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Boundary value problem for the four-dimensional
Gellerstedt equation

In this work, the solvability of the problem with Neumann and Dirichlet boundary conditions for the
Gellerstedt equation in four variables was investigated. The energy integral method was used to prove the
uniqueness of the solution to the problem. In addition to it, formulas for differentiation, autotransformation,
and decomposition of hypergeometric functions were applied. The solution was obtained explicitly and
expressed by Lauricella’s hypergeometric function.
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Introduction

The study of boundary value problems for degenerate equations is one of the important directions of modern
theory of partial differential equations. The solution of many boundary value problems for partial differential
equations has an applied nature [1-2|. The boundary value problems for degenerate elliptic equations were well
studied in works [3-6].

In the formulation of problems and questions of the solvability of local and nonlocal boundary value problems
for degenerate elliptic equations, fundamental solutions of these equations are essentially used [7]. The explicit
form of the fundamental solutions makes it possible to correctly formulate the problem statement and study in
detail the various properties of the considered equation solutions.

Fundamental solutions of degenerate elliptic equations are expressed in terms of the Lauricella’s multidi-
mensional hypergeometric functions and the Gauss hypergeometric function of one variable. Many problems of
natural science, such as problems of dynamics and heat conduction, the theory of electromagnetic oscillations,
aerodynamics, quantum mechanics, quantum chemistry, potential theory, etc. lead to the study of various
properties of multidimensional hypergeometric functions [8-14].

For two-dimensional and three-dimensional elliptic equations with singular coefficients, fundamental solutions
were constructed, which were applied in the study of the various problems solvability in many works [15-19].

In [20] fundamental solutions for the generalized Gellerstedt equation of four variables were constructed

ymzktlum + x"zktluyy + x”ymtluzz + m"ymzkutt =0, m,n,k,1 >0, m,n,k,|=const.
Since the generalized Gellerstedt equation has four hypersurfaces of degeneration of the equation type, according-
ly sixteen fundamental solutions were obtained. It was proved that the fundamental solutions have a singularity
of the order T%,at r — 0, where r = /22 + y2 + 22 + 2.

These fundamental solutions are expressed in terms of Lauricella’s hypergeometric functions, each of the
fundamental solutions is applied in solving the corresponding boundary value problems [21-23].

1. Preliminary information

By definition, the Gauss hypergeometric function has the form
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o (a),(b)
F(a,b;c;x):Z#x", c#0, =1, =2, ...,
— (c),n!

where

I'(a+n)
I'(a)

is Pochhammer symbol. Here I' (a) is Euler’s gamma function, for it the formula of the doubled argument is

valid [24; 19, (15)]

(a),=a(a+1)(a+2)...(a+n—-1) = (n=0,1,2,3,...)

['(2z)=22"1772T ()T <z + ;) : (1)

We present the main properties of the Euler’s gamma function, the Gauss hypergeometric function, and
Lauricella’s hypergeometric function of many variables, which will be used in what follows.
The Gauss hypergeometric function has the following property [25; 3, (5)]:

F'(c)T(c—a—0b)
F'(c—a)T(c—b)

F(a,b;c;1) = , Re(c—a—>)>0. (2)

The Gauss hypergeometric function satisfies the Bolz autotransformation formula [26; 64, (22)]:

Flabica)=(1—z)"F <ca,b;c;xf1>. (3)

Lauricella’s hypergeometric function of n variables [25; 114]

Fj(jn) (a;01,b2,b3, ..., bp; c; 1, T2, .oy ) = Z (a)znﬁ“*m" (bl)mll - (bn?m” "t
o (0 SIS /L I 7 P (4)
(le| <1, |2l <1, ..., |2n| < 1),
the form [25; 117]
FE (a3b1,b, by, s b 03 1,1, oy 1) = EEZ)FSF—(Z—E :Zz e ’;”; n=12,... 5
Re(c—a—by —by—...—b,) >0, c#0,—-1,-2,....

