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The embedding theorems for anisotropic Nikol’skii-Besov
spaces with generalized mixed smoothness

The theory of embedding of spaces of differentiable functions studies the important relations of differential
(smoothness) properties of functions in various metrics and has a wide application in the theory of boundary
value problems of mathematical physics, approximation theory, and other fields of mathematics. In this
article, we prove the embedding theorems for anisotropic spaces Nikol’skii-Besov with a generalized mixed
smoothness and mixed metric, and anisotropic Lorentz spaces. The proofs of the obtained results are based
on the inequality of different metrics for trigonometric polynomials in Lebesgue spaces with mixed metrics
and interpolation properties of the corresponding spaces.
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Introduction

One of the first results related to the theory of embedding spaces of differentiable functions belongs to
S.L. Sobolev [1]. This theory studies important relations of differential (smoothness) properties of functions in
various metrics. Further, the development of this theory is associated with new classes of function spaces defined
and studied in the works of S.M. Nikol’skii [2, 3], O.V. Besov [4, 5], P.I. Lizorkin [6], H. Triebel |7, 8], and many
others. The development of this research was determined both by its internal problems and by its applications
in the theory of boundary value problems of mathematical physics and approximation theory (see, for example,
[9-14]).

In this paper, embedding theorems for spaces with generalized mixed smoothness and with mixed metrics
and anisotropic Lorentz spaces are obtained. The proofs of the achieved results are based on the inequalities of
different metrics for trigonometric polynomials and interpolation theorems from the works of E.D. Nursultanov
[15] and the authors [16].

1 Definitions and auziliary results

Let d = (dy,...,d,) € N*, T4 = {x = (x1,...,%,) :x; € T% = [0,2m)%,i = 1,...,n} and
f(x) = f(x1,...,%,) be measurable function on T4.

Let 1 <p=(p1,...,pn) < co. We say that the function f belongs to the Lebesgue space with mixed metric
Ly (T9) if

1/pn

pz/pl pn/pn—l
£l (ray = /Td ...(/Td |f(x1,...,xn|p1dx1> dxy, < 00.
n 1

1/pi
|f(xi)|" dxi> means that ess sup | f(x;)].

In a case when p; = 0o the expression ( /
T x; €T

d;
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Let us denote by

Z ak6i<k,x>d

kep(s)

the trigonometric series of f ~ >, c/a are'¥*a, where ( Z Z kix 1- is the (modified) inner product,
=1 j=1
p(s) = {k = (kyi,...,k,) € 24 : [2571] < max |k1| < 2%.4=1,...,n} and [a] is the integer part of the
=

.....

number a.

Let a = (a1,...,a,) ER", 1 <q=(q1,...,9n) <occand 1 <p = (p1,...,Pn) < 0

The anisotropic Nikol’skii-Besov space with generalized mixed smoothness and mixed metric ng(Td) is a
set of the series f ~ ZkeZd axe’®%)a such that

Hf”ng(Td) = H{2(Q’S)||As(f)||Lp(Td)}qu < 00,

n
where (a,s) = Z%‘Si is the inner product and ||| I, is the norm of a discrete Lebesgue space with mixed

i=1
metric lq.

Here B39(T4) is a version of spaces, which was introduced and studied in [15].

Remark 1. The anisotropic Nikol’skii-Besov space with generalized mixed smoothness B39(T¢) mentioned
above is a hybrid structure of Nikol’skii-Besov space (concerning variables included in one multi-variable) [2, 4]
and spaces with dominant mixed derivative (concerning variables included in different multi-variables) [17, 18].
In the isotropic case, when p and ¢ are scalars, analogs of these spaces were studied by D.B. Bazarkhanov [19].

Below we define an anisotropic interpolation method (see [20]) and interpolation theorems for Lebesgue
spaces with mixed metric and anisotropic Nikol’skii-Besov spaces with generalized mixed smoothness.

