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On One Initial Boundary Value Problem for
the Burgers Equation in a Rectangular Domain

We consider some initial boundary value problems for the Burgers equation in a rectangular domain, which
in a sense can be taken as a model one. The fact is that such a problem often arises when studying the
Burgers equation in domains with moving boundaries. Using the methods of functional analysis, priori
estimates, and Faedo-Galerkin in Sobolev spaces and in a rectangular domain, we show the correctness of
the initial boundary value problem for the Burgers equation with nonlinear boundary conditions of the
Neumann type.
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Introduction

The study of the Burgers equation has a long history, some of which is given in [1-4], as well as in monographs
[5] and [6].

In works [1] and [2] in Sobolev spaces, the correctness of the boundary value problem for the Burgers equation
was established. In this case, the domain of independent variables degenerated according to a nonlinear law,
and homogeneous Dirichlet conditions were set on the boundary.

The infiltration of the wetting front into a porous medium is a classical problem with a free boundary.
Historically, the first example is the Green-Ampt model for water flow in soils [7]. There is a huge variety of
situations (chemically reacting media, deformable media, capillarity effects, mass transfer, mixture flows, media
with a complex structure, pollution, reclamation, soil freezing, production of composite materials, brewing, etc.).

Nonlinear Burgers equations and their modifications are also suitable models of fluid motion in porous media
[8-13].

The range of application of boundary value problems for parabolic equations in a domain with a boundary
that changes over time is quite wide. Such problems arise in the study of thermal processes in electrical
contacts [14], the processes of ecology and medicine [15], in solving some problems of hydromechanics [16],
thermomechanics in thermal shock [17], and so on.

In this paper, in Sobolev classes, we study the solvability of the initial boundary value problem for the
Burgers equation in a rectangular domain with nonlinear boundary conditions of the Neumann type.

In Section 1, the statement of the boundary value problem under study is given, and the main result of the
work is formulated. We study the questions of unique solvability of two auxiliary boundary value problems for
the Burgers equation in rectangular and non-rectangular domains, which are used in the proof of the main results
of the work. Sections 2-5 are devoted to the first auxiliary problem. In these sections, the correctness of this
problem in Sobolev classes is established by the methods of a priori estimates and Faedo-Galerkin. In sections
4-5, Theorem 1.1, the main result of the work is proved. The work is completed by a brief conclusion.
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On One Initial ...

1 Problem statement and main result

In the domain Qu = {y,t| y € (0,1), ¢t € (0,T)}, we consider the following initial boundary value problem:

Ow + a(t)wdyw — B(t)aiw +7(y, t)0,w = g,

—w’ — B(t)ayw} | =0, [a:(f)wg — B(t)0yw ‘y:l =0, 0<t<T,

w(y,0) =0, 0<y< 1.

where the given continuous functions a(t), 5(t), v(y,t) satisfy the following conditions

O/<t) S 07 6/<t) S 07 aq S Ol(t) S 2, Bl S ﬁ(t) S 627 "Y(y,t)‘ S 1, |6y7(y7t)| S 1, Vit e [O,T],

with given positive constants

o, Bi, 1=1,2, 713 Oz(t)7 ﬁ(t) € Cl([07T])> ay'y(y7t) € C(Qyt)

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

Theorem 1.1 (Main result). Let g € Lo(Q,y¢) and conditions (1.4)—(1.5) be satisfied. Then boundary value

problem (1.1)—(1.3) has a unique solution
w € H>M(Qye) = L2(0,T; H*(0,1)) N H'(0,T; L2(0,1)).
To apply the Faedo-Galerkin method, we need to solve the following spectral problem:
=Y"(y) = XY (y), y € (0, 1),

Y’'(0) + A?Y(0)
Y'(1) — A?Y (1)

)

0
0

)

obtained by applying the variable separation method (u(y,t) = F(¢)Y (y)) from the following problem

Ou—02u=0, ye(0,1), te(0,T),
Oyu — 8xu|y:0 =0, O+ 8mu|y:1 =0,
u(y,0) = uo(y).
2 Solving spectral problem (1.6)-(1.8)
We seek the general solution to equation (1.6) in the form
Y (y) = Cy exp{i\y} + Caexp{—i\y}, i = V1.

