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On the solvability of a semi-periodic boundary value
problem for the nonlinear Goursat equation

In this paper, by means of a change of variables, a nonlinear semi-periodic boundary value problem for
the Goursat equation is reduced to a linear gravity problem for hyperbolic equations. Reintroducing a
new function, the obtained problem is reduced to a family of boundary value problems for ordinary
differential equations and functional relations. When solving a family of boundary value problems for
ordinary differential equations, the parameterization method is used. The application of this approach
made it possible to establish the coefficients of the unique solvability of the semi-periodic problem for the
Goursat equation and to propose constructive algorithms for finding an approximate solution.

Keywords: semi-periodic boundary value problem, second order boundary value problem, Goursat equation,
boundary value problem, algorithm, approximate solution.

Introduction

On Q = [0, X] x [0,T] a boundary value problem for the nonlinear Goursat equation is considered

0%z 0z 0z
8x8t:2 f( 7”%&3 (1)
z(z,0) =0, (2)
0z(0,t)
00 = y2), 0
z(x,0) = z(x,T), (4)

where f(z,t)-given function depending on z and t.
Let C(€2, R™) be the spaces of functions u : & — R™ which are continuous on 2, with the rate ||ullo =

max_|u(x,t)|.
(z,t)EN
In this paper, we study a remarkable equation, the importance of which was first noted by Goursat [1-2].

The function z(z,t) € C(£2, R™) with partial derivatives % € C(Q,R"), % € C(Q, R"), % €
C(92, R™) is called the classical solution to the problem (1)-(4), if it satisfies the system (1) with all (z,t) € Q
and boundary conditions (2)—(4).

To find the solution of the problem (1)—(4), we make differential substitutions, introduce the functions

u =u(z,t), g = g(x,t) by formulas: u = 1/%, g= \/%. Differentiating these ratios, respectively, by ¢ and x

excluding z using the equation (1), we get the system % =g/ f(x, 1), % = u+/f(z,t). Excluding g, we arrive
at a linear equation for the function u = u(z, t):

0%u ou
prTie a(x,t)a—x + f(z, t)u, (5)
u(0,t) = (1), (6)
u(z,0) = u(z,T), (7)
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z@wzﬂﬁwmm, (8)

where a(x,t) = %% In f(x,t).
Such problems these were investigated in the works [3-6].

We introduce a new unknown function w(z,t) = %, and the problem (5)—(8) can be written in the form
ow
E :a(x,t)w+f(x,t)u(x,t), (l’,t) € Qa (9)
w(z,0) = w(z,T), =e0,X], (10)
u(w,t) =00+ [ wie.0d tel0.1) (1)
0
t
vt = [ (o (12)
0

Here, the problem of finding a solution to a semi-periodic boundary value problem for hyperbolic equations
(5)—(8) reduced to a family of periodic boundary value problems for a system of ordinary differential equations
(9), (10) and functional relationships (11), (12).

The problems (5)—(8) and (9)—(12) are equivalent in the sense that if a pair of functions (u*(x,t), z*(z,t))
are the solution to the problem (5)—(8), then three (w*(z,t) = W, u*(x,t),z2*(z,t)) is the solution of the
problem (9)—(12) and vice versa, if three (w*(x,t),u*(z,t), 2*(x, t))- is the solution of the problem(9)—-(12), then
a pair of functions (u*(x,t), z*(z,t)) is the solution of the problem (5)—(8).

Algorithms for finding the solution of a semi-periodic
boundary value problem for the nonlinear Goursat equation

To solve problem (9)—(12), we apply the method of a parametrization [7].
N
For the step h > 0 : Nh = T we partition [0,7) = U [(¢ — 1)h,ih), N = 1,2,.... In this case, the area
1

Q is divided into N parts. By w;(z,t), u;(x,t), z;(x, t) we aenote, respectively, the restrictions of the function
w(z,t),u(x,t), z(x,t) on Q; = [0,X] x [(¢ — 1)h,ih),i = 1, N. Then problem (9)—(12) be equivalent to the
boundary value problem [8-14]

