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On the stability of the difference analogue of the boundary value
problem for a mixed type equation

This paper considers a difference problem for a mixed-type equation, to which a problem of integral geometry
for a family of curves satisfying certain regularity conditions is reduced. These problems are related to
numerous applications, including interpretation problem of seismic data, problem of interpretation of X-
ray images, problems of computed tomography and technical diagnostics. The study of difference analogues
of integral geometry problems has specific difficulties associated with the fact that for finite-difference
analogues of partial derivatives, basic relations are performed with a certain shift in the discrete variable. In
this regard, many relations obtained in a continuous formulation, when transitioned to a discrete analogue,
have a more complex and cumbersome form, which requires additional studies of the resulting terms with a
shift. Another important feature of the integral geometry problem is the absence of a theorem for existence
of a solution in general case. Consequently, the paper uses the concept of correctness according to A.N.
Tikhonov, particularly, it is assumed that there is a solution to the problem of integral geometry and its
differential-difference analogue. The stability estimate of the difference analogue of the boundary value
problem for a mixed-type equation obtained in this work is vital for understanding the effectiveness of
numerical methods for solving problems of geotomography, medical tomography, flaw detection, etc. It
also has a great practical significance in solving multidimensional inverse problems of acoustics, seismic
exploration.

Keywords: ill-posed problem, boundary value problem, mixed-type equation, stability estimate, difference
problem, quadratic form.

Introduction

The research focuses on a difference-differential problem for a mixed-type equation, to which reduces the
problem of integral geometry for a family of curves satisfying certain regularity conditions is reduced.

The problems of integral geometry consist of finding a function or a more complex quantity (differential
form, tensor field, etc.) defined on a certain variety, through its integrals over a certain family of sub-variety of
smaller dimension.

Some inverse problems for kinetic equations widely used in physics and astrophysics are closely related to
problems of integral geometry. The problems of integral geometry refer to ill-posed problems of mathematical
physics, the foundations of which were laid in the works [1-3]. These problems are associated with numerous
applications (problem of computed tomography, inverse problems of acoustics, and seismic exploration).

The need to study differential-difference and finite-difference analogues of integral geometry problems was
first expressed and formulated as a new promising direction by Academician M.M. Lavrentiev. Therefore, the
study of differential-difference and finite-difference analogues of integral geometry problems is an urgent problem.

M.M. Lavrentiev and V.G. Romanov first showed in the work [4] that a number of inverse problems for
hyperbolic equations are reduced to problems of integral geometry. Further, V.G. Romanov obtained uniqueness
theorems and estimates of conditional stability to solve integral geometry problems for a fairly general family
of curves on a plane invariant with respect to the rotation group [5], as well as for families of curves and hyper
surfaces in n-dimensional space invariant with respect to parallel transfers of these objects along some plane [6].

A very general result on uniqueness and stability estimates for a special family of curves was obtained
by R.G. Mukhometov. These stability estimates are based on reducing the integral geometry problem to an
equivalent boundary value problem for a partial differential equation of mixed type [7].
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Methods and materials

Let D be a bounded simply connected domain in the plane with a smooth boundary I':
v=¢§(2), y=mn(z), =z€[0d, £0)=£&0), n0)=n),
where z is the length of the curve I'. In the D there are smooth curves defined by the equations

x:90(%0’2/07975)79:w(l"O)yO’ovS)a (1)

where (¢, yo) is a point from which the curve exits at an angle 8, the variable parameter s is the curve length.
The set of function definitions ¢ and ) is the set, indeed

T = {(x0,0,0, )/ (w0,90) € D,0 €[0,27],5 € [07l~(x0,y0,9)]},

where [ (20, Yo, 0) is the length of the part of the curve leaving the point (x¢, y¢) at an angle 6 and lying between
(z0,y0) and the point of intersection of the curve with the boundary.

Let the set of curves (1) be such that it can be regarded as a two-parameter family of curves K(v, z)
satisfying the conditions as follows:

a) through any two different points from D single curve K(v,z) passes; each curve of the family K(v, z)
intersects I' at points (£(z),n(2)) and (£(7),n(y)), the other points do not lie on T'; the lengths of all curves are
uniformly bounded;

b)y € C3(T), € C3(T), and all derivatives of these functions are uniformly bounded in T}

) %%((ﬁ:;ﬁ)) > c¢1 > 0, where c; is a constant;

d) p(z,y,0,s) = o(z,y,27,s),¥(z,y,0,s) = ¥(z,y,2n, s), similar equalities are also valid for derivatives of
these functions up to the third order inclusive.
Let U(z, y) € C?(D) and

V(V?Z) = f U(.’L‘, y)p(xa:%z)ds; v € [Ovl]’ z € [071] (2)

The problem of integral geometry (2) is to find a function U(z,y) in the domain D according to the given
curves K (7, z) and functions V (v, 2).