Satisfying (2.1) to boundary conditions (1.7)-(1.8), we obtain
_ _ Aot
Yoi(y) =1, Ao1 =0, tan == = o1,

>\2n—1(1 - Qy)
2

Aop—
, )‘2n—1 = (2n - 1)71' + Eoan—1, tan 2721 ! = *)\271_1, n e N,

Yaon-1(y) = cos

M )\02%21 cot@:)\og

Yo2(y) = sin 5 3 5

Aon (1 —2

It is easy to see that the solutions of equations

A
, Agp = 2nT + €9,, COL % = Ao, n € N.

Aop—
tan 220t —Xon_1, n €N, and

>\2n
t —
2

2 :A2na TLEN,
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are, respectively, close to points (2n — 1)7 and 2nm, n € N, and with the growth of n they approach arbitrarily
close from the right to the corresponding specified points (2n — 1)7 and 2n7, n € N, ie. g, = 04+ at n = oo
(see Figure 2.1-2.2). If we introduce the notation 2z = (1 — 2y)=, then we get: © € (—7/2,7/2).

By the Paley-Wiener theorem ([18], chapter V, 86, example), the system of functions (2.2) and (2.3) is
complete in L2(0, 1), since the system of functions:

V2cosz 2sin2x v2cos3z 2sindz
ﬁ ) ﬁ ) ﬁ b ﬁ PR

which is complete in Lo(—7/2,7/2), will differ little from it. For the latter system, it is sufficient to make the
replacement x; = x + w/2. We get the system of sines:

\/isinxl ﬁsinQ:cl ﬂsin?)xl \@sinllxl
ﬁ b ﬁ b ﬁ b ﬁ bR

which is complete in Ly (0, 7).
Note that the system of functions (2.2) and (2.3) is not orthogonal in L3(0,1).

r=tan—
9
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Figure 2.1. Graphs of functions z = —\, z = tan%

Remark 2.1. The applicability of the Paley-Wiener theorem (18], chapter V, 86, example) follows from the
relations:

M~ 3.673, M —m~0533, Mrm=|\ —7|<0.54<In2~0.693, 0§ =exp{Mn}—-1<1.
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Figure 2.2. Graphs of functions z = A\, z = COt%
8 Setting and solving the approximate problem

We multiply equation (1.1) scalarly in Lo(0,1) by function v € H'(0,1). As a result, taking into account
initial (1.3) and boundary conditions (1.2) we will have a weak statement of problem (1.1)—(1.3):

1 1 1 1
/atwvdy—i—a(t)/wﬁywvdy—l—ﬁ(t)/ayw@yvdy—&—/v(y,t)aywvdy—
0 0 0

0
1
—?wz(lﬂt)v(l,t) + ?wQ(O,t)v(O,t) = [ gvdy, Yv e H'(0,1), (3.1)
0
w(y,0) =0, y € (0,1). (3.2)
We introduce the following approximate solution
n n
wn(y,1) = Y _c;(0)Y; (), wn(y,0) =D ¢;(0)Y;(y). (33)
j=1 j=1
Next, we will satisfy this solution to an approximate version of problem (3.1)—(3.2):
1 1 1 1
/atwandy + a(t) / Wy Oyw, Y;dy + B(t) / Oyw, 0, Y;dy + /'y(y, t)Oyw,Y;dy—
0 0 0 0
1
2Bz %0+ 22w20.0%0 = [ g (3.4
0
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wp(y,0) =0, y € (0,1), (3.5)

for all  =0,1,...,n, and ¢t € [0,7T].
Lemma 3.1. Problem (3.4)—(3.5) has a unique solution w, (y,t).
Proof. Since the system of functions Y;(y), Y2(y), ... is a basis in L9(0, 1), we have

det{Wn} = [(Yi(y), Y; W)y j=1 # 0, V finite n;