8wi

prale a(z, t)w; + f(z, )ui(z,t), (x,t) € Q, (13)
wi (z,0) — t_l}ijrp_g wn(z,t) =0, (14)
t—ngILl—O wg(x,t) = wsy1(x,sh),s =1, N — 1, (15)
i) = wlt) + [ w6t (16)

0
zi(a,t) = [ (@(n) + [ wi(&,n)dE)dn, (17)

[0 ]

where (15) is the condition of gluing functions w(x,t) in the internal lines of the partition. By \;(z) we get the
value of the function w;(z,t) at t = (i—1)h, i.e. \;j(x) = w;(x, (i—1)h) and denote v;(x,t) = w;(x,t)—A;(x), =
1, N. We obtain an equivalent boundary value problem for the unknown functions \;(z) :

8’L)i
ot

= a(x’t)vi + a(m,t))\i(x) + f(x7t)ui(w7t), (xvt) € Qia (18)

Ai(z, (i =1)h) =0,z € [O,X],’L:W (19)
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A1($)—AN($)—tli$OUN($7t)20,1“6 [0, X1, (20)

As(z) + IHlir}?iovs(x,t) —Ast1(z) =0,z € [0,X],s=1,N — 1, (21)

ui(m,t) = ’lﬂ(t) + /’Ul(g,t)df-f—/)\l(f)df, (.’E,t) S Qi,’i = l,N. (22)
0 0

)= | (vt o Jrtcnacs o) on o

Problems (13)—(17) and (18)—(23) are equivalent in the sense that if the triple {w;(z,t), u;(x, 1), z;(x,t)}, i =
1, N is the solution to the problem (13)—(17), then the system {\;(z) = w;(x, (i — D)h),v;(z,t) = w;(x,t)—
—w;(x, (i — 1)h),u;(x,t),zi(x,t)}, i = 1, N, will be the solution to the problem (18)—(23) and vice versa, if
{\i(@),vi(z, 1), ui(x, 1), zi(x, )}, i = 1, N - the solution to the problem (18)—(23), then the system {\;(z) +
vi(x,t), wi(z,t), zi(z,t)}, i = 1, N will be the solution to the problem (7)—(10).

Problem (18)—(19) for fixed A;(x), u;(x,t) is a one-parameter family of Cauchy problems for systems of
ordinary differential equations, where = € [0, X| which is equivalent to the integral equation

t t t
vilz, 1) = / (e, m)viar, m)dn + / ale,n)dn - M) + / F (s, m)dn. (24)
(i~1)h (i~1)h (i—1)h

Instead of v;(x, t) we substitute the corresponding right-hand side (24) and repeating this process ! ({ == 1,2, ...)
times we get

vi(x,t) = Dy(x, )\ (2) + Gz, t,v;) + Fii(x, t,u;),a = 1, N, (25)
where
1t n;
Dy i(z,t) = Z / a(x,m)... / a(z,nj41)dnj1 ... dm,
=G "1yn (i—1)h
t
Fpi(z,t,u) = / fla,m)ui(x,n)dm+
(i—-1)h
¢ 51 7
+ Z / a(z,m). / a(z,n;) / f(@, njp)ui(@,mj41)dnjqadn;...dy,
=G n (i~1)h (i—1)h
t m—2 -1
Gii(z,t,v) = / a(z,n)... / a(x,m—1) / a(z,m)v,(z, m)dmdn_1...dny,mo = t,i =1, N.
(i-1)h (i—1)h (i—1)h

Passing to the limit as ¢t — ¢h — 0, in (25) we find , 111}{1 Ovi(x,t),i =1,N,z € [0, X], by replacing them into
—ih—

(20)-(21), for unknown functions A;(x),7 = 1, N we obtain the system of functional equations:

Qi(xz, W) A\(x) = —Fi(z, h,u) — Gi(z, h,v), (26)
where
I 0 0 —[I+ Dy n(z,Nh)]
I+ Dyy(x,h) I 0 0
Qu(z, h) = 0 I+ Dyo(z,2h) ... 0 0 :
0 0 oo, I+ Dyy_1(z, (N —1)h) I
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E(xv h,’U,) = (_E,N(vahqu)7E,l(x7 ha ul)a ceey Fl,N—l(x7 (N - 1)h7uN—1))7
Gl(xu h,’l}) = (_Gl,N($7Nha UN)le,l(xvh7U1): "'1Gl,N71(II;7 (N - 1)hva71))7

where [ - the identity matrix of dimension n.