in the case when all variables in (4) take the value 1.
Lauricella’s hypergeometric function in the case of four variables has the form [25; 114, (1)]:

> (a b by),_(b3) (b
F,514)(a; b1,b2,b3,b45¢1,C2,¢3,c452,Y, 2, ) = Z Otpa0)nba), (o), )

m,n,p,q

qg,.m,n ptq
(c1),,(c2),,(c3),(ca) mintplq! A (6)

(] + [yl + 2 + [t < 1)

The validity of the decomposition formula for a hypergeometric function of three variables, was proved in

[27]:

e a b b b
T S
1,12 m5=0 (cl)n1+n2 (62)n1+n3 (63)n2+n3n1.n2.n3.
X g2y mANs 2N B (g 4oy 4 ng by +ny + ngsep + 0y + ngsT) (7)

X F(a+n1 +ny +n3, by +n1 + n3; ca + ny +ns; y)
x F (a+n1 + ng + n3,bs +na + ng; cz + na + n3; 2) .

We also use the formula for the differentiation of hypergeometric functions of three variables [25]
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gititk

(a)i+j+k (61) (52) (53)

(3)
( (1)) (i)

Oxt Oyl OzF Fa

a; B, B2, B3y 71, v2, V35 X, Yy 2) =

(8)
X F,ng) (a+l+]+kvﬁl +iaﬂ2 +.7753+k,71 +iar}/2 +j,’)/3+k;$,y,2),
i,k €Nyg=1{0,1,2,...}.
For Lauricella’s function Flg") the following adjacent relations are valid
b1
—x1Fa(a+1;00 4+ 1,bo, ... .bpse1 +1,¢Co, 0o, Cni X1y oy T)
C1
b
+—2m2FA (a+1;b1,ba+1,...,bnsc1,00+ 1,00 ens @1, .o, Tn)
Co (9)
bn
+...+ =z Fala+1;b1,ba, ... .0y + Lic1,00, ..y cn+ 1521, .. 2) =
n
=Fa(a+1;b1,...,bn501,. .y Cns @1, ooy @y) — Fa(a;by, .o bpscr, oo Cni ey oo, X))
To calculate the value of a multiple integral, we use the formula [28; 637, (3)]
®F ® p1 1 gz 1 L pPn—l
T sdridzsy ... dx, =
/ / / 1+ (rz)™ + (szz)q2 + oo (rnzn) ™ e
0 0 0 (10)
r(e)r(z)..r(z) r(s-p-m-.. )
a 4z dn o 4 n

= ; >0,q9; >0,r;, >0,5s>0),
G1q2 . . . QT PLaiToP2d2 |, Prdn T (s) (i di ot )

and for integrals expressed in terms of the beta function, the formulas [24; 25, (16), (19)]

7 . 1 1

/1+th )Y — 1b“5(x+ _ T > <z>0,b>0,0<Rex
z

0

1 < Rey> , (11)

/ (sint)* ' (cost)? ldt = %6 (z,y), (Rex > 0,Rey >0). (12)
0

2. Statement of the problem
Considering the generalized Gellerstedt equation:

H (u) = y™ 2 t g, + :c”zktluyy + 2"yt + 2"y 2wy = 0,m,n, k.1 >0, m,n, k1= const, (13)

we introduce the following notations:

D ={(x,y,2,t): x>0,y >0, 2>0,t >0},

S1={(0,y,2,¢): z =0,y >0, z>0,¢t > 0},
Sy ={(z,0,2,t): >0,y =0,z >0,t >0},
Sz = {(z,9,0,t) : >0,y >0, z=0,t > 0},
Sy ={(z,y,2,0): >0,y >0, z>0,t =0},
R2: 4 mn+2 4 ym+2 4 Zk+2 4 tl+2.
(n+2)? (m +2)° (k+2)? (14 2)?