Let E = {e = (e1,...,6n) : & =0o0r g = 1,i = 1,...,n} be vertices of the n-dimensional unit cube in
R™ A = {A.}ccr be compatible family of Banach spaces (this means that they are all embedded in a linear

Hausdorff space). Let us define functional for a € 3 ., A

K(t’a5A) Zt ||a’5||A57

EEE Qe

here ¢ =5 - ... - t5n.
Moreover, for 0 < 0 = (91, b)) <1,0<r = (r1,...,m) < 00, we denote by Ag, = (Ac;e € E)gy the
linear subset of the set ) _. . A, such that
||G’HA0r =

1/rn

- - a7\
= / t;e" e / (tfglK(t, a; A)) =t e — < 0.
0 0 31 tn

Lemma 1 ([20]). Let 0 < 6 < 1,0 <r < 00, A = {A:}ccp, B = {B:}:cg be two compatible families of
Banach spaces. If there exist two vectors Mg = (M?,..., M%), My = (M{,...,M}) with positive components
such that for the linear operator T' the following mapping holds

T:A. - B,

with the norm estimation C. H M;" for every € € E, then
i=1

T: A@r — B@,ﬁ

n
. 0 1-6; 1 0;
with the norm ||T||a,, 5B, < max C. 1_[1 (M) (MH)™.
i
Let the multi-indices p = (p1,...,pn), r = (r1,...,7,) be such that if 1 < p; < oo, then 1 <r; < oo, and if
p; =00, then r; =oco (i=1,...,n).
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The anisotropic Lorentz space Lp,(T9) (see [15]) is a set of functions such that

112 pe ey =
1/rn
Tn/Tn—1
(2m)n (2m) wodt )" dt
- / th/pn / (t}/plf*lv---’*n (t1,... ,tn)) = — < o0,

0 0 ty tn
where f*(t) = f*t*n(¢1,...,t,) is repeated non-increasing rearrangement of a function f(x) = f(x1,...,Xn)-
In what follows by f*(t) = f*>~+*n(¢1,...,t,) we mean the non-increasing rearrangement first with respect to

x; with fixed xs,...,%, and then with respect to x5 with fixed other (multi)variables and so on.

Let us denote b. = (b7',...,b5") for multi-indices by = (b9, ..., B%), by = (b}, ..., bl) and

e=(e1,...,en) € E.

Lemma 2 ([15]). Let 1 < po = (»},...,0%) < p1 = (p},...,pL) < co. Then for 0 < 6 = (0y,...,0,) < 1
and 1 <r=(ry,...,r,) <00

(Lpe (Th);e € E)er = Lpr(Td)a

where 1/p = (1 —0)/po + 6/p1.-

Lemma 8 ([16]). Let 1 < p = (p1,--.,pn) < 00, —0 < apg = (a?,...,a0) < a1 = (ai,..., «
1<qo=(¢,...,¢°),a1 = (¢f,--.,q) < o0, € = (€1,...,&,) € E. Then for 0 < 0§ = (01,...,0,)
1<q=(q1,---,qn) <0

) < oo,
< 1 and

(Bg=%=(T9);¢ € E), = Ba4(TY),

0q
here a = (1 — §)ag + Oy

2 Embedding theorems for anisotropic Nikol’skii-Besov spaces with generalized mized smoothness

In this section, the limit embedding theorems for different metrics for anisotropic Nikol’skii-Besov spaces
with generalized mixed smoothness and anisotropic Lorentz spaces are proved.

Lemma 4 (Inequality of different metrics [2]). Let Ts(x) be trigonometric polynomial with the order no more
than s = (s{,..., s} ;...;87, ..., s ) by multi-variable x = (z1,..., 2} ;...;2%,...,2% ). Then for 1 < p; =
= (p%vvp;,)g P2 = (p%77p727,) <0

d;
iN1/pi—1/p}
Il ey <€ IT TLGH ™ I, cray »

{i:pj<p?}i=1

where C' is the positive constant which does not depend on s.
Theorem 1. Let —o0 < ag = (af,...,ad) < a1 = (a},...,«
1<po= Y} ...,p0),p1=(pl,...,p.) < co. Then the embedding

711) < 00, 1 < q = (qla“-aQn) < oo and

feY d « d
B219(T) s Bood(Td)

holds for ag — d/po = a1 — d/p1.
Proof. Let f € Bgllq(Td), then, according to the inequality of different metrics (Lemma 4), we obtain

£ lsggaczay = [[{2 2186 (N)rppre ], <
q
<0y H{2<°‘°+d(1“’1*”"°)’5>HAs(f)IILp1 (Td)}Hz -

= 1 |[{2 APy ], = CLllfImggaaay
q

This completes the proof.
Theorem 2. Let 1 < p = (p1,...,pn) <4 = (q1,---,qn) < o0 and 1 < 7 = (71,...,7,) < oco. Then the
embedding
BST(TY) < Lgr (T4)

holds for a = (1/p — 1/q)d.
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Proof. According to the Minkowski inequality and the inequality of different metrics (Lemma 4), we receive

3o

<

Lq(T4)

1/l gray =

< Z [AK(NlLgray < ZQ W=D A (), (zay = 1 B2 7y,
k=0

where a = (1/p—1/q)d
Therefore, for « = (1/p — 1/q) d we get

BSH(TY) — Lg(TY).

