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Interpolation of nonlinear integral Urysohn operators in net spaces

In this paper, we study the interpolation properties of the net spaces Np (M), in the case when M is
a sufficiently general arbitrary system of measurable subsets from R". The integral Urysohn operator
is considered. This operator generalizes all linear, integral operators, and non-linear integral operators.
The Urysohn operator is not a quasilinear or subadditive operator. Therefore, the classical interpolation
theorems for these operators do not hold. A certain analogue of the Marcinkiewicz-type interpolation
theorem for this class of operators is obtained. This theorem allows to obtain, in a sense, a strong estimate
for Urysohn operators in net spaces from weak estimates for these operators in net spaces with local nets.
For example, in order for the Urysohn integral operator in a net space, where the net is the set of all balls
in R"™, it is sufficient for it to be of weak type for net spaces, where the net is concentric balls.
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Introduction

Let (V,v), (U,p) are measurable spaces and Z(U), M(V) are normed spaces of v-measurable and
p-measurable functions, respectively. Let K : R x U x V — R, and the operator T : Z(U) — M (V) is defined
by the following equality: For any f € Z(U)

T(f.y) = /U K(f(z),z.9)du , yeV (1)

and assume that this integral exists and is finite for almost all y € V. This operator is called the Urysohn
integral operator.

In the paper [1], new interpolation theorems were proved for these operators in Morrey-type spaces. Analogs
of the interpolation theorems of Marcinkiewicz-Calderon, Stein-Weiss, Petre were obtained.

In this paper, we study the interpolation properties of the net spaces N, ,(M). Also, we prove a certain
analogue of the Marcinkiewicz-type interpolation theorem for the Urysohn operator (1). We use the ideas
developed in [1-3], where an interpolation theorem of Marcinkiewicz type for Morrey spaces was obtained.

Let in R™ is given n-dimensional Lebesgue measure p, M is an arbitrary system of measurable subsets from
R™. For a function f(z), defined and integrable on each e from M, we define the function

- 1
f(t, M) = sup ‘ /f(x)dx , >0,
ee M |6‘ e
le] >t
where the supremum is taken over all e € M, whose measure is |e] def pe > t. In the case, when

sup{le| : e € M} = a < 00 and ¢ > « assuming that f(¢, M) = 0.
Let p, ¢ parameters satisfy the conditions 0 < p < 00, 0 < ¢ < co. We define the net spaces N, 4(M), as the
set of all functions f, such that for ¢ < 0o

1 Tar\ @
o0 = ([ (#7e00) F) " <.
0
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and for ¢ = oo
1
1INy oo (vr) = supt? f(t, M) < 00
t>0

These spaces were introduced in the work [4]. Net spaces have found important applications in various
problems of harmonic analysis, operator theory and the theory of stochastic processes [5-13].

Marcinkiewicz-type interpolation theorem for Urysohn operators

A family of measurable sets G = {G4}+~0 is called a local net if it satisfies the following conditions G; C Gy
for t < s and |G| =t. An example of a local net is the set {B:(z)}+>0 of all balls centered at the point .

Let G = {Gt}t>0 be a local net. We define the net Fg .o = U,cq G + 2, where G + x = {G; + 2}¢>,. The
net Fg o will be called the generated by local net G and the set 2.

Example. Let @ = R", G = {Q¢}:>0 be a set of cubes centered at 0, then Fg o = {Q + 2}1>0, zern is the
set of all cubes in R".

Lemma 1. Let T be the Urysohn operator of the form (1), then for an arbitrary function f € Z(U) from
the domain and for any p measurable set w C U the following condition holds:

T(f,y) =T(fXw y) + T(fxv\w y) = T(0,y).
Proof. Due to the additivity of the integral with respect to measure

T(f,y)*T(fxw,y):/UK(f( s xy)dp — /K x),x,y)dp

- Kﬁwmwm@mw+/memwaww
U\w w

- K@aww—/memwwmw
U\w

/K 2)x0\e (@), @ y)dp — /KOxw@ KOz
U\w

/K (#)X0w(), 2 y)dp — /KOMMMTUmWw T(0,y).