Problem N D,. Find a regular solution u (z, y, 2, t) of the equation (13) from the class C (5)001 (D USsU ST;)Q
C? (D) satisfying the condition:
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u(@,y,2,t)] .m0 = 71 (Y, 2, 1), (y,2,1) € S0, (14)
u(:c,y,z,t)|y=0:T2 (xvz7t)7 (a:,z,t) 65727 (15)
0
*U(%yaz’t} =3 (.’lﬁ,y,t)7 (l‘7y,ﬁ) 653; (16)
0z -0
0
~u(@,y,2,t)|  =v(v,y,2), (x,y,2) € Sa, (17)
ot —o
lim u(x,y,z,t) =0, (18)
R—o0

where 7 (y,2,t), 72 (x, 2,t) ,v5 (x,y,t) ,v4 (x,y,2) € C are given continuous functions, moreover the function
v (x,y,t), vy (x,y, 2) at the origin of coordinates can go to integrable order infinity. Also, for the large enough
values R, the following inequalities hold:

C1

|71 (y, 2, 1) < . » i PSR (19)
{1 T oV Gt et }
72 (2, 2,1)] < = o (20)
[1 + (nf2)2xn,+2 n (kf2)2zk+2 n (l+42)2 tl+2]
vs (2,4, 1)| < = S (21)
2
{1 + ﬁxnw + ﬁym+2 + (l+42)2tl+2]
Cq
|V4 (:Cayv Z)| < 1—26te4 ? (22)
2
[1 4 ﬁmnm n ﬁymm n (kf2)22k+2}

here ¢y, co, c3, c4 > 0 and €1, €9, €3, €4 are small enough positive numbers.

Theorem 1. The boundary value problem N D5 has at most one solution.

Proof. Let u (x,y, z,t) be the solution of a homogeneous problem N Da, i.e. u (z,y, z,t) is the solution of the
equation (13) satisfying the conditions (14)—(18).

By Dgr we denote the bounded domain with the boundary 0Dgr = S1gr U Sog U S3g U Syr U or, where
Sir=51N{z=0,0<y< R 0<z<R O0<t<R},Sop=5nN{0<z<R,y=0,0<z<R,0<t<R}
Ssr =53N{0<z<RO<y<R, 2=0,0<t<R}S4r =S4N{0<2< R, 0<y<R, 0<z<R,t=0},

oR = {(x, U 2 0) 0 gt gy T T et P =R 020,920,220, > 0}.
Choosing large enough R, we integrate equation (13) over the domain Dpg, previously multiplied it by a

function w (z,y, z,t), we obtain

//// [ymzktluum + x”zktluuyy + 2"yt + x”ymzkuutt] dxdydzdt = 0. (23)
Dgr

Taking into account (23) we obtain the following equalities:

0 0
Yyt v, = — (ymzktluux) —ym 22, xnzktluuyy = — (z"zktluuy) — ;v"zktlui,

Ox oy
0 0
"yt = £ (mnymtluuz) —a"ymthu?, 2"y Py = En (x"ymzkuut) — "y 2Rl

after applying the Gauss-Ostrogradsky formula, we have

//// [ymzktlui + x"zktluz + 2"y tu? + x”ymzkuﬂ dxdydzdt =
Dr

= /// y" 2Rt uydydzdt + /// x"zktlrguydxdzdt + /// "y tuvsdedydt (24)
Sir Sar Ssr
n, m_k n, m kil u
+ "™y 2N uvydadydz 4+ "y z tua—dS,
n

Sar OR
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where,

0
au_ Uz €os (1, ) + uy cos (n,y) + u, cos (n, z) + u; cos (n, t),

on

cos (n,z)dS = dydzdt, cos(n,y)dS = dxdzdt, cos(n,z)dS = dzdydt, cos(n,t)dS = dxdydz, n is outer
normal to dDg.
Since for the function u 71 = 79 = v3 = vy = 0, then from (24) we have