W, is a Gram matrix, (-,-) is the scalar product in Ls(0,1), A, = (0,Y%(y), 9,Y;(y )),” 1

wh (1, 0)Y;(1,6) = wi (0,0)Y5(0,8) = [Y_ ex(OYr(D)PY;(1) = [D_ ex(t)Ya(0)]°Y;(0).
k=1

k=1

Further, if we introduce the notation
Cn(t) ={c1(t), ..., cn(t)},

where
1

g5 (t) = / 9Y;(m)dy, p;(t) = —a(t) / Wy, Y () dy — / (s £)9ywn (3, )Y () dy,
0 0

0
(1) = SO0 WY (1) - [ aOYi0)y(0).
k=1

for all § =0,1,...,n, then problem (3.4)—(3.5) is equivalent to the following Cauchy problem for a finite system
of nonlinear ordinary differential equations

Co(t) = W [=B(#) Anc(t) + Pa(t) + Ha(t) + Gu(t)], Ca(0) = 0. (3.6)
Note that functions p;(t), h;(t) are well-defined, and function g;(¢) is square integrable (by virtue of g € Ly(Q)).
Theorefore, the Cauchy problem (3.6) is uniquely solvable on some interval [0,7"], where T’ < T. However,
according to the priori estimates established below, we find that this solution C,,(f) continues to a finite time 7.

Thus, we find the functions Cy,(t) = {¢;(t), j = 0,1, ...,n} as a solution to the Cauchy problem (3.6) for each
fixed finite n, and together with them the only approximate solution w,(y,t) to problem (3.4)-(3.5). Lemma
3.1 is completely proved.

4 A priori estimates

Lemma 4.1. There exists a positive constant K; independent of n, such that for all ¢ € [0, 7] the following
estimate takes place

lwn (5, 17 0.1 + B / 10y (y: L, (0,0)d7 < K.
0

Proof. Multiplying (3.4) by ¢;(t), summing the result over j from 1 to n and using the equality

1

1 1
/wn t)0ywy, (y, t)wn (y, t)dy = gwi(l,t) - gwn(O t),
0

we obtain
1

1
/ waly, D)2y + B(2) / 10y wa (9, £) Pdy =
0

0

DN | =
&‘g‘
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On One Initial ...

1

1
= —/v(y,t)aywn(y,t wy(y,t dy+/9 wn (y, t)dy. (4.1)
0 0

Now, by integrating (4.1) with respect to ¢ from 0 to ¢ and using Cauchy’s inequality

1
B gkt
- /’y(y,t)aywn(y,t)wn(y,t)dy < EHaywn(yvt)”%Q(O,l) + 27/61)1”7“”71(1[/»15)”%2(0,1)7
0

1
1 1
[ 96wy < 390w 010 + 3w O 00
0
we get

01300y + 1 [ 10010000 DI 07 <
0

! T
2
o
< <6i+1> /Hwn(y,T)”%Q(o,l)dTJr/||g(y,T)H%2(071)dT. (4.2)
0 0

From (4.2) follows

t T
2
Y
(D12, 01y < (511 +1) [ e+ [ ot DI
0 0

By applying the Gronwall’s inequality, we obtain the estimate for ||wn(y7t)||2L2 (0,1)- By using this estimate in
(4.2), we establish the required estimate for Lemma 4.1.

Embedding H'(0,1) < C([0,1]) from Lemma 4.1 we directly obtain:

Corollary 4.1. There exists a positive constant K/ independent of n, such that for all ¢ € [0, T] the following

inequality holds
t t

t
J1wn0.0Pdr + [ unnPar <28 [0l < K.
0 0 0

where B is a constant of the embedding H'(0,1) < C([0, 1]).
Lemma 4.2. For a positive constant K» independent of n, for all ¢ € (0,7] the following inequality takes
place:

10y wn ()1 Z.00.1) +/3’1/Haﬁwn(yﬁ)lliz(o,ndT < Ka. (4.3)
0

Proof. Taking into account equality

> ey ch — 02w (y, 1),
j=1

which follows from (1.6) and (3.3), and multiplying equality (3.4) by ¢;A7 and summing over j from 1 to n, we

obtain
1d

5 10,012, 0.0+ BONOZ W, D101y =

= a(t) (wn(y. 00, wa(y. 1) 2w (y,1)) + (15,00, wa(y. 1), S2wn(y.1)) -

y=1

— (9(y, 1), awn(y, 1)) + Bpwn (y, 1) Oywn (y,t)| =

y=0
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= alt) (waly: D0y wn (9.1, 2 (9.0)) + (3 DDy (9. 1), B (9,1)) =

