравне-
ния Гурса сведена к линейной задаче гравитации для гиперболических уравнений. Повторно введена
новая функция, а полученная задача сведена к семейству краевых задач для обыкновенных диф-
ференциальных уравнений и функциональных соотношений. При решении семейства краевых задач
для обыкновенных дифференциальных уравнений использован метод параметризации. Применение
данного подхода позволило установить коэффициенты однозначной разрешимости полуперидической
задачи для уравнения Гурса и предложить конструктивные алгоритмы поиска приближенного реше-
ния.

Ключевые слова: полупериодическая краевая задача, краевая задача второго порядка, уравнение
Гурса, краевая задача, алгоритм, приближенное решение.
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