0
//// [y 2Rt + x"zktlui + "yt + 2"y 2P uf| dedydzdt = /// a:"ymzktlua—uds. (25)
n
Dr

OR

By virtue of condition (18) for R — oo R}im [f[ anym2FtudtdS = 0, then from (25) we have
—r 00 oR
//// [ymzktlui + x"zktluj + 2"y tu? + z"ymzkuf] drdydzdt = 0. (26)
D

From (26), we get u, = uy = u, = uy = 0, which means u = const, and from the conditions u|,_, = u|y:0 =
Uz|,_o = utl;_o = 0 follows that u = 0. So, we have proved the uniqueness of the problem ND, .

3. Existence of a problem solution

The solution to the N Dy problem has the form

oo o0 o0
0
U($0,y0,20,t0) :///ymzktlTl (yaz7t) %96 (xayvzat;$0;y07203t0) ddedt+
00 0 *=0
oo oo oo 6
+ ///xnzktlw (m,z,t)a—yg(; (.9, 2,20, Yo, 20, to) |, —gdrdzdt—

where
4\ 4 e +B—7—6-3
t; to) = kg BT X
g6 (,y, 2, t; 20, Yo, 20, to) 6(n+2> <m+2> (7” ) TYToYo
><F1(44)(3—OL—B+’Y+6,1—O[,l—5,’}/76,2—20672—2B,2’Y,26,§7T},C,§)

is fundamental solution to the equation (13). Here function FXL) is Lauricella’s function (6),

i _i 4 2c 4 28 4 2 4 26><
6 42\ n+2 m+ 2 k+2 1+2 (28)

IB-a=B+y+) (1 -a)I (1= BT () (9)
T (2—2a)T(2—28)T (29)T (20) ’

T2—7'% 7’271“3 1"277"‘% 7’277"2
= 7C: 7<: ’]"2 )

r2 r2
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72 _ 2 . 2
2
?"% 2 "TH + ) # N 9 m;&; 2 m2+2
T = xT — €T
é n+ 2 o270 m+2y _ om+2
r2 _ ~
2 2
T S e R e e
_— 2 — 2 —
hr2” 0 k2 I+2 _1t2° |-
- +
k l
o= s B g -

= 0= ———.
2(n +2) om+2) | 2(k+2) " 20+2)
Since the function ¢g is a fundamental solution to equation (13), it is obvious that the solution to problem
(27) satisfies equation (13).
Let us prove that function (27) satisfies conditions (14) - (17) of problem N D5. We apply differentiation
formulas (8) and decomposition of hypergeometric functions (9) to (27) and represent (27) as the sum:

u (o, Yo, 20, to) = I1 (o, Yo, 20, to) + I2 (o, Yo, 20, to) + I3 (0, Yo, 20, to) + 14 (0, Yo, 20, to) » (29)
where
4 oo oo oo
4 n+2 77L+2
I (z0, %0, 20, to) = ke xoyo///ym+12ktl71 (y, 2z, t) x
n+2 m+2
000 (30)
< (P)TTTED (B o < B by 4 551 807,62 - 28,29,28im,C.9) | dydzt,
4 7L+2 7n+2 TER
I (z0, Yo, 20, t0) = k6< +2> <m_|_2> flfoyo///ac”Jrl Filry (z, 2, 1) X
00 (31)
< ()Y B0 B+ 81— 0,702 20, 29,26:6,C<) | dedadt,
y=
4 [o oo olNe o]
I5 (z 20, t0) = —k 1\ m+2x ///x"‘H s (2, y,t) X
3 (Zo, Yo, 20,00) = 6 nto2 m+2 0Yo Yy 3 (T, Y,
00 0 (32)

< ()T B0 =B+ + 61— a1 8,62 20,2 28,206 m,0)|_ dadyd,

[e.elNe el o}

4 (%o, Yo, 20,t0) = —Re6 Yo T ziva (2,y,2) X
n+2 m+2 (33)

000
(r2)a+ﬁ_7_5_3 Fj(f) B—a—-F+7+51—a,1—5,72—2a,2—28,27;£,1,0) t_od:rdydz.