(ol 0). 3 (0:.0) + g R0l 0] (1.4
We will use the relations (similar ones are true for the term with w,(0,t))
[ alt) sy o) s (a8 e,
0/ a0l (L0 dt = 0w, (1.1) / ST (L0 e <

t

2w, (1,8)]* + C4 / |w,(1,t)]* dt, where 9C 37 = Jnax |’ (t)B(t) — a(t)B'(t)] -
) <t<

< 9 5
Let us establish the following estimate

(&%)

(&%) 3/2 3/2
o5 1en (LD < ey D120y = g5 lwn s O30 1 o O17250.1) =

1/2
9ﬂ Hwn(yv )H 01)||wn(y7 )||L/2(0,1)||wn(y7t)||Lz(O,1)-

In the previous relation, we used the interpolation inequality from ([19], Theorems 5.8-5.9, p.140-141). Now,
applying Young’s inequality (p~! + ¢! =1):

B
|AB| = (al/pA) (al/q>’ \A|p + — |B|‘1 (4.5)
a qad
where
_ 3/2 > 1/2 4
= ”wn(yat)HHl(Q” , B= 9751 ”wn(yvt)HLz(o,U ||wn(yat)||L2(0,1)a a = 6 p= 3 q=4,
from here, we get
o) 1 1 20
%m}n(lat” g”a wn(yv )HL2(0 1) + |: 35ﬂ4”wn(y7t)“i2(0,1):| ||wn(yat)||%2(0,1) <
1
< gHaywn(yat)”QLz‘(og) + Dy, (4.6)

where the constant D; is determined according to the estimates of Lemma 4.1 and Corollary 4.1.
Similarly to the previous one, we obtain

o9 1 1 20/21 4 9
98 |wn(03t)| 7”8 wn(ya )HLQ(O 1) + 3554 ||wn(y’t)||L2(O,1) ”wn(yat)”Lg(O,l) <
1 1

oo

1
< gHaywn(y’t)”QLQ(o,n + Do, (4.7)

where the constant Dy is determined according to the estimates of Lemma 4.1 and Corollary 4.1.
First of all, we consider the estimates of the nonlinear summands from 4.4. To begin with, we have

[ (w580, ), 0200 (4.0)) | < oy, Dl 20,1050 (5, Dll 1120, 1000 (0, Dl £ 0,1) <

< llwn(y, )l Laco,1) 10ywn (v, )l 12 0,1) 1Oy wn (3, )l L (0,1)- (4.8)
Further, consifeing the interpolation inequality from ([19], Theorems 5.8-5.9, p.140-141)

2|y (4. ) a0y < ClOywa(y. D120 100 (9. I 20100 ¥ By, 1) € H'(0,1),
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from (4.8), we obtain
Q2 ‘ (wn(y» )0y wy (y, 1), 8§wn(y, t)) ’ <
< Cllwn (1) Lo 10yw0n O35 0.1y 10y 1156 1) <

<P p
< 2 020n (0, Ol a0y + | 2 + Collwn (@D 0.0 | 1950 (D1 0.0 (49)

Here, we have used Young’s inequality (4.5), where

3/2 1/2 P 4
A= 0ywn(y, D)7 10,y B = Clwa(®, )00 195wa(v: ) Liony a= G p=5 a=4
Further, for the last two summands from (4.4) we will have:
Oywn (y:t), Oywn (y,t) < 2020, (0, D112 0.1y + C 0,00 (0. ) 2 (4.10)
! yWn\Y, wn Y, =3 yWn\¥Y, )L, (0,1) 3I10yWn Y, L)l L,(0,1) .
(906100, 0wl )] < 10800, D10 + Calloy, O (4.11)
gy, n yWn\Y, )L, (0,1) 4119\Y, )Ly (0,1)- .
Taking into account inequalities (4.6)—(4.11), integrating (4.4) from 0 to ¢, we get
10ywn (y, )12, 0,1) +ﬁ1/Haiwn(y,T)llig(o,l)dT < Adllg(y, 17,0+
0
¢ ¢ t
Jr/A5(T)||8ywn(y,T)||2L2(071)d7' + 20 / lw, (0,1)]® dt + 2C4 / |w,(1,1)]2 dt + 2(Dy + Dy), (4.12)
0 0 0
where 5
1
Ay =2Cy, As(t)= 5 T 2Cs||wn(y, )1 7,(0.1) + 2C5-
Let us estimate the last two integral summands from (4.12). By (4.6)—(4.7), we have
26 [ wn (0.0 dt < L / 10w (5. )12, 0.1) dt + 2D0T,
c ¢
1
20 / lw, (0,8)]? dt < T / ||8ywn(y,t)H%2(O’1) dt +2D1T,
Thus, (4.12) takes the form:
¢
10y wn (Y, )12, 0,1) +ﬁ1/Haiwn(y,T)llig(o,l)dT < Adllg(y, 17,0+
0
/ Co+C
+
Jr/ {A5(7) + 041] Haywn(y,T)H%Q(O’l)dT +2(Do+ D1)(1+T), (4.13)

