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Partial best approximations and the absolute
Cesaro summability of multiple Fourier series

The article is devoted to the problem of absolute Cesaro summability of multiple trigonometric Fourier
series. Taking a central place in the theory of Fourier series this problem was developed quite widely in the
one-dimensional case and the fundamental results of this theory are set forth in the famous monographs by
N.K. Bari, A. Zigmund, R. Edwards, B.S. Kashin and A.A. Saakyan [1-4]. In the case of multiple series, the
corresponding theory is not well developed. The multidimensional case has own specifics and the analogy
with the one-dimensional case does not always be unambiguous and obvious. In this article, we obtain
sufficient conditions for the absolute summability of multiple Fourier series of the function f € Lq(Is) in
terms of partial best approximations of this function. Four theorems are proved and four different sufficient
conditions for the |C;S|x-summability of the Fourier series of the function f are obtained. In the first
theorem, a sufficient condition for the absolute |C; 3|- summability of the Fourier series of the function f
is obtained in terms of the partial best approximation of this function which consists of s conditions, in the
case when 81 = ... = 85 = L. Other sufficient conditions are obtained for double Fourier series. Sufficient
conditions for the |C; f1; BQTA—summability of the Fourier series of the function f € L,(I2) are obtained in
the cases 31 = %, 1< f2< % (in the second theorem), % < B < +o0, B2 = % (in the third theorem),
-1<pi < %, % < B2 < 400 (in the fourth theorem).

Keywords: trigonometric series, Fourier series, Lebesgue space, partial best approximation of a function,
absolute summability of the series.

Introduction

Let R® be a s-dimensional Euclidean space of points I = (x1,x2,...,zs) with real coordinates;
I;={ze€R°:0<z; <2m, j=1,2,..,s}is a s-dimensional cube.
cosnr, =1
We put v;(nx) =< T "
sinnx, =2
We will consider the following multiple series

> Ba(@) =Y ...> B, . (x1,...7,), (1)
n>1 ni=1 ng=1

where n > & = (aq, ..., a5) means n; > «a; for all j =1,2,...,s;

AP = EHOE2).

Assume that ),ﬂ € R, where n is natural number.

The sum
_ S -1
_ —1 . _
@)= 3 TTA05) (4%)) B
1<k<nj=1

is called (C; ) = (C; B4, ..., Bs) average of the series (1).
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For a given number b5 we define the mixed difference as follows:
S— i €4
Aby = Z (1) = bp1ge
0<e<1

Here € = (g1, ...,€5). The series (1) is called ’C; B|)\ - summable (or absolutely Cesaro summable), A > 1, at the
point Z € I, if [5]:

‘AU(B) )‘ -Hn)-‘fl < 4o0.

Further, we put p; =

By L4(Is) we denote the ;pzlce of all Lebesgue measurable, 2m-periodic in each variable functions f(z), for
which )
q

1lla = /If(fc)\qdi“ <400, 1<q< oo

Let
Eni o, (flg = inf ||f() Ty Ol

Tny,

be the full best approximation [6] of the function f by trigonometric polynomials of order not exceeding n;
in variables x;(j = 1,..,s). Let us also consider the partial best approximation of the function f which is
determined by the formula [6]:

B (f)g = f [ £(21, s 0) = Talan, oo i1, (25), g1, s 28)

where T, (21, ..., 2j—1, (%), Zj4+1, ..., Ts) is a trigonometric polynomial in the variable x; of order not exceeding
n with coefficients from the space L, (Is_1).
It is known that [6; 44]:

By (g SC-Y ED (f)g, 1< q< 00,

Conditions for the absolute summability of series (1) in the case A =1, s = 2,0 < ; < %, j =1,2 were
investigated by I.LE. Zhak and M.F. Timan [7], and the questions of |C; 3|» summability of the Fourier series of
the function f € Lo(Is) were studied by Yu.A. Ponomarenko, M.F. Timan [5], and in the one-dimensional case
these questions were studied by I. Szalay [8]. Questions of the absolute summability of multiple trigonometric
series were also investigated in [9-18].

Results

Theorem 1. Let 1 < ¢<2,1<\A<gq, 51 = —65—%, —&-%—1 If feLy(Is) and

1

a
201y )% () . .

