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On the existence of the resolvent and separability of a class
of the Korteweg-de Vriese type linear singular operators

Partial differential equations of the third order are the basis of mathematical models of many phenomena
and processes, such as the phenomenon of energy transfer of hydrolysis of adenosine triphosphate molecules
along protein molecules in the form of solitary waves, i.e. solitons, the process of transferring soil moisture in
the aeration zone, taking into account its movement against the moisture potential. In particular, this class
includes the nonlinear Korteweg-de Vries equation, which is the main equation of modern mathematical
physics. It is known that various problems have been studied for the Korteweg-de Vries equation and many
fundamental results obtained. In this paper, issues about the existence of a resolvent and separability
(maximum smoothness of solutions) of a class of linear singular operators of the Korteweg-de Vries type in
the case of an unbounded domain with strongly increasing coefficients are investigated.
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1 Introduction

The solvability of boundary value problems for odd order differential equations, in particular, to the
Korteweg-de Vries equation is dealt with in a significant literature [1-9] and the papers cited there.

In contrast to these interesting papers, this article deals with the problem of the existence of a resolvent and
the separability of a class of linear singular operators of the Korteweg-de Vries type in the case of an unbounded
domain with strongly increasing coefficients.

Note that if the boundary regime operates sufficiently long, then due to the friction inherent in any real
physical system, the influence of the initial data weakens with time. Thus, we arrive at a problem without initial
conditions [10].

Therefore, taking this remark into account in the present work, we consider the differential operator

P3u 0

ou u
Lu+ Au = 8—y+R2(y)$+R1(y)%+Ro(y)u+Au (1)

initially defined on C§%.(Q), where Q = {(z,y) : =7 <z <, —00 <y < o0}, A > 0.
Cor is a set of infinitely differentiable functions satisfying the conditions:

u(—m,y) = uld (,y), i=0,1,2 (2)

and compactly supported with respect to the variable y.
Further assume that the coefficients Ry(y), R1(y), R2(y) satisfy the following conditions:
i) Ro(y) > 60) > 0, R1(y) > 61 > 0, —Ra(y) > 02 > 0 are continuous functions in R(—oo, +00);
ii) po = sup 1;‘;((3{)) < 00,1 = Sup 11211((?)) < 00, iy = Sup gi((gt’)) < 0.
ly—t|<1 ly—t|<1 ly—t|<1
The operator L + A\l admits closure in Ly(£2), which we also denote by L + AI.
Theorem 1. Let the condition i) be fulfilled. Then the operator L + AI is continuously invertible in Ly (€2)

for A > 0.
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Definition. We called the operator L is separable in uw € D(L) if the estimate

holds for u(z,y), where C is independent of u(z,y), || - ||2 is the norm of Lo (2).

Theorem 2. Let conditions i) - ii) be fulfilled. Then the operator L is separable.

Example. Let Ro(y) = |y| + 1, Ri(y) = el¥!, Ry(y) = —10- e, —00 < y < oo. It is easy to verify that all
the conditions of Theorem 2 are satisfied. Consequently, the operator L is separable, i.e.
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C'is a constant.

L2(Q) L2(Q)
2 Auxiliary lemmas and inequalities

Lemma 2.1. Let the condition i) be fulfilled and A > 0. Then the inequality

(L + A)ull ) = (0 + M) lJullpy @) (3)

holds for all uw € D(L), where dp > 0.
Proof. Let u € Cg%.(2) and consider the scalar product

ou Pu ou
<@ A= [ (G4 Ral0) 35 + Fal) 55 + (Ro(w) + Aju)udady =
0
ou Ju
/ —udzdy + /Rz udxdy + /R1 —udxdy + /(Ro( ) + Nudedy. (4)
o !

Since u € Cg5,;(£2) and (2) holds, then the following equalities:

ou ou u
/@udxdy = 0; /Rl(y)%udxdy =0; /Rg(y)@udxdy =0. (5)
Q Q Q

hold. Using the equality (5) from (4) we have

< (L+ X)u,u >= /(Ro(y) + Nuldxdy. (6)
O

From (6), using the Cauchy-Bunyakovsky inequality and the condition i), we obtain
H(L"')‘I)U”L @ = = (0o +A) ||UHL Q) (7)

for all u € C§% (). By virtue of the continuity of the norm, the last estimate holds for all u € D(L). Lemma
2.1 is proved.