Lemma 2. (Hardy’s inequalities) Let p > 0,—00 < v < o0 and 0 < 0 < 7 < o0, then the following
inequalities hold

([ (oo 2))2)' <t ([ o))
([ L o) )') ) <om ([ () )

Theorem 1. Let Q@ C R", G = {Gi}¢>0 is the local net, FF = |J,.qG + 2. Let 0 < po < p1 < oo and
0<CI07Q1SOOaQO#QIa0<9<1>1§T§007

and

-

1 1-6 0 1 1-60 6
+7

p v w4 o  q
If for the Urysohn operator T and some My, M7 > 0 the following inequalities hold

IT(f) = TN, o (Gra) < MillflIN,, 1 (G+a), ©=0,1, z €Q, (2)
then

IT(f) = T(0)|n,.r) < Mg MY\ flIn,. .cr), (3)
for all functions f € N, ,(F'), where ¢ > 0 depends only on the parameters po, p1,qo, q1,D0, ¢, T, 0.
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Proof.
Let 1 <7 < o0, f €Ny, (F), for arbitrary x € , s > 0, we define the functions

fO,s :fXGerma fl,s :f_fO,sa

where x¢,+, denotes the characteristic function of the set Gy 4 x. It is easily seen that fy, € N, 1 and
fi1,s € Np, 1. Then f = fo o+ f1,s and

1
— T —T(0 d
sup |GE‘/G§+$( (F,y) - T(0,)) y\

= Sup —— /G (T(fxc.+a>y) + T(fxrn\G.+a>¥) — 2T(0,y))dy
etz

et |Gl

£t

1
< sup |GE\ /G NG T(o,y»dy\

1
toup ‘ | @G- T(Qy))dy\ A
|Gf‘ Gng:v

£t

First, we estimate I;, according to the inequality (2) we have

I, =sup —

(T(fowy) - T(0, y))dy\

Gg-}-x

<t W suprq10 sup —— / (T(fo,87y)—T(07y))dy‘
Ge+x

r>0 E>r |G§|

=t w0 [[(T(fo.sy

=T, YNy oo (Ga) < Mot W 1 fo,5l[ Ny 1 (G+a)
OO 1

)
_1 S 1 1
= Myt 20 (/ rplo sup‘/ fo,s(y)dy‘r + 7P0 SUP —— / fo.s(y)dy
0 e>r |Gel | Jaeta s e>r |Gel | Java

Let 0 <r <s,if £ <s, y € Ge +x, we have fo (y) = f(¥)xc,+2 = f(y), if £ > s, then
/ fo,s(y)dy‘ = ‘/ f(y)dy‘-
GE+I Gs+x

By the first integral, we have the following,
d 5o
- / 7o sup ’ / dy
o svexr|GelJota

/OS w5 fr, 1)

dr)

S

[l ][ o
0o exr \Gg Geta

g 7o sup —— ‘/ dy
E>r ‘Gﬁ G£+CE

By the second integral, we have

dr

© dr R 1

/ rpo sup —-— ‘/ Jo,s( )dll / PO SuUp - / f(y )dy
o e>r |Ge | Jaeto e>r 1Ge | Ja, 40
a1 a1 _qd
Lo b | o5
Gtz s £>r ‘Gﬁl r Gs+zx
a1 R
Wt | [ | < s )
|GS| Gs+ax

Thus, we get
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We estimate I in a similar way applying the inequality (2), we obtain

I, = sup (T(f1,s,y) — T(O,y))dy‘
s>t Gs+x
<tar suprflll sup —— / (T(f1,s,y) — T(O,y))dy‘
r>0 s>r |G | Gs+x

1 1
=t 7 |[(T(frs:y) = T, 9Ny, oo (Gray < Mat™ @ | f1slIn,, 1 (Gra)

_1 R 1
=Mt « (/ rPLSUp —— / fls( ) d’/‘)
0 s>r |G | Gs+z

S
1 1

_1 1 1 r 1
=Mt @ </ TP sup’/ f1,s(y)dy‘+/ TP SUp ‘/ f1.s(y)dy
0 e>r |Gel Get+a r s e>r |Gel Getaz

= Myt~ o <J1 + J2>.

To estimate .J1, JJo note that

0.c<s,
‘ /G+ / 1’S(y>dy’ N Jeronse S0y
0.¢<s,
P 7 WP B e
Further,
ne [ (| [ sw+| [ sow])T
o eor |Gl \| Jora Gota
<[ rpll(f(s,FH | sy o )dr
0 Gota e>r |Gel
< 2f(s,F) [ o = s ),
and ’

Jo < / rm Sup —— <‘/ dy‘ ‘/ dyD dr
s §2r |G§‘ Getx Gtz
0o B 1 0o
</ m(ﬂs Pl [ walse )T < [Tk fen®
Gota e>r |Gl s r

1 dr o d
‘/ y)dy rPll Sup —— 4 —/ rhr 1 f(r, F) !
Gs+x s
sﬁ_l

e>r |Gel 7
a1 dr a1
| W s AR (R (O

Combining the estimates, we obtain the following estimate

+

Iy S Myt (/ P )Y 4 spllf(&F))-

So, we got the following estimate

1
sup

_a 51 dr a1
s>t |Gs| ~/G3+1:(T(f7 y) - T(O,y))dy’ S Mot </0 7 P0 f(r, F)7 + sPo f(S,F))
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sane ([T ok fe T s ).