If the family K (v, z) satisfies the conditions a)-d), then problem (2) is equivalent to the following boundary
value problem

82 > :07 (x,y,z) GQL (3)

W(ﬁ(V);U(A/)aZ) = V(’Ya Z)? V(Z’Z) =0, v, 2 € [0’”7 (4)

where p(x,y,z) is a known function, Q; = Q\ {(£(2),1(2),2) : 2 € [0,1]} , Q=D x [0,1].
K(z,y, z) is a part of the curve from the family K (v, z) connecting the points (z,y) € D and (£(z), n(z)),

8zp+3yp

0 (8W0059 OW sin 0

Wz, y, 2) = / Uz, y, 2)p(a, y, 2)ds.
K(z,y,z)

O(x,y, z) is an angle between the tangent to K(z,y,z) at the point (z,y) and the z axis, the variable
parameter s is the curve length.

The functions W(x,y, z) and 0(x,y, z) have the following differential properties [7]:

Lemma 1. The function W (z,y, z) € C(Q2) has continuous derivatives up to and including the second order
on the set ;.

Lemma 2. The derivative Wy, W,, W, are bounded in Q;, and W, W, Wy, in the neighborhood of any

_1
point of the form (£ (z), n(z), z) that can have a type singularity {(Jc —£(2)*+ (y — n(z))ﬂ ’
Lemma 3. The function 6(z,y, z) is differentiable on the set €; and the derivative 6, in the neighborhood
1

of any point of the form (£ (2), n(z), 2) has a type singularity {(x — () + (y — n(z))ﬂ N
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Assume that the requirements for the family of curves K (v, z) and the plane D necessary to bring problem
(2) to problem (3), (4) are met. Let us also assume that any straight line that is parallel to the axis of the
abscissa or ordinate can intersect the boundary of the domain D at no more than two points.
Let
ap = inf {z}, bp= sup {a},
(z,y)€D (x,y)€D

az = inf {y},bo= sup {y},
(z,y)€D (z,y)€D

hj = (bJ — aj)/Nj, j = 1,2;]7,3 = Z/Ng,

where Nj, j = 1,2,3, are natural numbers.
Let ¢ satisfy the condition
0<e<min{(by —ay1)/3,(by —az)/3},

D* = {(e.0) € D min_p((w.0),(0.8) > ¢

(e,8)
Ry, = {(CUi,yj)7 T, = ay + ihl,yj = a9 + jho,i =0,1,....,N1;5 =0,1, ..., NQ} .
The neighborhood R(ihq,jha) of the point (a1 + ih1,as + jhe) will be called a set consisting of the point
itself (ay + ih1,az + jha) and four points of the form (ay + (i & 1)hy, a2 + (j £ 1)h2).
D5 is a set of all points (a1 + ihi, as + jho) lying in D® N R), together with its neighborhood R(ih1, jhs).
I - the set of all points (a1 + thi,as + jhe) € Dj such that the intersection (ihi,jhs) with the set
(D® N Ry)/D;, is nonempty. Then,

A5, = UN(ihy,ih2), Dy = R,ND.

h

Futher, we assume that the coefficients and a solution of problem (3)—(4) have the following properties:

W(z,y,z) € C*(0°),0(x,y,2) € C*(Q°), Q°F = D" x [0,1],

2 * _ _
pla,y,2) € C5(Q), plz,y,2) > C* > 0, 5= > | 5

We constider the following difference problem (depending on the parameter z): Find a function ®; ;(z), that
satisfies the equation

a0 3/).1‘

q’g%*“%g =U,;, (a1 +1ihi,as+1ihe) € Dy, z€]0,l] (5)
and the boundary condition
®;j(2) = F; j(2), (a1 +ihi,a2+ jhy) € A}, z€][0,1], (6)

here
Di(2) = (23,5, 2) = (a1 + thy, a2 + jha, 2),
Uij =Ul(xi,y;) = Ulay +ih1, as+ jha), i=0,N1, j=0,Na,
©y = (Firy = Fie1)/2h, @y = (Fyji1 = Fijj-1)/2ha,
A=cosb; j(z), B=sinb,;(z), 0;;(z)=0(a1+ihi, a2+ jho,2), C=plai+ihi,as+ jhe,z).
Note that in this formulation, information about the solution is given not only on the boundary I' 1but

also in some its € neighborhood, which is due to the presence of type features [(x —£(2)* 4 (y — n(2))? i
derivatives 6., W,., W, Wy, in the neighborhood of any point of the form ({(2),n(z), ) [7].
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Results and Discussion