To find a system of four functions {\;(x),v;(z,t), zi(z,t),u;(z,t)},i = 1,N, we have a closed system
consisting of the equations (26), (25), (22) u (23). Assuming invertibility of the matrix @Q;(x,h), with all = €
[0, X], from the equation (26), where v;(z, ) = 0, u;(z, t) = ¥(t), we find A (z) = AV (2), AP (@), ..., AQ(2))" :

)\(0)(:1;,) = —[Ql(l‘,h)]_l{Fl(.’L‘,h, ¢) + Gl(x’ h70)}

Using the equation (25), at \;(z) = )\EO)(.’L') we find functions {UEO)(Lt)L i = 1,N, Te. v@(:mt) =
Dyi(w, )N (@) + Fri(w, t,9) + Gri(x,t,0).
The functions ugo)(m, t),i =1, N, are defined from the relations

WO (2,1) = () + / o9&, t)de + / AO¢ag,  (x.t) € i,
0 0
t x x
(0) _ (0) ) 2
Juons [ |

For the initial approximation of problem (18)-(23) we take the system ()\Z(.O) (z), vl(o) (z,t), uz(.o) (z,1), zi(o) (z,1)),
i =1, N and construct successive approximations on the following algorithm :

Step 1. A) Assuming that u;(z,t) = ugo)(x,t), i=1,N, , we find the first approximations of \;(x), v;(z,t)
by finding a solution to the problem (18)—(19). Taking A(1:0)(z) = A (z), vEl’O) (x,t) = vgo)(:v,t), we find the
system of couples {\}(z),v}(z,t)}, i = 1, N, as the limit of the sequence /\El’m) (2), vz(l’m) (x,t), which is defined
as follows:

Step 1.1. Assuming the invertibility of the matrix @Q;(x, k), at all € [0, X], from equation (26), where

vi(z, 1) = v (2, 1), we find ATV (z) = AED (@), AV (@), . ALY (@) -

/\(1’1)(3:) = —[Qi(x, h)] HFi(, h,u(o)) + Gi(x, h,v(l’o))}.

By replacing the found )\gl’l)(:c),i =1, N in (25) we find

%

v (1) = Dy, )M (@) + Fi(e, t,u®) + Gri(e, t,000).
Step 1.2. From equation (26), where v;(z,t) = vl(l’l)(x,t), we define
NID(@) = (@i, W] {FiCe hyul®) + G, o)),

Using as expression (25) again, , we find the functions {v(l’Q) (z,t)},i=1,N:

i
051’2)(x, t) = Dy(z, t)/\gl’Z) (z) + Fy(z, t,u®) + Gy (x, t,0BD).

On step (1, m) we obtain the system of couples {)\El’m)(x), vl(l’m)(x, t)},i =1, N. Suppose that the solution
1

of problem (18)-(21) is a sequence of systems of couples {)\E ’m)(x) v-(l’m)(x, t)} converge as m — oo goes to

continuous, respectively, on = € [0, X], (z,t) € ; functions )\51)(30), U(I)(l‘,t), 1=1,N.

(1) '

B) Functions u; ’(z,t),7 = 1, N, are defined from the relations:

T T

et =)+ [o (6 0de+ [NV w0) € 0

0 0
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x x

= [ @)+ [ o Emde+ [ A (©)de)?dn, (w,t) € Q.
Jwor /

0

Step 2. A) Assuming that u;(x,t) = u( )(x, t),i =1, N we find the second approximations of A\;(z), wv;(z,t)
by finding a solution to the problem (18)-(21).