Zn (Inn)e (En)oo(f)q) <400, j=1,..,s,

then the Fourier series of the function f € L,(I;) will be |C; 3|, -summable almost everywhere on Is.
Proof. We prove the theorem for s = 2 (the methods are similar for the higher dimensions). In [9] it was
proved that if 1 < ¢<2,1<)A<q, 1 =2 = —,, §+ L =1 and

gni+1 gna+1 q

Z Z Z Z pzle -In kl In kQ < 400,

n1=0ns=0 k1=2"1+41 ko=2"2+41

then a double series of the form (1) will be |C; 81; 2] x-summable almost everywhere on Io.

Mathematics series. Ne 3(103)/2021 5



S. Bitimkhan, D.T. Alibieva

Let’s estimate the last series. For this we use the following inequality

gni+1 gna+l

Z Z Z Z pzlk’Z ~Inky In ko
n1=0

=0no=0 \ k1=2"1+1 ko=2"2+1

Q>

IA

n1 gn1+1 gna+1

o
< Z Z Z Ph,  Ikilnky |+
n1=0

no=0 \ ky1=2"1+41ko=2m2+41

Q>

A
00 na on1+1 ona+l q
q
+ E E E E Pryk, - mk1Inks | . (2)
ne=0n1=0 \ k1=2"1+1 ko=272+1

1

To estimate the first term, we apply Holder’s inequalities to the sum over ny for § = £, % + 7 = 1. We get

gn1+1 gna+1 a

Z Z Z Z pzl’% “Inky Inky <

n1=0n2=0 \ k;=2"1+1 ko=2"2 41

o n oni+1 gna+1 %
<C- Z 2n1(2—q)%(n1 + 1)§ . Z 2n2(2—q)%(n2 + 1)% Z Z (k1ko)? lekQ <
n1=0 nz=0

k1=2"1+41 ko=2m2+1

1

ni 9/ o7
o E st (5 et )

T’LQZO

n gn1+1 gna+1

X Z Z Z kle q kalkz

no=0k;=2"14+1 ko=2"2+1

A
q

=X
< C - Z 2711(2*!1)%(”1 + 1)% . (Z 2112(2*‘1),;7%(”2 + 1)q>\)\> X

n1=0 no=0

gni+l  gni+l
-2
X Z Z (k1k2)q pzlkZ : (3)
k1=2"1+41 ko=2
Now let’s estimate the following sum:

Q>

1

ni
>0 2T (ny + )T < (g + )T Y7 2mET0T < Oy 4 DTS,
n270

na =0

Using this inequality from (3), we obtain

oni+1 gna+l

oo ni
501 Y Y d, Wkilk| <

n1=0n2=0 \ k1=271+41ky=272+1

Q>

0o 2n1+1 2n1+1
—q)2 A —
<O YO )% | YT (ka)T 2,

n1=0 k1=271+1 ko=2

Q[

It is similarly proved

oni+1 gna+l

oo no
S0 Y Y d, kilk | <

na=0n1=0 \ k1=271+1ky=272+1

Q>
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o) 2n2+1 2n2+1 %
_g)2 2 _
SO PRI P | Y Y (kak) T,
no=0 k1=2"2+41 ko=2
Taking into account the last two inequalities from (2), we obtain
A
00 0o 2n1+1 2n2+1 q
SY (XY s mkk) <
n1=0n2=0 k1=2"1+41 ko=2"2+1
0 on+l  gn+l %
2n(2—q) 2 22 -2
<O )P [ >0 N (kiko) 0, | (4)
n=0 k1=1ko=2"+1

Further, applying the Hardy-Littlewood theorem [19] and using the monotonicity of the logarithmic function
and the best approximation from (4), we have

2
on1+1 gna2+1 q

Z Z Z Z pzlkz -In k’l In kg <

n1=0n2=0 \ k1=2"1+1ky=2"2+41

< C - Z 22n(2—q)%(n + 1)2%

n=0

: Eé\z (flg<C- El)\,l(f)q +C- EQ)\,Q(]C)(I+
e 2 2 2"

+C- @M i~ 1) B pn(f)g Y
n=2

m:27z—1+1

[ee] NN n
<CEN(£)g+CEYy(f)g+C D om0 Inm)

m=3

1<

: E?i\l,m(f)q
The theorem is proved.
Theorem 2. Let1<q§2,1§)\§q,ﬁ1:$

, 1< By < &y o+ =1 If f € Ly(I2) and

n,00

(o)