Theorem. Suppose that the solution to problem (5)-(6) exists. Let for all the (z;,y;) € D}, functions
®;5(z) € CH0,1], ®;;(0) = @;;(0),
F@j(Z) S Cl[O,l], FiJ(O) = F@j(l),

and the functions C' = p(a1 + th1, a2 + jhe, 2). 0; ;j(2) satisfy the conditions

00
0:4(0) = :5(1). 5 >

o 1
0z pl|’

Then for all N;j > 9, j = 1,2 there is an estimate

l

S+ @hhe <o [ >
h

Dy, 0

) ) OF\?
Fihi+ Fiho+ | — | (h1 + ho)|dz, (7)
z ] 0z

where c¢3 is some positive constant that depends on the function p(x,y, z) and the curves family K (v, 2).

In estimation (7), it is assumed that with a decrease of hy and hs, the parameter € can also decrease, since
¢ does not depend on ¢ (the parameter € was chosen solely to eliminate features that are present in the original
continuous problem). Consequently, the smaller the grid is, the narrower the domain may be in which the feature
is concentrated.

Proof. Using the methodology proposed in the papers [8], [9] both parts (5) are multiplied by
2C(— B®, + A<I>0 ) , the resulting equality is written in the form

Ji+ Jo = 0. (8)

Here

0 A B

Using the differentiation formula of the product of functlons, we transform Ji:

h= 4 |(-Boy + a0, ) (40, + B2, )| +
+AB(17 Do ? — %%%A2<I>g<1>o +
+ 55 B2y @y — laLAB@O - ng2<1>%2+
+ABD, 2 (q> ) + 9L ABD, @y —

)~ $2ABD @y + L2 BB, 0y
~B20, £ (0 ) + @B%O +2 1 9C ABD, *+

+A20, 2 (@) — S2ABD, @y — ig—CA%O Dy +
1 0C 2
+AB<I>Od (@ - $524Ba,*.

Substituting these expressions Ji, Jo into (8
= cos?0 — sin?0 = A2 — B2, from (9), (10) we ge

o)+ A2,

Y
) and denoting D = sin20 = 2sinf cosd = 2AB, E = cos20 =
t

C 0z

(%_i_lacD)q)% —2d, (I)018CE+( %8CD @02+
10 2 (B ) ~ @y 2 () + 2 | (- By +Aq>o) (40
Y T T Yy x Yy

(11)
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It is not difficult to notice that

i(%)=6§%a i(%):<$vy

h?
(uv)g = ugv +uvg + ?[uwvw]i,
where
fo= fi+1;fi7 fi _ fi*hfli—l
Then,
o (52)g — Py (F2)g = {‘I’g (g%)}g - [‘I’g (%)}g
5oy (80),], + 5 e, (3D),]

from (11) we obtain

it g | (B2 + ARy ) (40 + Boy )] + @ 52], — |@, 52],
h3 9% h? 9® _w
-3 ‘I’gx(*z)mh +§[@gy(a)y}§ =0,

where

0z C 0z C 0z

xT

k:<%+ﬂimp>%2—ﬂ@%180E+(%—Jimp)@?

(12)

Considering the expression J3 as a quadratic form with respect to ®, and ®,, it is not difficult to ensure
T Y

that the determinant of this quadratic form is

AN AT
0z Coz)
9 _|19C
0z C 0z

Then from the condition

the positive definiteness of the quadratic form J3 follows.
Using the inequality

2 (ac — b?) (@2 + 2),

azx® + 2bxy + cy? >
a+c+1/(a—c)®+4b?

which is true for a positive-definite quadratic form az? + 2bzy + cy?, we have

00 10C 9 2
>l == == 0 0 .
Jg_(@z C 0z )((I)m +(I)y )

Considering that

* oL 10C
C—p(:ﬁ,y,z), p(xvyaz)> >0, (az_ 6@

)=

it is not difficult to make sure that there is such cs > 0 and there is an inequality
l

(2 |z

0z C 0z
0
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Further, summing over 4, j using condition (6) and integrating over z, taking into account the formulas (13),
(14) as well as the periodicity of functions ®; ;(z),6; ;(z) over z and inequality |ab] < (a® +b?)/2, from equality
(12) after simple transformations, we obtain an estimate