Taking A\(>0)(z) = )\(1)( ), 1(2 0)(x t) = vgl)(:c,t) we find the system of couples {)\52) (a:),vl@ (x,t)},i =
T, N as the limit of the sequence A\\*™ (z),v!*™ (x,t), which is defined as follows:

Step 2.1. Assuming 1nvert1b1hty of the matrix @Q;(z, h), at all z € [0, X], from equation (26), where v;(x,t) =
020 (2,1), we find XD (z) = APV (@), APV (@), .., GV (2)) -

A (@) = — (@i b)) B by uV) + G, b o),

By replacing the found )\z(-Q’l)(x),z’ =1, N in (25) we find

v (@, 1) = Dy(a, )APY (@) + Fulz, t,uM) + Gyi(x, t,0?0).
Step 2.2. From equation (26), where v;(z,t) = vz@’l)(x,t) we define

A2 () = —[Qq(x, k)] " HFi (2, h,uV) + Gy(z, h,v>D)}.

Using the expression (25), we find functions {v ’ )(:c,t)},z' =1,N:

Ui(272)($, t) = Dy(z, t)/\52’2) (z) + Fy(z, t,uM) + G (x, t,0V).

On the step (2,m) we obtain the system of couples {A\*™ (), 1(27" (x,t } i = 1, N. Suppose that the

solution of problem (18)-(21) is a sequence of systems of couples {)\ J;),v L) (2, ¢)} which as m — oo

converges to x € [0, X], (z,t) € ; functions /\Ez)(a:), P (z,t),i=1,N.

K2

B) The functions ugz) (x,t),i =1, N, are defined from the relations:

x x

WP (2, t) = ¥(t) +/v§2)(§,t)d§+/)\§2)(§)d§,(:Jc7t) €,

0

[}

x x

= [ @Wm) + [ 0P Emde + [ AP (€)de)?dn, (w,t) € Q.
Juwon [ ofemacs |

0

Sufficient conditions for the convergence of algorithms for finding its solution

The conditions of the following statement ensure the feasibility and convergence of the proposed algorithm,
as well as the unique solvability of the problem (18)-(23).

Theorem 1. Let for some h > 0: Nh=T, N =1,2,..ul,l =1,2,..., (nN x nN) - the matrix Q;(x, h) be
reversible for all z € [0, X] let the following inequalities be satisfied:

DI[@Qu(z, )M < vl h);

l .
2)ql(x,h):(a(£§i)l[1+’nxhz ]S,u<17
! ~

Then there exists a unique solution to problem (18)-(23) and the following estimates are valid

mmw>WMmW sup  [Jvp (2, 1) — o (2, )] <
i=1,N i=1,N te[(i—1)h,ih)
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T

= 1
;k / ()€ mas [4(0)],

jl

b)max  sup |uf (@, t) —ul® (@, 1) <
i=1,N te[(i—1)h,ih)

x

< [ max [A7(€) —AP(©) + max  sup o (€,1) — o7 (€, 1) d,

(2
i=1,N i=1,N te[(i—1)h,ih)

max  sup |z(zt) — 27 (x )] <
i=1,N te[(i—1)h,ih)

xT

<t [ max [IAr(€) - AP ()]1de + / ma s (€)oY € i
i=1,N (i—1)h,ih)

where k= 1.2,...a(x) = max f(@.). [(a) = max |0l i) = e i S
ba(w) = |1+ 7(x.h) ; }hi(“(??h)j, bg(x)zw(a:,h)%ﬁh)l,
O(x) = %m, B b)) = 2 ba(o) 4y (a),
d(x) / &) 4+ 1][b1(&) + b2(8)])dE + 6(x)ba(2)[f (z) + 1].
J

By virtue of the equivalence of the problems (1.1)—(1.3) u (1.11)—(1.15) from Theorem 1 follows Theorem
2. Let the assumptions of Theorem 1 be satisfied. Then problem (1)-(4) as a unique solution u*(z,t) and the
evaluation is performed

maax{u o | 5 o} < M, . ) max [6(0)]

where M, (z,h) = max{1+ [ p(£)d¢, p(€)},
Az) = 2(x)o(x) exp( / * (o (€)de) / " G(€)de 1 0(x) + [o(z) + 1[br () + ba(x)].
0 0
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Axademur E.A. Boexemos amuwvindazv. Kapazandv yrusepcumemi, Kapazanow, Kaszaxcman