Let us check condition (14). Consider the first term of the solution, written in the form (29), function (30).

We decompose the function Ff) in (30) by formula (7), then after performing some transformations in (30) and
applying the Bolz autotransformation formula (3), we obtain

FaB—a =B +v+81—8,706;2—28,27,25n,(,5) =

_ o (34)
= (7’2)1 ﬁ+’y+6(’r2)ﬁ 1(7’5) ’Y(ri) 5P1 (071/72»t§x07y0a20»t0)7
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where
P : o BB iy (U= Bt (V1445 (0144
1 (0,9, 2,20, Yo, 20, t0) = Z (2 —28) (27) (26) 11115111
l1,l2,l3=0 btz Tl 4 Loty 17273

l1+1 1141 lo+l:

T%*?ﬁ 1+l2 7%7702 1+i3 TE*TZ 2+13
X T‘2 7,.2 7“2
2 3 4

x I

2
O =B == 8—1,1— Bl +12;2— 2841y + 1y 2 T) (35)

2
2
Thus, substituting (34) into (30), we have

, . 4 \7E [/ 4 e
t =
1(330790720, 0) 6(n+2> (m+2) ToYo X

x I

XF<O[+5+’)/63 l27’7+11+13,2’}/+11+13,

Oz+5*’)/+($ 37[1,5+12+l3,25+l2+13,

P (0,y, 2, t
% ym+1 ktl’/"l y,Z t) 1( » Y, 2,520, Yo, 20 0) dydzdt
()63 63 o)
00 0 "3) 1) oo
In (36), we make the change of variables
2 mi2 2 #_’_ 2 nf2 2 ki 2 %_’_ 2 ni2
= —x S1, z = —Z X S2,
m+2” m+ 27 n+2% " k42 k+27° n+20 7 3
R P (37)
2
[+2 ral gt s

Then, we obtain the following equality

4 4
4 n+2 4 mE2 2
1(33072/0720, 0) 6(n+2) < +2) 950?/0(” 5

00 00 00 P m+1
m+2 2 77L+2 2 # m+2
/// m—|-2 +n—|—2x0 51
—b—
Py (0,y, 2, t; w0, Yo, 20, to)

2 1
l+2< 2 422w |
— =ty + ——=z,° 53” 2 1—
e B )
[ 2 \Il+2 n+2 (1+st+s3+s3)" “(r3) " (r3)(r)
_|_

m+ 2 2 mi2 2 ng2 w42 2 kg2 2 ni2 &
5 \mi2% Toig% % T2 \rp2® T %2 )

n42 3
2
0

k
k+2 2 kg2 2 g2 *+2
5 \ktp20 Toigto %

(38)
where
L 2 Zk;2 2 t%
_ m+2% p— k270 _ 42t
a = nt2 9 - n42 7 - 9 n+2 °
< 2 _4 2 _2 2
ntr2Lo ntr22o ntra2Lo
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At xg — 0 from (35) we have

o0

. ) _ B-—a—-B8+v+ 6)l1+l2+13(1 - B)ll+l2 (’Y)zl+13(5)lg+l3
Jim Py (0,y, 2, 8520, y0, 20, o) = hgl:g:o (2= 28);, 41, (27)1, 44, (20),, 14, 11 11213!
XFa—8—-7—0-1,1—8411+12;2—=28+11 +1;1) (39)
XFla4+8+7y—0—-3—lo, v+l +1i3;2v+11 +13;1)
XFla+B8—y+86—=3—11,0+1y+1320 + 1o+ 13;1)