OF\ 2
F2hy + Fiha t () (h1 + ha)

ER dz,

l
S @+ e <ea [ 3
0 A%

e
Dh

in which ¢5 depends on the functions p(z,y, z) and the curves family K (v, z). So, the theorem is proved.
Conclusions

The stability estimate of the difference analogue of the boundary value problem for a mixed-type
equation obtained in the work can be used to justify the convergence of numerical methods for solving
problems of geotomography, medical tomography, flaw detection and is of great practical significance in solving
multidimensional inverse problems of acoustics, seismic exploration.
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[''b. Bakanos, C.K. MenebekoBa

Kootca Axmem Hcayu amwvindazor Xasvrapanrok Kazak-mypix yrnusepcumemi, Typricman, Kazaxcman

Apanac TunTi TeHAey YIMiH MIEKapPaJIbIK, €CelTiH aifbIPhIM/IBIK,
AHAJIOTBIHBIH, OPHBIKThIJIBIFbI YKAJIbI

Maxkanana keitbip apasac THUOTI TEHIEY YIMH afBIPHIMIBIK, €CEIKe KEJITIPLTETIH PEryssipJiblK MapTTapblH
KAHAFATTAHIBIPATHIH KUCBIKTAD Vil YIIiH KONBIIFAH NHTEIPAJIIBIK TeOMeTpHsI ecedi KapacThIpbLIIbl. Byt
ecernTep KONTereH KOChIMINaJapMeH 6ailJIaHBICThI, OHBIH, iMIIHE ceiicMobap/iay MoJIIMETTEPIH WHTEPIIPETa-
[UsLIay €CENTePi, PEHTTEH CyPeTTEPIH MHTEPIPETAIINSIAY, KOMIBIOTEP/IIK TOMOTpadus KOHE TEXHUKAJIBIK,
JMArHOCTHKa ecentepi. MIHTerpasiiblK, reoMeTpusi eCeNTEPiHiH albIPBIM/IBIK, AHAJIOITAPBIH 3€PTTEY/IiH O3iHe
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TOH KYpIesii TycTapsl 6ap, aepbec TYBIHIBIIAP/IBIH IIIEKTEYTi-albIPBIMIBIK, AHAJIOTTAPBI VIMH HEeri3ri KaThi-
HacTap JUCKPETTI allHbIMAJIbI OOiibIHIIIA Gesrijii 6ip bIFBICYMeH KYyprisiayine 6aiianbicTbl 605161, COHIBI-
KTaH, Y3lIicci3 KOMBIIBIM/Ia aJIbIHATHIH KOIITEreH KATBIHACTAD JUCKPETTI aHAJIOIKA aybICKAHIA aHAFYDPJIbIM
KypJeai Typre me Goajbl »KoHE BIFBICY OAPBICHIHIA TYBIHAANTHIH KOCBLIFBIIIITAPFA KATBICTBI KOCBHIMIIIA
3epTTeysiepl Tajaln eredi. by ecenTepiH Tarbl jia 6ip epekInesiri — KaJjbl JKargaiaa meniMHie 6ap
GoJtybl »Kaitabl TeopeMa koK. Ocbrran GaitanbicTbl A.H. TuxoHOB GONBIHINIA KOPPEKTIIIK YFBIMBI KOJIIa-
HBLIAJIBI, SIFHU WHTETPAJIILIK TeoMeTpust ecebi MeH OHBIH JauddepeHInaIbIK-albIPhIMIBIK, AHAJIOTBIHBIH
memriMi 6ap 60s1a161 Jen xopamasanaabl. COHbIMEH KaTap, apaJjiac TUIITI TeHJEY YIIH MEeKapaJIbIK, ecerl-
TiH afBIPBIM/IBIK AHAJIOTBIHBIH AJIBIHFAH OPHBIKTHLIBIK 6aFaCchl T€OTOMOTIPAMUsi, METUITUHAJIBIK, TOMOT'PAUsI,
nedeKkTocKonus KoHe T.0. eCenTep/ii CaHIbIK, OIICTEPMEH IENTyIiH THIMIIIITIH TYCIHy YIIIiH ©Te MaHBI3/IbI.
Conjaii-ak, akyCTuKa, ceficMobapJiay/blH, KOl eJIeMIl Kepi ecenTepiH IIerryje e YIKEH IPaKTUKAJIBIK,
MoHi 6ap.