From inequality (4.13) in the same way as in the proof of Lemma 4.1, we obtain the desired estimate (4.3).
Lemma 4.2 is completely proved.
Lemma 4.3. For positive a constant K3 independent of n, at all ¢ € (0, T the following inequality holds:

10ewn (y, D)1, (g, < Ks. (4.14)
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Proof. Let us write down equation (1.1) for the approximate solution wy,(y, t):
Oywny, + a(t)w,Oywy, — ﬁ(t)agwn +7(y, t)0yw, = g. (4.15)
From equation (4.15), we obtain

10swnll Ly, < 2llwndywnllLy@,.) + B2llOiwnllLa@,0 + Y110y wall Lo, + 190 L2 (@y0)- (4.16)

According to embedding H'(0,1) <+ L (0,1) inequality [[wy|z_ (0,1) < Bllwn|l#1(0,1) holds. Hence, consi-
dering Lemmas 4.1 and 4.2, we obtain

[wndywall?, @, S/||wn(yat)HQLm(o,nHaywn(yat)||2Lz(o,1) dt <
0

< BHaywn(f%t)||2Loo(0,T;L2(0,1)) / ||wn(y,t)||%{1(0’1) dt < BK2K,(1+4T), (4.17)
0

where B is a constant of embedding H'(0,1) < L. (0,1), K; and K, are constants from Lemmas 4.1 and 4.2,
respectively.

Estimate (4.14) follows from (4.16), (4.17) and from the statement of Lemmas 4.1 and 4.2, Lemma 4.3 is
completely proved.

5 Unique solvability of initial boundary value problem (1.1)-(1.3)

Lemmas 4.1-4.3 show that the sequence of Galerkin approximations {wy(y,t), n = 1,2,3,...} is bounded
in space Lo (0,T;HY(0,1)) N L2(0,T; H%(0,1)), and the sequence {d;w,(y,t),n = 1,2,3,...} is bounded in
Ls(0,T; Ly(0, 1))

Thus, we can extract a weakly convergent subsequence (we preserve the notation of the index n for the
subsequence):

wn(yvt) - w(yvt) Weakly in L2(07 T; H2(0a 1)) n Hl (Oa T; L2(07 1))a (51)
wp(y,t) = w(y,t) strongly in L9(0,T; Ly(0,1)) and almost everywhere in @, (5.2)

Lemma 5.1. Let conditions (1.4)-(1.5) be satisfied and g € La(Q,:). Then initial boundary value problem
(1.1)—(1.3) has a weak solution in space H*!(Qyt).

Proof. Let ¢(t) € D((0,T)), i.e. from the class of infinitely differentiable finite functions. We introduce
the notation v;(y,t) = (t)Y;(y), where Y;(y) € H'(0,1). Now, by multiplying integral identity (3.4) by the
function (t) € D((0,T)) and integrating the result obtained with respect to t from 0 to T, we obtain

T 1
// [Opwn, + out)wy Oywy, — B(t)agwn +y(y, t)0ywy, | v; dy dt+
00

+/T[ £)0ywy (1,t) — O‘ét)w,%(u)] v;(1,t) dt+
0

+ [ [Fp0m, 0.0 + 50200 w00 =

Il
Ot~ ST

1
/gvj dydt, Yo(t) € DI(O,T)), Vj=1,....m. (5.3)
0
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Since D((0,T); H(0,1)) is dense in Lo(0,T; H*(0,1)), then integral identity (5.3) can be rewritten as