Assuming that s = c¢t”, where v = (q — ) / pi ) then, taking into account the above estimates,

IT(f) = TO)llw, . (1) = ( / h (tq T

z€R™
S MoAy + MoAs + My As + My Ay,

we obtain

Gs+zx

where

1 g Tdt\ "
Ay = (/ (tq a1 (ct7) P f(ct”,F)) t> .
0
Using the change of variable ct” =y, we get

Alz’)/iéc_e(ﬁ_%)Bl, A2:7—%C—0(ﬁ—%)32,

1

Az = fy_%c(lie)(%iﬁ)Bz’ Ay = 7_%0(179)(131 po)B37

where

3}

b ([ (P8 [ ®) )
be = (/OO (y%f(y»F))T d;)T = fll~, . 7),

1
Rl AR R dr\"dy\ "
B3 = (/ (y (1 9)(191 PO)/ 7’:011 f(r, F)r) y> ,
0 Y r Yy
1

To estimate Bi, B3 we apply Hardy’s inequalities from the lemma 2 and we obtain

1
o0 a1 )yia - Tdy\ T
Bls( / (ye(m po)“ﬂf(nF)) yy) <1 fllv o,
0
[e'e] Td 1
Bgs( / (yw-“(m-po)*mf(r,m) yy) <l -
0

Thus, from the above estimates, the following estimate was obtained

11 _ 1 1
I7(H) = TO)ln, ) S (Moc 0(7-%) 4 a0 G vo>)||an,J,T<F>,
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where the corresponding constants depend only on pg, p1, qo, q1,p,q, T and 6.

PoP1

Mo

P1—P0
Let ¢ = <Ml) , then

IT(f) = TO)lln, ) S Mg~ M| fllw, . )

Consequently, we obtain the required estimate (3). The theorem is proved.
Corollary. Let F be the set of all balls in R™, F, — the set of all balls centered at the point z € R". Let
0<po<pr<ooand0<qoq <00,q #q1,0<0<1,1<7< 00,

1-6 0

q0 q1

p Do P ’

1 1-6 46 1
= + - =
q

If the following inequalities hold for the Urysohn operator T" and some My, M7 > 0

IT(f) = TO)INy, o (G4a) < Millflln,, 1(G4a), ©=0,1, 2 € R,

then for all functions f € N, -(F), holds

IT(f) = TO)lln, . r) < My " M| flIn, . 5

where ¢ > 0 depends only on parameters pg, p1, 90,91, D, 4, T, 0-
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A X. Kamunongaitt, E.JI. Hypeynranos?

LI H.Dymunes amuindaen, Bypasua yammoss yrnusepcumemi, Hyp-Cyaman, Kazaxcman;
2M.B. Jlomonocoe amwmdaze. MMY Kazaxcman gdusuanv, Hyp-Cyaman, Kazaxeman

ChI3BIKTHIK, €MeC MHTErpaJijibl Y PbICOH OIIepaTOPJIAPbIHBIH, TOPJIbI
KEHICTIKTEepPiH/IeTi MHTEePIOJIAINACHI