Kiam ce3dep: KOPPEKTiIi eMec ecell, MeKapaJIblK, €Cell, apajac TUMTI TEHJEY, OPHBIKTHLIBIK, 0aFachl, aifbl-
PBIMJBIK, €Cell, KBaJPaTThl (HOpMa.

[''B. Bakanos, C.K. MeJiiebekoBa

Meotcdynapodnnii xazaxcko-mypeykul yrusepcumem umenu Xodoca Axmema Hcasu, Typxecman, Kasaxcman

06 yCTOﬁqHBOCTH Pa3HOCTHOI'O aHaJIoTra FpaHI/I‘IHOﬁ 3aa9IM1 OJIs
YpaBHEeHNsA CMEIIaHHOI'oO THUIla

B crarpe paccmorpena pa3zHocTHaASA 3a/1a4a I yPAaBHEHHS CMEIIAHHOI'O TUIA, K KOTOPOM CBOAUTCH 3a1a9a
WHTErPAJIbHOI T€OMeTPHUHN [jIsi CeEMENCTBa KPUBBIX, YAOBJIETBOPSAIONNX HEKOTOPBIM YCJOBHUAM DPEryIsapHO-
cTH. DTHU 33/1a9K CBI3aHbI C MHOIMOYUCICHHBIMUA PUJIOXKEHUSIMHU, B TOM YHUCJIE C 3a/1a9aMUi UHTEPIIPETAIIUN
JIAHHBIX CECMOPA3BeIKN, NHTEPIPETAIINN PEHTTEHOBCKUX CHUMKOB, KOMITBIOTEPHON TOMOrpacun u 3a1a-
9aMM TEXHUYECKOU auarHOCTHKHU. VcciemoBaHme pa3HOCTHBIX aHAJIOTOB 3aJ1ad WHTErPaJbHON TeOMEeTPUU
nMeeT crrenuduIecKue TPYAHOCTH, CBI3aHHbBIE C TEM 00CTOSTENILCTBOM, YTO JJIsI KOHEYHO-PA3HOCTHBIX aHa-
JIOTOB YaCTHBIX IIPOU3BO/IHBIX OCHOBHBIE COOTHOIIIEHUS BBITIOJHSIIOTCS C HEKOTOPBIM C/IBUT'OM IIO TMCKPETHON
mepeMeHHON. B CBsI3u ¢ 9TUM MHOTHE COOTHOIIIEHUS, TIOJIyIaeMble B HEIIPEPHIBHOM ITOCTAHOBKE, ITPU IIEPEX0-
e K JTUCKPETHOMY AHAJIOTy MMEIOT OoJjiee CIIOXKHYIO U IPOMO3IKYI0 (OPMY, UTO TPEOYeT JTONOJTHUTETIbHBIX
HCCJIEIOBAHNI BO3HHUKAIOIIMX CJIAraeMbIX €O cABUroM. Eime ofHON BaKHONH OCOGEHHOCTHIO 3a/1a9M WHTE-
rpajbHOIl TEOMETPUU SABJISETCS OTCYTCTBUE TEOPEMBI CYIIECTBOBAHUS PEIIEHUs B obOmeM ciaydae. B cBsazm
¢ sTuM B pabore ucrosb3oBaHo noHsrue koppektHocru 1o A.H. TuxonoBy, a mMeHHO, IpejosaraeTcs,
9TO pelleHne 3a/adi MHTErpajbHON reoMerpun u ee auddepeHnuaabHO-Pa3HOCTHOIO aHAJIOTA CYIIECTBY-
er. [losyuennas aBTopaMu OIEHKa yCTOMIMBOCTH PA3HOCTHOTO AHAJIOTA TPAHMIHON 3a1a49u JJIs yPABHEHUST
CMEIIaHHOrO TUIIA UMEeET BayKHOE 3HAUEHNUE JJIsi HOHUMAHUS 3(DMEKTUBHOCTH YHCIEHHBIX METO/IOB PEITEeHUs
3a/1a9 reoToMorpadun, MeIUIMHCKON ToMorpadun, nedekrockonuu u T. ;1. Kpome toro, nMeer Gosbiioe
MPaKTUYIECKOe 3HAYECHNE [IPU PEIIEHNN MHOTOMEDPHBIX OOPATHBIX 3339 aKyCTHUKU, CEACMOPA3BEIKM.

Karouesvie crosa: HEKOppEKTHAS 3aja4a, KpaeBas 33/1a4a, YPaBHEHNE CMEIIAHHOIO TUIIA, OIIEHKa yCTONIH-
BOCTH, pa3HOCTHAs 3aJia9a, KBaJpaTUIHas (POpMa.
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