_ A
2 :n%(qu(lJr,é’z))fl(lnn)% (E(J) (f)q) < +oo, j=1,2,
n=3

then the Fourier series of function f € Ly(I2) will be |C; B1; f2]x -summable almost everywhere on Is.
Proof. Since 1 < ¢ <2,1<A<q, A

&y —1 < Ba < g, + 4 & =1, then for |C; B1; fo[s- summability
almost everywhere on I, of a double series of the form (1) is sufficient that [12]

00 0o oni+1 ona+1 q

Z Z Z Z lekz -Ink; - ]4‘21(1—32)—1

< +00.
n1=0n2=0 \ k1=2"1+1ko=2"2+1

It is known that

[ V)
3
S
+
-
[ V)
3
©
T
AN
Q>

gni+1 gna+1

< i i Z Z lelm “In kl ’ kg(liﬁﬂil +

n1=0n2=0 \ k1=271+1 ko=272-+1

Q>

A
o o on1+1 gna+1 n
q(1—B2)—1
ST Y e o
np=0n1=0 \ ky=271+1ky=272+1
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Let us estimate the first term. To do this, we apply Holder’s inequalities to the sum over ny for 6 = ¥,

% Gi—l We get

Q>

gn1+1 gna+1

i i Z Z lekz nky - kg(l_ﬁ2)_1 <

n1=0n2=0 \ k;1=2"1+1 ko=2m2+41

Q>

o ny 2n1tl gnatl
) —q)2 A , — A
<C- Z g (2—q)% (nl + 1) <. Z 2rL2(1 aB2)% Z Z k1k2 /’Zlkz <
n1=0 no=0 k1=2"1+41 ko=2m2+41

Q>

gni+l  gni+l

= — A A
<(C- Z 2n1(3 q(1+52))q(n1+1)q Z Z k1k2 q— 2pk1k2

n1=0 =2"141 ko=2

For the second term (5), we similarly obtain

Q>

no gn1+1 gna+1

SY(T O g <

na=0n1=0 \k1=2"1+41 ko=2"2+1

50 gna+l  gna+l q
3—q(1 2 2 -2
<O Y 2O S )T (ST Y (k) 2,
no=0 ko=2"1+41 k;=2
Therefore N
gn1+l ona+1 a

n1=0mn2=0 \ k;=271+1ky=272-+1

gn+1l  gn+l q

<O )T | ST S (k) ey, | (6)

n=0 ko=2"41k1=2

Now, applying the Hardy-Littlewood theorem [19] and using the monotonicity of the logarithmic function
and the best approximation from (6), we obtain

gn1+1 gna+1 q

n1=0n2=0 \ k1 =2"1+41ko=2"2+1

A A
< C'EI\,1(f)q+C'E22 «+C Z m/s (3-al+52))= 1(lnm)q 'Efq\z,m(f)q-

The theorem is proved.
Theorem 3. Let 1 < ¢ < 2, 1<)\<q,—<ﬁl<+oo Ba = %,% %*1Iff€L( 2) and

St (B (1) < a3 12

then the Fourier series of function f € Lq(I2) will be |C; B1; Bg| A -summable almost everywhere on I5.
Proof. Tt was proved in [12] that, 1f1<q<2 1<A<gq, —<61<—|—oo By = i,, %—i—%:land

gn1+1 gna+1 q

X2l X X Ak <4

n1=0mn2=0 \ k;=2"1+1 ko=2"2 41

then a double series of the form (1) is |C; B1; B2|x- summable almost everywhere on Is.
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Similarly to the previous theorem, we obtain

Q>

gni+1 gna+1

Z Z Z Z pzlk2 “Inky <

n1=0n2=0 \ k;=2"1+41 ko=2"241

o on+1 on+1 q
<O YD nT | 3 Y (kak) 0,
n=0 ko=2741 k1=2

Hence, applying the Hardy-Littlewood theorem [19] and using the monotonicity of the logarithmic function
and the best approximation, we have:

gn1+1 gna+1 q

Z Z Z Z pzlk2 “In ks <

n1=0n2=0 \ k;=2"1+41ko=2"2+1

N 2a(gg) 2
<C- EI\,l(f)q +C- E2)\,2(f)q +C Z me 79 1(lnm) 4 E;?\z,m,(f)‘I'
m=3
The theorem is proved.