T 1
// [Oywn, + ou(t)wy Oywy, — B(t)agwn +7(y, t)0yw, | v dy dt+
0 0
T
+/ [ﬁ(t)aywn(l,t)— O‘ét)w,%(u)] o(1,8) di+
,
+/ [—5(t)8ywn(0,t) - a:(f)wi(o,t)} v(0,t) dt =
0

T 1
://gvdydt, Yo(y,t) € Ly(0,T; H(0,1)). (5.4)
0

In integral identity (5.4), we pass to the limit as n — oo. In the expressions corresponding to the linear
summands of equation (1.1) and boundary conditions (1.2), passing to the limit is carried out according to
relation (5.1). As for the nonlinear summands, here, we have the following:

T 1 T 1
/ / a(t)wn(y, £)Dywn(y, )0y, ) dy dt = / a(t) / [ () — w(y, )0y wn(y, )0 (y, 1) dy di-+
0 0 0 0
+ [ at) | w(y,t)0ywy(y, t)v(y, t)dydt — [ a(t) [ wly,t)0,w(y, t)v(y,t)dydt, (5.5)
[o] foo [t

since according to (5.2) and (5.1) the following limit relation holds

/a /lwn (y,1t) Y, t)]0ywn (y, t)v(y,t) dy dt — 0.
0

Further, according to (5.4) and (5.2) similarly to the previous one, we will have
T
/ (L (1, )
0

T T
+ [ w1, t)w, (1, t)v(1,t)dt — [ w?(1,t)v(1,t)dt, (5.6)
0/ /

T
/ n (0, t)wy (0,1)v
0

[wn(1,t) — w(1,t)]w,(1,t)v(1,t) dt+

o\'ﬂ

[wn (0,t) — w(0,t)]w,(0,t)v(0,t) dt+

O\ﬂ

T
+ [ w(0,t)w, (0,t)v(0,t)dt — [ w?(0,t)v(0,t)dt. (5.7)
0/ /

So, by passing to the limit at n — oo in integral identity (5.4), taking into account limit relations (5.5)—(5.7),
as well as in initial condition (3.3), we get

T 1
// [Ovw + a(t)wdyw — B(t)D;w + (y, t)dyw] v dy di+
00
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T
aft) o
+ t)oyw(l,t) — ——w*(1,t)| v(1,t) dt+
0/{ )
i a(t)
+ B(t)0yw(0,t) + w?(0,t)| v(0,t) dt =
[ o + 22
T 1
//gvdydt Yo(y,t) € Ly(0,T; HY(0,1)). (5.8)
0 0
/w y)dy =0, Yo € Ly(0,1). (5.9)
0

Note that integral identity (5.8) is also valid for any test function v(y,t) € L2(0,T; Hi(0,1)) C L2(0,T; H(0,1)),
i.e. we have

// [Ow + a(t)ywdyw — B(t )8 w+y(y,t)0yw — gl vdydt =0, Vu(y,t) € Ly(0,T; Hy(0,1)). (5.10)
0 0

Further, returning to (5.8) and taking into account that traces v(1,t) and v(0,¢) from L4(0,T) of test function
v € Ly(0,T; H'(0,1)) are independent of each other and are arbitrary, in this case the following identities

T
/ [ﬁ(t)ayw(l,t) - a:(f)w2(1,t)} Gi(t)dt =0, Yiby(t) € Lo(0,T), (5.11)
0
T
/ [—ﬁ(t)ayw((),t) + aét)wz(o,t)} bo(t)dt =0, Yaho(t) € Ly(0,T), (5.12)
0

follow from (5.8), that is, the integrands in square brackets from (5.10)—(5-12) define zero functionals over spaces
Ly(0,T; H3(0,1)) and L2(0,7T), and belong to spaces 0 € Lo(0,T; H=1(0,1)) C D'(Qy:) and 0 € Ly(0,T) C
D'((0,7)). Thus, from (5.10)—(5.12) we obtain that the weak limit function w(y,t) satisfies equation (1.1) and
boundary conditions (1.2), and from (5.9), it follows that it satisfies initial condition (1.3). This completes the
proof of Lemma 5.1.