Applying formulas (2) and (5) to (39), we determine
I'(2-28)T(2y)T(20)T (2 — a)

lim P; (0 t; to) = 40
930190 1(’yazv 7205 Y0, 20, 0) F(3—a—ﬁ—|—’y+5)f‘(1—ﬁ)F(’y)F(5) ( )
By virtue of (40), from (38) at z¢p — 0, we obtain
2 -2 —2y —28
8 nt2 4 4 4
lim [ = . - = -
Jm, Iy (@0, Yo, 20, o) kﬁ(n+2> <m+2) <k+2> <l+2) .
r2-28T2y)r26)r2-a) (0, 20, t0) / / / ds1dsadss (1)
71 (Y0, 20, —.
TB—a—B+y+0)T(1-BT (I (s) """ (1+ 52+ 82+ s2)°
—00 —00 —00
To calculate the triple integral from (41), using formula (10), we get
/Do ]O ]O dsidsadss B 8777 dsidsadss B w7l (% — a) (42)
S (1+s2+s2+s2)°° ) (1+s2+s2+s2)°° re-a) -

Applying formula (1) in (42), as a result, we have

7 7 7 d81d32d83 - T (2 - 204) (43)
(1+s2+s2+s2)7% 272T2-a)(1-20)T(1-0a)

—00 —00 —O0

Substituting (43) into (41), we finally have

4 —2a 4 -2 4 —2v 4 —26
lim I to) = 4m?ke | —— —_—
Jm, Iy (@0, 9o, 7o, o) = 4m 6(n+2) <m+2> <k+2> (l+2) x

F'2-2a)T(2-28)T(27)T (26) ,
) F(3—a—[3+7+5)F(1—a)F(l—ﬁ)F(V)F((;)Tl (Y0, 20, o)

Taking into account (28), from (44), we obtain

lim I (2o, Y0, 20, to) = 71 (Y0, 20, to) -
LE()*)O
It is easy to show that
lim 15 (20, Y0, 20,t0) = 0, lim I3 (xg,%0,20,t0) =0, lim I4 (z0, Yo, 20,%0) = 0.
zo—0 xzo—0 xo—0

Accordingly, limou (20, Yo, 20, t0) = 71 (Y0, 20, to) , hence, function (29) satisfies condition (14) of the problem
To—r

NDy. Similarly, can be convinced that function (29) also satisfies conditions (15), (16), and (17) of the problem
ND,.

Let us show that if the given functions satisfy inequalities (19) — (22) for large enough values of the argument,
then the solution (29) of the Problem N D also satisfies condition (18). Indeed, let inequalities (19) — (22) are
hold, in expressions (30) — (33) we make the following change of variables

1 2 nt2 1 2 m42 1 2 k42 1 2 142
SRt M T a2 O T REr 2 Y T Relg ol

1 2 nt2 1 2 m+2 1 2 k42 1 2 142
TL= ol T 2T ol B O3 = g ose B ou = st ®
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k+2 4 142

where 4 A
R, 2 — T n+2 + m—2 + 2 +
" Tt T w2 Tk T ur2??

Then at Ry — oo from (30)—(33) we obtain the following inequalities

ket e ) 9 1—2a 9 —28
4 n+2 2 m+2 n+2 m+2 [
(1) 77 () 7 n+2 m+ 2 x

Rili)n ‘Il (‘T07y05207t0)| g
9 ) ( > /007/00 11
2 dnid¢ids
3—a— 0 1 ’
<k+2 b2 TS G m2 e a2 ) T 2 % a2)”

lim |12 (o, %0, 20, to)| < k6024n32+mi2(0 BCGE 2 \ (2 1_wx
oo 2 05 Y0, 20,10 R252 1 9 n+2 m+2

Ro
2 —2~ 2 —26 erg 25
) () T et
2ol e+ Gt a?) (& + a7 +a?)

k+2
k'G c3 2 2a 9 28
4n+2+m+2 n+2 vn+2 - X
cs (1) 7% (02) 7 <n+2) m+2

lim |13 (xo, Yo, 20, to)| <
Rop—o00

2 -2 FTFF 25
51771§1
<l + 2) /// 2 370‘75+'Y+5 9 1—27+eg d&ldnldgh
0 (1+§1 +7712+§12) (51 +T]12+§12) :

0 0

. k‘GC4 2 2 2 2 2 26
1 I t B yrtztann n+2 m+2 — X
im |14 (20, Yo, 20, to)| < R (01)7%2 (02) (n+2> m2

Ro—00
1771 1
1—25+ey {1 }1 Cl .