Remark. Due to the realness of the coefficients of (1) the estimate (7) holds for complex-valued functions.
Consider the operator

(In,j + M)z = 2'(y) + (—in’ Ra j(y) + inR1 j(y) + Ro,;(y))2(y),

where Ry ;(y), R1,(y), Ro,;(y) are bounded periodic functions of the same period A; = (j — 1,5+ 1), j =0,
+1,+2, 2(y) € CF°(R), 2(y) = uly) +(y).

Lemma 2.2. Let the condition i) be fulfilled. Then the operator (I, ; +AI) considered on C§°(R) is a closable
operator in Lo(R).

Proof. Let u, € C§°(R) and uy, 2—(>R) 0, (ln; + Au,, — L 19 If you use the operator (I,, ; + AI)* formally

associated with the operator (I, ; + AI), then for arbitrary function w € C§°(R)

2(
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< (ln,j + )\I)un,w >=< Unp,, (ln,j —+ AI)*QJ >

where (I, ; + M )*w = —w' + (in?’RgJ(y) —inRy ;(y) + Ro;(y))Y = 0.
Hence
<Yw>=<0,(ly; +A)'w>=0

Consequently, < 9¥,w >=0 for any w € C§°(R) and it means ¥ = 0. Lemma 2.2 is proved.
Lemma 2.3. Let the condition i) be fulfilled. Then the estimate

[Un.g + AD)zlly = (60 + A) [|2]l, (8)

holds for all z(y) € D(l,, ; + AI), || - ||2 is the norm of Ly(R).
Proof. Let z(y) € C§°(R) and z(y) = u(y) + i9(y). Consider the scalar product

o0

<(lpj+ M)z, 2z >= / (2" + (=in® Ry j(y) + inR1 ;(y) + Ro;(y) + \)z)zdy =

— 00

= [ #wewiy + / T (CinPRa(y) + inRuy(y) + Roy(y) + N|zPdy =

=il [ Wy [ it Rey)+ iR @)l + [ (Ray() + )l o)

Hence, using the properties of complex numbers, we have
< g+ A2z > 2| [ (Rosly) + NPyl

Since Ry ;(y) does not change the sign, then

oo

| < (L + ADu > | > / [(Ro;(y) + N)l|=[%dy.

— 00

By virtue of condition i) and using the Cauchy-Bunyakovsky inequality from the latter inequality, we have
[(n g+ AD)zlly = (80 + A) [|2]l -

Lemma 2.3 is proved.
Lemma 2.4. Let the condition i) be fulfilled.Then the operator (,, ; + AI) has a continuous inverse operator
(In,; + AI)~! defined on the whole Ly(R).
Proof. By the estimate (8) it suffices to show that the range is dense in Ly (R). Let’s assume that the range
is not dense in Lo(R). Then there is an element ¥ € Ly(R) such that < (I, ; + A)u, ¥ >= 0 for all u € D(l,,;).
This means that
(g + AD)*™0 =~ + (in* Rayy (y) — inRa i (y) + Ro.;(y))0 = (10)

in terms of distribution theory. By the periodicity of functions Ry (y), R1(y), R (y), we have that (in®Rs ;(y) —
—inR ;(y) + Ro,j(y))9 € Lao(R). From this and from (10) it follows that ¥ € W (R), where W3 (R) is the
Sobolev space. The general theory of the embedding theorems implies that

lim J(y) = 0. (11)

ly|—o0
Now, using the equality (11) and the arguments used in the proof of the estimate (9), we obtain that
[(n,j + AL, = 6o 9] - (12)

From estimates (12) and (10) it follows that ¢ = 0. Lemma 2.4 is proved.
Let {p;}52_ € C5°(R) is a set of such functions that ¢;(y) > 0, suppp; C A;(j € Z), > go?(y) =1.

Jj=—00
Here we note immediately that any point y € R can belong to no more than three segments from the system
of segments {suppy,} [11,12].
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Assume that
o0

Kxf= > ¢i)n;+A)"0;f,

j=—o00

o0

Baf= Y @)y + A of, fECE(R), A= 0.

Jj=—00
It is easy to verify that
(bn + ADEAS = [+ @) Ing + M) i f, (13)
J
where
(ln + M)z = —2'(y) + (=in’ Ra(y) + inRi(y) + Ro(y))z, z € D(ly).