~ Let us fix p= (p1,...,pn) and let us choose a; = (of,...,a}) and q; = (gi,...,q},) such that
a; = (1/pj — 1/q;-) dj,i=0,1,7=1,...,n Then for every e € E we have

BSH(TY) = Lq (T9).
According to Lemma 2 and Lemma 3, we obtain
(BgsH(TY);e € E), = (Lq.x(TY);e € E),.

or
BST(TY) < Lqr (TY),
where oo = (1 — 0)oyy+0a1, 1/q =(1 — 0)/qo+0/q;.
Let us check the relationship between the parameters «, p and q

=(1—-0)ap+0a;=01-60)(1/p—1/q)d+6(1/p—1/q)d =

=((1-0)/p+0/p)d—((1-0)qo+0/q1)d = (1/p—-1/q)d

The proof is complete.
Theorem 3. Let 1 < q = (q1,---,qn) <P = (p1,..-,Pn) < o0 and 1 < 7 = (71,...,7,) < oco. Then the
embedding
Lqr (T) < BS7(T4)

holds for a = (1/p — 1/q)d.
Proof. According to the inequality of different metrics (Lemma 4) and M. Riesz’s theorem on the boundedness
of parallelepiped partial sums, we obtain

||fHBg°°(Td) = i‘i{’)Q(a’k) ||Ak(f)||Lp(']I‘d) <

<C IS{I;I()) 2let/a-1/p)d k) ”Ak(f)”Lq(Td) =0 IS{I;I()) ”Ak(f)”Lq(’]I‘d) <y ”f”Lq(']I‘d) )

since a« = (1/p —1/q)d
Thus, for « = (1/p — 1/q) d we have

Lqg(TY) = B&>=(TY).

~ Let us fix p = (p1,...,pn) and let us choose parameters «; = (af,...,al) and q; = (¢i,...,q") such that
a; = (1/pj — l/q;-) dj,i=0,1,7=1,...,n. Then for every € € I we receive

Lq. (T%) < Bg=>*(T9).
According to Lemma 2 and Lemma 3 we obtain

(Lq.(TY);e € ), — (Bg=>(T%);c € E),,_
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or
Lqr(T%) < Bp™(T),

where a = (1 — §)ay+0ai, 1/q =(1 — 0)/qo+0/q:.
Let us check the relationship between the parameters «, p and q

a=(1-0)ay+ba;1=(1-0)(1/p—1/qo)d+0(1/p—1/q1)d =

=((1-0)/p+0/p)d—((1-0)/qo+0/aq1)d = (1/p—-1/q)d.

The proof is complete.

Remark 2. 1) It is possible to show that the conditions of Theorems 1 — 3 are unimprovable. The proof of
these facts can be carried out by analogy with the corresponding proof from the paper [21].

2) Inacase whend = (1,..., 1) the results of Theorems 1 — 3 were announced in the paper by E.D. Nursultanov
[15].
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LM.B. JTomorocos amwimdazo, Mackey memaexemmir yHusepcumemi,
Kasaxeman guauanv, Hyp-Cyaman, Kazaxcman;
2 Axademux E.A. Boxemos amuvmodaew, Kapazandv ynusepcumemi, Kapazandw, Kazaxcman
) ol

2KajympliaaraH apaJiac Tericrijairi 6ap HukoJsbcknii-BecoBThIH,
AHN30TPOIIThI KEHICTIKTEPi YIIIH €Hri3y TeopeMaJiapbl