)]
k 2) /// 3—a— 1 5
* 00 0 (L+&7+m2+G7) et (&2 +m2+ G2
— (48) are bounded.

Let us show that the triple integrals in inequalities (45)
Considering the integrals from inequality (45) — (46), these integrals satisfy the identity.

[, el ol o}
/// 2?22 dadydz _
00 (1422 +y2 +22)> 70702 4 g2 4 2)°

0
IT(A+)T (A +d)T@2+c+d—a)T(1—a—b+e)
"8 b—1<e<?2 d.
8 Fr2+c+dTB—a—-b+c+d) , a+ € +c+

Indeed, in integral (49), passing into spherical coordinates, we have

oo 00
// xy?t 22 dxdydz B
J S (b a? gy 2T 2 g g2 g 22

us

2
sin“y cos @d@/stHCGcos?dedg/ Br2et2d-2e (] 4 p2)atbmedy,

0

O\ ol 0\8

Using the values of integrals (11) and (12) in expression (50), we obtain the identity (49)

us

/Sin20¢cos¢d(p/SinQ+2a9COSQd6.d9/T3+2c+2d—25(1 T )a+b c—d 30
0 0

0
ITE+)T (3 +d) I 2+c+d—e) L (1—a—b+e)
3 b—1<e<? d.
8 F(2+C+d)r(3—a—b+c+d) , a-+ 5 +c+
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Thus, inequalities (45) - (46) by virtue of the value of integral (49) the inequalities follow

- _
lim |11 (%0, %0, 20, t0)| < 6 ——es (51)

im S R R})igloo |12 (0, Yo, 20, to)| <

where ¢7, ¢; are constants.
Let us show that the integrals in (47) — (48) are bounded. For inequalities (47) — (48), the identity is true

- e dodydt =
1 + T2 + + t2>3—a—b+c+d(x2 + n t2) 1—2cte
00 0 y? y? (52)
AT (3 +d)T(24c+d—5)T(1—a—b+3)
] , 2 26 —2<e<4+2 2d.
~ 8T (3 +4) F3—a—b+c+d) ot e<dticr
Passing into spherical coordinates in (52), we obtain
t
/// 3 xI?)J d 1— 20+5 dﬂ?dydt
5T (a2 2P @2 g2 4 12)
Bl 3 (53)
2 2
/smgocos godcp/81n39rcos2d9d6/ 1+7r )‘”‘b c—d=3 p3t2e+2d—e ..
0 0

Using formulas (11) and (12) to the right-hand side of (53), we define

st

z oo

/Sin<PCos tﬂd‘ﬁ/sin?’GrcoswedQ/ (1 + T2)a+bicidigr3+gc+2d_€d =

0 0

_ }F(%er)F(2+c+df%)I‘(1—a7b+%)
8T (3 +4) FB—a—b+c+d

, 204+2b—2<e <4+ 2c+ 2d.

Thus, we have shown that the integrals in inequalities (47) — (48) are bounded; the integrals satisfy the
inequalities
lim |I3 (330 Yo, 20 t0)| < FeCs
Ro—00 T R’
where €3, ¢; are constants. Inequalities (51) and (54) show that solution (27) at Ry — oo tends to zero.
Thereby, condition (18) of Problem N D is satisfied. In this connection, solution (27) of Problem N Dy satisfies
all conditions of Problem N Ds.

lim |I4 (m07y07207t0)‘ <o (54)
Rp—o0

Conclusions

We have proved the following theorem.