Maxkanana Ny (M) TOpsbl KeHICTIKTEPiHIH, HHTEPIOIANMIBIK, KacueTTepi 3eprresren, myHaarelr M — R™
2KUBIHBIHBIH, OJIIIIEHETIH iIKi KUbIHIAP/IbIH XKETKIJIKTI >KaJmbl epikTi »Kyiteci. InTerpasibr Y pbIicoH onepa-
TOPBI KAPACTHIPBLLIFaH. Byst onepaTop 6apJiIbIK CBI3BIKTHIK, WHTETPAJIILI ONEPATOPJIapIbl, COHIAN-AK, ChI3bI-
KTBI eMeC HHTErPAJIIbI OIIePATOPJIAPAbL 2KAJIIBIIANIBL. Y PBICOH OIIEPATOPHI, 9/IETTE, KBA3UCHI3BIKTHI HEMECE
cyOaIIUTUBTI OIIEpaTOp €MeC, COHMIBIKTAH OyJI OIlepaTopJiap YIIiH KJIACCUKAJIBIK HHTEPIIOJISIUAIIBIK TeOpe-
MaJjiap opbiHAaIMaiabl. OChl omepaTopsap Kiaackl YImH MapiuHKeBUY THIIHIETT HHTEPIOJISIIASIBIK, T€O0-
peMachIHbIH 6erisi 6ip aHaJIOrbl aJbIHALI. By Teopema 6erisi 6ip MarbIHAIa JIOKAJIbIBI TOPbI 6ap TOPJIbI
KeHiCTiKTep/ieri Y pPBhICOH OollepaTopjaphl YIIMH 9JIci3 Garasayiiap/ial TOPJIbl KEHICTIKTEP/IETi OChI OIlepaTop-
Jap ymra kymri Garanay anyra MyMKiHgik 6epemi. Mpicaibl, Top R™-geri 6apiblk miapiap >KUbIHTHIEFBI
60JIaTHIH TOPJIBI KEHICTIriH/Ie Y PBICOH MHTErPAJIIbI OIePATOPHI OOy VIIMiH, OHBIH, TOP KOHIIEHTPJII IIapJap
0O0/IaTBIH TOPJIbI KEHICTIKTEp YIIH 9JICi3 THITI OOIybI KETKITIKTI.

Kiam cesdep: nHTEpIIONANNS KEHICTIKTEP], TOPJIBI KEHICTIKTED, Y PBICOH OII€PATOPJIAPHI.

A X. Kamunongait', E.JI. Hypcynranos?

! Bepasutickuti nayuonarvnwd yrusepcumem umenu JI.H. Dymuaesa, Hyp-Cyaman, Kasazcman;
2 Kasaxcmancrud gusuan Mockoeckozo 2ocydapcmeentozo
yrusepcumema um. M.B. Jlomonocosa, Hyp-Cyaman, Kazaxcman

uaTepnonsnusa HEJIMHENHBIX NHTETPAJbHBIX OIIEPAaTOPOB
YpbIicOHA B CeTEBBIX IMTPOCTPAHCTBAX

B craThe m3yueHbl HHTEPIOAIMOHHbIE CBOKCTBA CEeTEBBIX IpocTpaHcTB Np o(M), B ciaydae korma M ecTb
JIOCTATOYHO O0IIAasi MPOU3BOJIbHAS CUCTEMa U3MEPUMBIX ITOJAMHOXKECTB u3 R™. PaccMOTpeH MHTerpaJibHbIii
omeparop YpwicoHa. laHHBIN omepaTop 0000IAeT BCe JIMHEWHbIE, NMHTEIPAJBHBIE, & TAKXKe HEJINHEHHBIe
uHTerpaJibubie oneparopbl. Oueparop YpbicoHA, BOOOIIE TOBOPs, HE SIBJISETCS KBA3WJINHEIHBIM JInOO Cy0-
aJTUTUBHBIM, TIO9TOMY KJIACCUYECKNE NHTEPIIOJISIIMOHHBIE TEOPEMBI JIJTsT 9TUX OIIEPATOPOB HE UMEIOT MEeCTa.
Tlosyuen HeKmMit aHAIOr UHTEPIIOISAIMOHHON TeopeMbl Tuia MapIimHKeBrIa /I 9TOTO KJIAaCCa OMEePaTOPOB.
Hacrosiiiast reopema 1103BoJisieT osry4arb B HEKOTOPOM CMBICJIE CUJIbHYTO OIEHKY JIJIsi OLIEPATOPOB Y PBICOHA
B CETEBBbIX IMPOCTPAHCTBAX U3 CJIAOBIX OIEHOK JJIsi HUX. TaK, HApUMep, JJjisl TOro, 9TOObI ObLT WHTErpajb-
HBII omepaTop Y PbICOHA B CETEBOM IIPOCTPAHCTBE, IJle CeTh €CTh MHOXKECTBO BcexX mapoB B R mocTarodHo,
4T06BI OH GBbLI CIA00I0 TUIA JJIsl CETEBBIX IPOCTPAHCTB, TJ€ CETh €CTh KOHIEHTPUYECKUE IAPbI.

Karouesvie caro6a: MHTEPIIOISIMOHHBIE IIPDOCTPAHCTBA, CETEBOE IIPOCTPAHCTBO, OLIEPATOPHI Y PHICOHA, UHTE-
IpaJIbHBII OIIEPaTOP.
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