Lemma 5.2. Under the conditions of Lemma 5.1 the solution w € H?'(Q,;) of initial boundary value
problem (1.1)—(1.3) is unique.

Proof. Let initial boundary value problem (1.1)—(1.3) have two different solutions w(® (y,t) and w® (y,t).
Then their difference w(y,t) = w™M (y,t) — w® (y,t) will satisfy the following homogeneous problem:

0w + a(t)wd,w? + a(tyw?d,w — B(t)d;w =0, (5.13)
{az(;)w (w<1) + w(2)) - B(t)ayu):| \yzl =0. (5.15)

According to Lemmas 4.1 and 4.2 we have
w (y,t) € Loo(0,T; H(0,1)) N Ly (0, T; H2(0,1)), i = 1,2. (5.16)

Multiplying equation (5.13) by function w(y,t) scalarly in Lo(0,1) and taking into account (5.14)—(5.16), we
obtain

ot
e oty )1 0y + B 19,10, D0y < O, 0 [w(1,1) + 0 (1,0)] +
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1
+Q\w(o O [w®(0.1) +w(0,1)] / [wd,w® + w®a,u] dy. (5.17)
0
Now, we estimate the right-hand side of (5.17). According to (5.16) and by Lemma 4.1, we have:

@ [w(l)(l,t) +w<2)(1,t)] (L, 1)* <

(6
< 22 ) e om + 0@ QDo (L )2 < Crlu(L, 8, (5.18)
t
A0 Tu(0,6) + 0 (0,0)] w0, <
(65)
< 22 [0, oo + [P O]z 0] (0, )% < Coluo(0,8) % (5.19)
Further, we have

1
a t)/ [w26yw(1) +w<2>wayw} dy = a(t) [\w(1,t)|2w<1>(1,t) — Jw(0,8)Pw™(0,)] +
0

1
! t)/ {—Qw(l)wﬁyw + w(2)w8yw} dy < Cslw(1,t)|> + Cy|w(0,)*+
0

o3 2 B1
3 20Ol + 10PN zwi@0] 0100 + 10wl 0 <
B
< Calw (1, 1) + Calw(0,)* + Csllw(y, )17 0.1y + zllaywH%Q(o,l)- (5.20)

We need the following estimates
(C1 4 Ca)w(1,8)]* < (Cr + Ca)lw(y, OIIT 0,1y <

< (s + Bl Ol o (0. ) o) <

< 20,00 Ol + | 2+ (ijythmwamp (5:21)
(Cy + Ca)|w(0,8)]* < (Ca + Ca)|w(y, )1 0.1) <
< (Ca+ Cu)Bllw(y, )l o, llw(y, )| 2o 0,1) <

< 20yt + [ 2+ ZEEEIE ol (5.2

where B is the norm of the embedding operator H'(0,1) < Lo (0, 1).
Based on relations (5.17)—(5.22) we establish

d
EHU}(:%t)H%z(O,l) + B 10y w(y, )17 0,1y <

51 + —_— ((01 +C3)% 4+ (Ca + Cu)?) + 205} lw(y, )7, 0.1y Yt € (0,T).

ﬂl

Hence, applying Gronwall’s inequality, we obtain:
||w(y7t)H%2(0,1) = Oa Vi€ (OvT]
This means that w™® (y,t) = w? (y,t) in Ly(Qyt), i.e. the solution to initial boundary value problem (1.1)—
(1.3) can be only one. Lemma 5.2 is completely proved.