Theorem 2. Let conditions (19) — (22) be satisfied, then a regular solution to problem N Dy (13), (14) — (18)
exists and is expressed by formula (27).

In four-dimensional space in an infinite domain for the degenerate elliptic Gellerstedt equation, the problem
N D5 with two Neumann boundary conditions and with two Dirichlet conditions is solved. The solution is written
explicitly. The uniqueness and existence of a solution to the equation are proved.
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A.C. Bepapmes'?, A.P. Prickan!?

1 . .
Abati amwvindazor Kasax yammuk nedazozukasvk yrusepcumems, Aamamol, Kazaxcman;
2 Agnapamimos srcone ecenmeyius MeTHoA0ZUAMD UHCTRUMYMb, Aamamel, Kasaxcman

Tept enmemai I'ensiepcTeaT TeHaeyi yImiH IMeTTIK ecen

Maxkamnaga Teprt aitubimasnsl lemmepcrent teraey yurin Heiiman xone lupuxite maprrapbl 6ap merTik
ecenTiH, mremnriyi 3eprresared. Ecen memnmiMigiy >KaarbI3/IbIFBIH JIRJIEJIJIeY VIIIH SHEPIrUs WHTErpPaJjIbl 9Iici
KoJiianblirad. CoOHBIMEH Karap, HIelriMinig 6ap 60JIybIHA IUIIEPreOMeTPUsIIBIK, (DYHKIHAIapAbl quddepen-
nuanusiay, aBrorpancdopManusiay KoHe Kikrey dopmynanaps nainasansuiran. Hlemiv aiikpin Typae
aJbpIHFaH 2koHe Jlaypudesa runepreoMeTpusiIbIK, OYHKIUATIAPbIMEH ODHEKTE/ITEH.

Kiam cesdep: Tesuepcrent tenueyi, apasac maprrapbl 6ap IeTTik ecern, (pyHIaMeHTaJbIl memnim, Jlay-
prvesia THIePreOMeTPUsIIBIK, (DYHKIUSICHL.

A.C. Bepapmmes?, A.P. Prickan'?

! Kazaxcruii nayuonaroroul nedazozudeckuti ynusepcumem ument Abas, Aamamo, Kazaxeman;
2 Mnemumym ungopmayuonnss u suwuciumensios mexnosozuti MOH PK, Aamamo, Kazaxcman

KpaeBast 3aj1a1a aj1s dYeTbIpexMepHOro ypaBHenus l'esiepcreara

B crarpe nccnenosana pa3pemmMocThb 3a1a4u ¢ KpaeBbIMu yeiosusaMu Heiimana n JIupuxiie s ypaBHEHN
T'ennepcrenra ot yeTnIpex nepeMeHHBIX. B X0/1e qOKa3aTe/IbCTBA € JUHCTBEHHOCTH PEIICHUS 3a1a1 TIPUMEH-
€H METOJ MHTerpaJjia SHEPruu, KPOMe TOrO, CYIIECTBOBAHUM PEIIEHUs] B 33/a4Yi HMCIOJb30BAHBI (DOPMYJIBI
nuddepeHnInpoBaHusi, aBTOTPAHC(hOPMAIUN, PA3JIOyKEeHUs TuliepreoMerpudeckux ¢pynkimit. Pemrenne mo-
JIY9E€HO B SIBHOM BHJIE€ W BBIPAXKEHO TMIIEPreOMETPUIECKUMU (DyHKIUsIME Jlaypuaesiib.

Kmoueswie crosa: ypasuenue l'esutepcrenra, KpaeBas 3a/1a9a CO CMEIIAHHBIMUA YCIOBUSIMU, (DYHIAMEHTATb-
HOE pelllenne, TuiepreoMeTpudeckas QyHKIus Jlaypudesin.
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