Theorem 4. Let 1 < q<2,1<A<q, =1 <1 < 7, 5 < o < +00, ¢ + & = 1. If f € Ly(I) and

> . , A
> ontCma It (BO) (£),)" < 40, G =12,
n=2

then the Fourier series of function f € Lq(I2) will be |C; 81; f2]x -summable almost everywhere on Is.

Proof.Itwasprovedin[H]that,if1<q§2,1§)\§q,—1<ﬁ1<$,$<ﬁ2<+oo,$+$zland

A
gn1+1 gna+1 q

Z Z Z Z lekg ,k1Q(1*ﬂ1)*1 < 400,

n1=0n2=0 \ k;=2"1+41 ko=2m2+41

then a double series of the form (1) is |C; 81; f2|x-summable almost everywhere on Is.
For the last converging series, similarly to Theorem 2, we obtain

o) o) on1+1 gna2+1 q

Z Z Z Z pZﬂcz ’ qu(l_ﬁl)_l <

n1=0ny=0 \ k3=271+41ky=272+1

2n+1 2n+1 q

(3 2 _
<C- ZQ (B=q(1+p1)) 7 . Z Z(klkz)q QpZZﬂCz
n=0

ko=2"+1k,=2

Hence, applying the Hardy-Littlewood theorem [19] and the monotonicity of the best approximation, we
have:

2n1+1 2712+1 q

Z Z Z Z lekz ,qu(l—ﬁl)—l <

n1=0n2=0 \k1=2"1+1ko=2"2+1

<O BN (f)g+C Y maGab-1. g (f),.
m=2

The theorem is proved.
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Axademur E.A. Boxemos amuwvindazv. Kapazandv yrusepcumemi, Kapazanow, Kaszaxcman

Jlepbec eH »KaKChI >KYyBIKTayJ1ap >koHe ecelli Pypbe KaTapbIHbIH,
abCOJIIOTTI Ye3apOoJIbIK, KOCHIH/IbLJIAHY bl

Maxkasa ecesni Tpuronomerpusiibik @ypbe KaTapbiHbIH e3apo GoiibiHITA aOCOMIOTTI KOCBHIHABLIAHY CYypa-
reiHa apHasraH. Pypbe Karapapbl TEOPHSCHIHIA epeKille OpHbl bap Oysi cypak Oip esmemai karmaiiia

JKETKITIKTI KeH 3epTTeJireH xKoHe 6yJ1 TeopusiabiH, ipresi mormkenepi H.K. Bapu, A. 3urmyna, P. 9asapc,
B.C. Kamun xone A.A. Caaksuuby [1-4] Gesnrini monorpadwmsmapega kenaripiaren. Ecemi karapsap
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JKaFafiblHa COMKeC TeopHhsi COHINAJBIKTHI KYIIITI KacajMaraH. Fceml Kapmali/iblH €3 epekiensikTepi 6ap
JKoHe Oip eJimem i »KargaiiMeH YKCACTBIK, OpKalllaH OIpMoHJII eMec »KoHe alKbIH Oosa Gepmeiimi. Maka-
aana f € Lg(Is) dysxuusacoby ecesni Pypbe KaTapbHBIH abCOMIOTTI KOCHIHBLIAHYBIHBIH, *KEeTKITIKTI
MAapTTapbl OChl (PYHKIMSHBIH, Aepbec eH 2KaKChl KYBIKTayIapbl TiTiHIe aJbiHFaH. TepT Teopema JoJiesiie-
win, f € Lq(Is) dbyuxnuscomby ®ypbe katapsmbid, |C; B|n KOCBIHABLIAHYBIHBIH 9PTYPJI TOPT JKeTKimTKTi
mapTsl HakThIanraH. Bipinmi Teopemana f € Lq(ls) dyukuusceinbiy Pypbe Karapbiubiy |C B |» KOCBIH-
JBLIAHYBI OChI (DYHKITUSHBIH 1epOec €H YKAKChI KYBIKTAyIapbl TUTIHAEr § MAapTTaH TYPATHIH KETKITIKTI
maprel f1 = ... = B = % KargailblHga ajblHFaH. Backa »KeTKigiKTi maprrap eki ecesii @ypbe KaTapaapbl
yiuin ansiEabl. f € Lq(I2) dyukuusceinbiy @ypoe Karapbably |C B1; 82|y KOCBIHIBIIAHY MAPTTAPHI MBIHA
Kargaiiapaa agbiaael: f1 = %, -1 < B < % (exinmmii Teopemana), % < B1 < 4o0, B2 = % (yrmiammi
Teopemana), —1 < f1 < %, % < f2 < +00 (Teprinmi TeopeMasa).