Lemma 2.5. Let the condition i) be fulfilled. Then there is a number \g > 0 such that || By||,_,, < 1 for all
A > Ao

Proof. Let f € C§°(R). Only functions ¢;_1, ¢;, ¢;j+1 are nonzero in the interval A;(j € Z) , consequently:

j+1

||Bxfuim>=/ S )y APl < S [1'Y s+ A0 1Py

— ]——OO J_—OOA k= j 1

Hence, using the obvious inequality (a + b+ ¢)? < 3(a® + b? + %) and estimate (8), we have:

00 Jj+1 00
_ _ 2
IBA oy < D / | Y Gl +AD o f1Pdy <9 Y (9 +AD T i Il
j=—oox, k=il j=—o00

<9 Z (| (ln.g + /\I)fleinQ(R) <9-c Z | ln.j + /\1)71||12(RHL2(R) : H‘F’jf”iz(m <

j=—o00 Jj=—00

9-¢c 5
< - —
(60 +A)? /_ ZS@J 1y =, +>\) 2

This implies that
9.-c
HB>\HL2(R)~>L2(R) < (50 ¥ )\)2' (14)

From (14) it follows that it is easy to find a number Ao > 0, such that A > Ao, [|Ballf,
2.5 is proved.
Now consider the operator

R)—Ly(R) < 1. Lemma

(In + M)z = 2/ (y) + (—in®Ra(y) + inR1(y) + Ro(y))z(y),

where 2(y) = u(y) + i0(y), 2(y) € C&(R), (R = (~00,00)).
Lemma 2.6. Let the condition i) be fulfilled. Then the estimate

[(In + A1)z, > (80 + A) [|2], - (15)

holds for all z € D(l,,).
Proof. We obtain the proof of Lemma 2.3 by reproducing the computations and argument used in Lemma
2.6.
Lemma 2.7. Let the condition i) be fulfilled. Then the operator I,, + Al for A > Ag is boundedly invertible
and the equality
(In + M7t = K\(I — By) ™. (16)

holds for the inverse operator (I,, + AI)~1
The proof of Lemma 2.7 follows from the representations (13), (15) and Lemma 2.5
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8 On the existence of the resolvent. Proof of Theorem 1

Lemma 2.7 implies that
k

u(z,y) = Y (n+ M) fuly)e™ (17)

n=—=k
is the solution to the problem

(L + AI)uk(mvy) = fk(xay)a
ufj)(—ﬂ',y) = ug) (7T7y)?i = 07 1a 2

k
where fi(z,) Lz—(>R)f(x,y), fe(@y) = X faly) - e, 2 = =1, (I, + \X)~! is the inverse operator to the
n=—=k

operator [, + A\I. Using the inequality (3), we obtain

(o)l < Gy i)l (13)

Since fi(z,y) L2 f(z,y), then from (18) we find that
1
[ue = umlly < kN 1fk = fmlly = 0, k,m — oo.

Hence, by the completeness of Ly(£2) , it follows that there exist a unique function u € Lo(€2) such that

ug(z,y) = u(z,y) as k — oco. (19)
(17) and (19) imply that
w(@,y) = (L+ M) f(zy) = D (la+ A" faly)e™ (20)
is a strong solution for:
(L+X)u=f, (21)

for any f € Lo(Q).
Let us recall the definition of a strong solution. The function u € L3(2) is called a strong solution of the
problem (21)-(22), if there exists a {u}32; C C5%(£2) such that

lue = ullp, @) = 0, (L + ADuk — fll1, @) — 0 as k — oo.

Now, it is not difficult to verify that the formula (20) is the inverse operator to the closed operator L + AI.
Lemma 2.8. [13]. Let the operator L + Aol (A9 > 0) is boundedly invertible in Ly(€2) and the estimate
(L + Aullp, ) = llullp, @) w € D(L+ AI) holds for A € [0, Ao]. Then the operator L : Ly(£2) — L2(£2) is also
boundedly invertible.
This and Lemma 2.1 implies that Theorem 1 holds for all A > 0. Theorem 1 is completely proved.

4 On the separability of the operator

First, we give the lemmas that reduce the question of separability of an operator with unbounded coefficients
to the case of an operator with periodic coeflicients.

Lemma 2.9. Let z(y) € D(l, + AI) and z(y) = u(y) + id(y), then in3Ra(y)z(y) € L2(R) if and only if
n3Ra(y)u(y) € La(R) and n®Ra(y)I(y) € La(R).