Huddepennmnanmanarbia QYHKIUIIAP KEHICTIKTEPIHIH €HTi3y TEOPHUsICHI 9PTYPJIi METPUKAIAPIAFEl (DYHK-
usapapy, muddepeHnuanapk, (TericTliKTiK) KacueTTepiniy MaHbI3/bl 6AlIaHBICTAPbl MEH KATBIHACTA-
PBIH 3eprTeiiai. MareMaTuKaabIK PU3NKAHBIH IIEKTIK €CEIITED TEOPUICHIHIA, XKYBIKTay TEOPHUICHIH/IA YKOHE
MaTeMaTHUKAHBIH 0Oacka Ja cajajiapblHa KEeHIHeH KOJIIaHbICKa me. Makasiajga >KajlblJIaHFaH apajac Te-
ricrimiri xkone apasac merpukacsl 6ap Hukonbckuii-BecoBroiy annzorponTs! KeHicTikTepi yirin xkoue Jlo-
PEHIITIH aHU30TPOIITH KEHICTIKTEDPI YIIH €HIi3y TeopeMaJiaphl JIoJIesIereH. AJIbIHFaH HOTHKEIEP/IiH JoJIelI-
JIeynepi apasiac Merpukachkl 6ap Jleber KeHiCTIKTEpiH/IETI TPUTOHOMETPHUSIIBIK, TOJTUHOMIAD YIMIH 9PTYpPJIi
MeTPUKAJIAD TEHCI3/IIKTEPIH 2KOHE CofiKeC KEHICTIKTEeP/IiH, MHTEPIIOISIUSIIBIK KACHETTEPIH KOJIIaHyFa Heri3-
JIeJITEH.

Kiam cesdep: Jlopennrin aHuzoTponTsl KeHicrikrepi, Hukoabckuit-BecoBTbIH aHM30TPONTEI KEHICTIKTEPI,
JKAJIIBIJIAHFAH apaJiac TericTiIiK, apajac MeTpuKa, eHri3y TeopeMaJiaphl.

K.A. Bekmaranteros!, K.E. Kepsenes?, E. Toneyrasnr!

! Mockoscxuti zocydapemeenmonti ynusepcumem umenu M.B. Jlomonomosa
t
Kasaxcmancxuti guauan, Hyp-Cyaman, Kasaxcman;
2 o
Kapazandurckuti ynusepcumem umenu axademuxa FE.A. Bykemosa, Kapazanda, Kazaxcman

Teopembl BJIOXKeHUA AJsI AaHU30TPOITHBIX MPOCTPAHCTB
Hukoabckoro—becoBa ¢ 0000111eHHOII cMenIaHHOii I'JIaIKOCTBHIO

Teopusi BIOzKEHUsT TPOCTPAHCTB AU MDEPEHIIUPYEMBIX (DYHKIUN U3ydaeT BayKHBIE CBSI3U W COOTHOIIEHUST
nuddepenrmanbubIx (MIaIKOCTHBIX) CBOMCTB (DYHKIUI B PA3JNIHBIX METPUKAX W UMEET IMUPOKOE TIPUME-
HEHHUE B TEOPUU KPAEBbIX 3a/[a4 MATEMaTUIECKOM (DU3NKU, TEOPUM IPUOJIMKEHU U IPYIUX PA3/IeIaX MaTe-
MaTHKHU. B cTarhe aBTOpaMu JTOKa3aHbI TEOPEMBI BJIOYKEHUSI /711 AaHU30TPOITHBIX TPOCTPaHCcTB HuKoIbCKOro—
BecoBa ¢ 006001menH0# cMemaHHON TUIAIKOCTHIO, CO CMEIIAHHON METPHUKON M /I aHU30TPOITHBIX MPOCT-
paucrs Jlopenna. /loka3areabcTBa IOJMYyYEHHBIX PE3YJILTATOB OCHOBAHBI HA MCIIOJIL30BAHUM HEPABEHCTBA
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34

Pa3HBIX METPUK JJIs TPUIOHOMETPUUECKUX IOJTUHOMOB B IIpOCTpaHCcTBax Jlebera co cMemranHO# METPUKOM
U UHTEPIOJISIINOHHBIX CBOMCTBAX COOTBETCTBYIOIINX ITPOCTPAHCTB.

Karouesvie crosa: aHU30TPONHBIE NIPOCTPAHCTBa JIopeHIa, aHM30TponHbIEe mpocTpaHcTBa Hukoabckoro—
Becosa, 06obIenHast cMeranHasi TJIaJKOCTh, CMeIIaHHAs METPUKA, TEOPEMBI BJIOXKEHUSI.
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