Kiam cesdep: Tpuronomerpusiiibik, Karap, @ypbe Karapsol, Jleber kenicriri, GyHKIUIHBIH, AepOec eH *KaKChI
JKYBIKTaybl, KATAP/IBIH a0COJIOTTI KOCHIHIBIIAHYBI.

C. burumxan, JI.T. Anubuesa

Kapazandunckutl ynusepcumem umeny axademura E.A. Byxemosa, Kapazanda, Kasaxcman

YacTHble HaMJIydnIme OpubanKeHnsd u adCoTIOTHAs
9e3apOBCKas CyMMUPYEMOCTh KPaTHBIX psaaoB Pypbe

CraThs TIOCBAIIEHA BOIPOCY abCOMIOTHON CyMMUPYeMOCTH Mo Je3apo KpaTHBIX TPUTOHOMETPUIECKUX Psi-
jioB @yphe. DTOT BONPOC, 3aHUMAasl IIEHTPAIBLHOE MECTO B TeopuH psijioB Pypbe, B OJHOMEPHOM CJIydae
paspaboTaH JOCTATOYHO MHMPOKO M (DyHIAMEHTAIbHBIE PE3YIbTATHI ITOH TEOPUH M3JIOKEHBI B U3BECTHDBIX
monorpaduax H.K. Bapu, A. Burmynna, P. Dasapaca, B.C. Kamuna n A.A. Caaksana [1-4]. B caygae kpa-
THBIX PsiJIOB COOTBETCTBYIOIAsi TeOpUsl pazpaboTaHa He CTOJb CUIBLHO. MHOrOMepHBIii ciiydail umeer CBOIO
cnenuduKy, 1 aHAJOTHS C OJTHOMEPHBIM CJIy9aeM JAJeKO HEe BCETJa OJHO3HAYHA M OYEBUIHA. B cTaThe mo-
JIy9EeHBI JIOCTATOYHBIE YCJIOBUS aGCOTIOTHON CyMMUPYEMOCTH KPaTHBIX psanoB Pypoe dynkuun [ € Lg(1s)
B TepMUHAX YACTHBIX HAWJIYJIIAX NPUOIMKEHUH JaHHON (dyHKiuu. JloKa3aHbl YeThIpe TEOPEMBI U TIOJY-
YEeHbI YeTBIPE PA3HBIX JOCTATOYHLIX yeosuii |C; B|y cymmupyemoctu paja ®@ypoe bynxmuu f € Ly(Is). B
IepBOil TeopeMe MOJTyHYeHo JOCTAaToYHOe ycaosue abcomornoit |C; B|x cymmupyemoctu psaga Pypbe dbyn-
kiuu f € Lq(Is) B TepMUHAX YACTHOIO HAMJIYUINEro NPUO/INKEHHs 9TON (DYHKIWH, KOTOPOEe COCTOUT U3 §
YCJIOBHIA, B Ciiydae Korma 31 = ... = Bs = %. Jlpyrue 10CTaTOMHbIE YCIOBHS MOy I€HbBI JJIsl JBOMHBIX PSIIOB
Dypoe. Jocrarounsie ycnosus |C; B1; B2|n cymmupyemocru psiga @ypoe bdyuxuun f € Lg(l2) mosydenst
B ciaydasx (31 = %7 -1 < pa2< % (Bo BTOpOIT TEOopeme), % < B < Hoo, B2 = % (B Tperbeil Teopeme),
-1<p < %, % < B2 < 400 (B 4eTBepTOil TEOPEME).

Karoueswie crosa: TpuronoMmerpudeckuil psan, psag @ypee, npocrpancTtso Jlebera, YacTHOEe HAMIyUIIee IPH-
okeHne (pyHKIMHA, aDCOJIIOTHAA CYMMUPYEMOCTD PsiJia.
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