Proof. Necessity. Let in®Ra(y)z(y) € L2(R). Then

iR = [l Rew)e)y = [ B w1y =

= / S R3(y)|(Jul? + 912 dy = |[n*Ra(y)ul|s + ||n*Ra(y)9||3

— 00
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It follows that n3Rs(y)u(y) € La2(R) and n®Ra(y)9(y) € La(R).
Sufficiency. Let n®Ra(y)u(y) € La(R) and n®Ra(y)I(y) € La(R). Then

in® Re(w)zw)l; = [n* Batw)ull; + n* Ro(w)]

Hence in®Ry(y)z(y) € Lo(R). Lemma is proved.
Remark. This Lemma is also true for in® Ry (y)z(y).
By virtue of this Lemma, we consider the operator

(Inj + ADu=u'(y) + (=in®Ra j(y) + inRy ;(y) + Ro(y) + Nu(y),

in the space C§°(R) the set of infinitely differentiable, finite, and real-valued functions, where Ry ;(y), R1,;(y),
Ry ;(y) are bounded periodic coefficients of the same period A; = (j — 1,5 + 1), j = £0,£1,£2...
Lemma 2.10. Let the condition i) be fulfilled. Then the estimates:

[(n.g + ADu()lly = Ro(y;) llully,  n=0,+1,42... (23)
where Ro(y;) = min Ro ;(y);
YEA;
[(Un.g + ADu()ly = [n[Ry(@5) ully, 7 =0,+£1,+2.. (24)
where R1(y;) = min Ry ;(y);
YEA;
(g + ADu@)lly > Inf Ra(@5) ull,  n=0,£1,%2... (25)
where Ry(y;) = min |Ry ;(y)|, || - |2 is the norm of Ly(R).
YyEA;

Proof. Let u(y) € C5°(R), . Given that ffooo o' (y)u(u)dy = 0 and reproducing the computations used in the
proof of Lemma 2.1, we have:

| < (lnj + M)u,u> [ = |/ (—in®Ra ;(y) + inRy ;(y) + Ro;(y) + Nu’dyl, (26)
From estimate (26) we find that
< g+ M > 2] [ (Roy(o) + Nlufdy| = min Rofy) ]}, (21)
—0oo yes;

Using the Cauchy-Bunyakovsky inequality, we obtain from (27) that
1ln.g + ADully = Ro(y;) llull; (28)
where Ry(y;) = min Ry(y).
YyEA;
The proof of the inequality (28) follows from the inequality (22) of lemma 2.10.
Further, from the inequality (26) we find

oo

| < (ln; + ADu,u>|>|— z/ (n3R27j(y) + an)j(y))UQdy\. (29)

—0o0
Here we used the properties of complex numbers. From (29), by virtue of the condition i), we obtain the following
inequalities:

o
< g+ A > 2 | [ s )aldy) = nlBa(a5) .

| < (Inj +ADu,u> [ > I/ (=" Ra 3 (y))lulPdy| = [n*| R2(55)| |[ull;,

where Ry (y;) = min Ry ;(y), R2(y;) = min |Ry ;(y)| . From these inequalities and using the Cauchy-Bunyakovsky
YyEA; YEA;
inequality, we find that:
1ln.g + ADully = || Ry () [ullz 5

ltng + ADully > n® [ Re ()] lull -

Lemma 2.10 is proved.
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Lemma 2.11. Let the condition i) be fulfilled and A > Xy, @ = 0,1,2,3, p(y) defined on R continuous
function. Then the estimate

[ @)lm]* (2 "‘)‘I)_IHZ(R)—wQ(R)S SUPHP )In|*p; (L j+)‘I)_1‘|ig(Aj)—>L2(A_7)' (30)

Proof. Let f € C§°(R). From the representation (16), taking the properties of the functions ¢; (j € Z) into
account, we have:

W)l + XD oy = @)1 KA = BT,

/Ip nI® D " @il + M) p;(I — By) ' f*dy
{7}

As it is known that on A;(j € Z) the interval only functions ¢;_1, ¢;, ¢ 41 are nonzero, therefore

0o Jj+1
[p(w) 1] (Ln + A) 1f|}L <> /|p(y)|n|az<pj(ln,j+)‘I)71‘Pj(I_B>\)71f|2dy§
-1