From the statements of Lemmas 5.1 and 5.2 follows the validity of Theorem 1.1.
Thus, we have proved the main result of our work — Theorem 1.1.
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Conclusion

In this paper, we have established a theorem on the unique solvability in Sobolev classes of a Neumann-type
boundary value problem for the Burgers equation in a rectangular domain. The established results can be useful
in the problems of modeling (a) nonlinear thermal fields in high voltage contact devices, (b) nonlinear processes
of diffusion and propagation of foreign inclusions in the flows of water and atmospheric areas, etc.
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M.T. 2Kuenoanmes!, M.T'. Epramues!, 9.9. Oceros?, A. K. Kammbekonal

L Mamemamuska owcone mamemamurarss modesvdey unemumymot, Aivamuo, Kazaxeman;
2 Axademurx E.A. Boxemos amuwmdaew: Kapaearndv ynusepcumemi, Kapaeandws, Kazaxcman

TikOyppuThl 06bIcTarbl Broprepc TeHaeyi yImiH
Oip OacTarKbl MIEKAPAaJIbIK, ecell TyPaJibl

Tik6yperimTs! 0b6bIcTarbl Broprepc TeHmeyiHiH Keitbip 6acTanKbl IIEKapAJIBbIK, €CEeNITePi KAPaCTBIPLLIFaH, Oip
MaFbIHa/1a OHBI MOJIEJI/II PeTiHe Kabblaayra 6omaanbl. LIbiHabIFbIHIA, MYHIAl Mocese KobiHece KO3FaaaThbIH
mekapaJsapsl 6ap obisibicTapaarsl Broprepe Teneyiiepin 3eprrey Kesine TybIHAaRIb. ANThUFa bl pacTay
YIIiH, MBIHAJIAPFA XKyTinyre 6osaaer: [1] xxone [2] 2xxymbicTapra. @yHKINOHAIIBIK TaIAay dgicTepin, Pasmo-
Tasiepkun KoHe anpuopJIblK barajay saicrepin KoJiiana orbipbin, CoboJieB KeHicTirine koHe TiKOYPBIIITHI
obspicra Helfimanu TumiHzeri CbI3BIKTHIK, eMecC MIeKapaJblK, IapTrapMen 6episren Bioprepc tenueyi ymin
OacTanKbl MEKAPAJIBIK €CENTIH TYPBHIC KONBIIFAHIBIFBl KOPCETIITEH.

Kiam ce3dep: Broprepc renjieyi, mekapabik ecen, CoboJeBTIK KeHICTiK, TIKOYphIThHl 06uibic, [amepkun
9J1iCi, aITpUOPJIBIK, DaraJiaysiap.

M.T. JIzxkenasmes!', M.I". Eprammesn!, A.A. Aceros?, A.K. Kamu6ekosa'

L Hnemumym mamemamuky, u Mamemamuieckozo modeauposanus, Aavamol, Kasaxcman;
2 Kapazandunckul yrusepcumem umeru axademura E.A. Bykemosa, Kapazanda, Kasaxcman

O06 omHOIT HAYAJIBHOI I'PAHUYHON 3a/1a9e AJid ypaBHEHUs
Broprepca B npsiMoyroJibHOiT 00J1acTu

B crarnpe paccmoTpena HeKOTOpasi HAYaJIbLHO-TPAHUYIHAS 33/1a4a JIjIs YPaBHEHHs Broprepca B IPSIMOYTOJIb-
HOIT 00J1aCTH, KOTOPYIO B M3BECTHOM CMBICJIE MOYXKHO MPUHATH 33 MOJEIbHyM0. /lesio B TOM, YTO Takast
pobJieMa 4acTO BO3HUKAET IIPH U3y4YeHNN ypaBHeHHs Bioprepca B 00/I1aCTSX C ABUKYIIUMUCS I'DAHUIIAMI.
B noarBeprkieHne CKa3aHHOIO MOXKHO cOC/Iarbest Ha paborsl [1 u 2]. C moMolpo MeTogoB DyHKIMOHAIb-
HOTO aHajm3a, anpuopHbix oneHok u Pasmo—Tanepkuna B npocrpancrsax CoboJieBa U B IPAMOYTOJILHON
obJlacTi aBTOpaMHU II0Ka3a HAa KOPPEKTHOCTH HadaJbHO-IDAHWYHON 3aJa4u NI ypaBHeHHs Broprepca c
HEeJIMHEHHBIMU I'PAHUYHBIMU ycjioBusiMu Tuna Heiimana.

Kmoueswie caosa: ypasuenne bioprepca, rpanndnas 3ama4a, npocrpanctBo CoboseBa, mpsaMoyroabHas 00-
JIaCTh, MeTOJ| ['ajlepKrHa, alpuopHbIE OIEHKH.
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