CoBbIKTHIK emec I'ypc TeHaeyi YImiH >KapThLIainepUoIThHIK
MIETTIK eCeNTiH MIeNIiM/IiJIr TypaJbl

Maxkasiazia aifHBIMAIBLIAPIABI aYBICTHIPY apKbLIbI ['ypc TeHIeyi YIMH ChI3SBIKTHI €MEC YKAPThLIANITIePUOITHI
meTTiK ecebi TunepboIANBIK, TEHIEYIEP YIMiH ChI3BIKTHIK IpaBuTalus ecebine kearipinren. 2Kana dyuknms-
HBI KaliTa €Hri3y apKbLIbl aJIbIHFAH eCell KapanaibiM auddepeHnnaablK TeHIeYIep MeH OYHKIMOHAIBIK,
KaTbIHACTApFa apHAJIFaH IIeKapaJiblK ecenTep ToObIHA Tyceai. KapamaitbiM aquddepeHnnaabk, TeHIEYIED
VIIIiH IIeKapaJIbIK, eCenTep TOOBIH IEITKEeH Ke3/ie mapaMeTpJiey 9ici KoMaHbuiabl. byt Tocinai naiimamany
I'ypc Tengeyi yiiH nepuoAThIK, ecenTiH Oip:KaKThI IIENIiy KO3(MMUIMEHTTEPIiH aHBbIKTayFa YKOHE YKYbIK
mierriM i i37ey/1iH KOHCTPYKTUBTI aJIrOpUTMIEPIH YChIHyFa MYMKIHIIK Gepes.

Kiam cesdep: KapThIIAMIEpUOATH IETTIK €CeIl, eKiHIm perTi IMeTTiK ecen, ['ypc TeHmeyi, merTik ecer,
AJTOPUTM, JKYBIK, IITEIITiM.
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Kapazandunckul yrusepcumem umenu axademura E.A. Byxemosa, Kapazanda, Kazaxcman

O pa3penmMocTu MOJJyIIEPUOANIECKON KpaeBoii 3a1aum JIJIst
HeJiInHeliHOTO ypaBHeHus I'ypca

B craTpe ¢ moMoIpbio 3aMeHbl IEpEMEHHBIX HeJIMHEHAS MOJIYIIepUoUutIecKast KpaeBasl 3ajiada JJisl ypaBHe-
nust ['ypca cBesieHa K JTHHENHOM 3a/1a9e TPABUTAINY s ruriepOotmdeckux ypasHeruii. [loBropHo BBemeHa
HOBas (DyHKIINd, a MOJydYeHHAas 3a/a4a CBEIeHa K CeMeiCTBY KPaeBbIX 3a/1a4d I OOBIKHOBEHHBIX TUd-
(depeHIaIbHBIX YpaBHeHNH 1 (DYHKIMOHAJIBHBIX COOTHOIEHU. [Ipy perennn cemeiicTBa KpaeBbIX 3a0a4
J71si OOBIKHOBEHHBIX I depeHnaabHbIX YPaBHEHN UCIOJB30BAH MeTOo/I mapamerpusaruu. [[pumenenne
JAHHOTI'O IIO/IX0/1a IO3BOJIMJIO YCTAHOBUTEH KO3M@MUIIMEHTHI 0/THO3HAYHOM PA3PEINMOCTH IOy IEPUIAIECKON
3aja4n 115 ypaBHeHus: ['ypca v npeajioKuTh KOHCTPYKTUBHbBIE aJITOPUTMbI TIOUCKA TTPUOJIMKEHHOTO Pellle-
HUA.

Kmouesvie caosa: momynepuogntdeckasi KpaeBasi 3ajada, KpaeBas 3a/Jada BTODPOIO MOPSIKA, yDPaBHEHHUE
I'ypca, kpaeBas 3a7a4a, aJIropuT™, IPUOJIIKEHHOE DEIIIEHUE.
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