=—00
J A,

<9 Z p@) 210l + M) 051 = BT 7 <

j=—o00
(o]
< 9sp o)1y s + M)y 3 o5t = ) oy <
]——OOAJ.
< 9sup o) inf* s g + M)y /Z% (L - By fl2dy (31)
Since (3 ¢7) =1, then from (31) we have
J
o0
o)) + AL ) < 9sup [[p(v)inl ;s (s + AD s, / (1= By) "' fPdy <
< 95up [[p(y) | ;! ng FAD a1 =B 5y 13- (32)

Lemma 2.5 implies that ||[I — By[>_,, < ¢()\) . From this and from (32) we obtain that
_ o 12
[PV + AD T, 2y < 97 €N f )l st s + AL
J

Lemma 2.11 is proved.
Lemma 2.12. Let the conditions i)-ii) be fulfilled. Then the following estimates:
[Ro(y)(Un + AD) =1l 1y (m)—s 1o (r) < Co < 003 (33)
IRyl (ln +AD) 1]l 1y (m) s Lo (r) < C1 < 003 (34)
[Re () (U + M) 1|y ) < C2 < 003 (35)

hold, where Cy, C;, C are independent of n (n = 0,+1,+2...).
Proof. (30) shows that the operator Ro(l,, +AI) is bounded, if sup || Ro(y)p; (In,; + M)~ HL ) is bounded.
i€z

Therefore, we will estimate the last expression

1Ro()es (b + AD T, s acry < COVsp [ Ro@)es (b + AD T, <
JEZ J

< C(X) sup max [Ro(y)e;[* || (ln,; + M) IHL <C’( )SupmaxR0 ) [Ty + A1)~
JEZYED;

1
enveA ||L2(Aj)'
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Hence, taking the inequality (23) and the condition ii) into account, we find that

< C(\) sup R (v) <C(\) - pd < C2 < 0.

_1p2
||Ro l + )‘I HLQ(R)—>L2(R) - ly—t|<1 R(%(t)

The last estimate proves the inequality (33) of Lemma 2.12.
Let us prove the inequality (34). Using Lemma 2.11, we have:

| R1(y)|n|(Ln + AI) <C(\ wﬂ& )nlej(ln; + A1)~

1||L2(R)—>L2(R) HL (A))—La(A; )

< C(\) sup max R§(y)[n|* [|(In,; + AI)~

'
JEZ yeR; L2(Aj)—L2(A;)

Hence, using (24), as well as considering condition ii), we find that

<O\ - p3 < 0% < .

_ 2
| Ri(y)In|(Ln + M) 1||L2(R)—>L2(R)_

The inequality (34) is proved.
Let us prove the inequality (35). Reproducing the computations arguments used in the proof of the inequali-
ties (33), (34) and using the inequality (25), we obtain

[ Ra(y)In]* (Lo + A1)~ <C(A sup||R2 )InPo;(ln,; + M)~

2 2
! ||L2(R)—>L2(R) ! HLQ(AJHLQ(AJ) <

SC()\)'M§§022<OO.
The inequality (35) is proved. Lemma 2.12 is completely proved.

& Proof of Theorem 2

The representation (20) implies that

Ro(y)u(z,y) = Ro(y)(L+ )" f(z.y) = > Ro(y)(ln + M) fuly) - €™
Calculate the norm Ro(y)(L + X)L f:
%) 2
| Ro(y)(L + /\I)’1f||2LZ(Q) = > Ro)Un + M) fuly) - ™ <
n=-—oo LQ(Q)

<2r 3 [Ro()(ln + AT a®) - €71} 0 -

n=—oo

From this and from Lemma 2.12 we have that
12 = 12 2 2
HRO(y)(L + AI) 1f||L2(Q) <2r Z ||R0(y)(ln + ) 1”[,2(9) : ||fn(y)||L2(Q) < Cg Hf”Lz(Q) .
From the last estimate, it follows that

1Ro(y)u(z,9)l| 1y = [[RoW(L+ XD f(@,y)]| 1, ) < Co [(L+AD) |, (36)

where (L + M)u = f.
Similarly, by virtue of the estimate (34) we have:

ou

w3 7

< Cy|[(L+ M)~

“HL Q)"
L2(Q2)
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Similarly, repeating the above calculations, we get that

2

P3u
HRl(y)axS . <G [(L+AD) ) - (38)
2(Q)
Now the inequalities (36)-(38) imply that
Pu ou
L+M)—R — — R — —R - A < (L + AT

[ R R e R (LA U

&u ou
+ R2(y)@ + (| By )5y + [[Ro(W)ull 1y ) + 1Ml o) < IL 4+ ADull L, ) +

L2() L2(Q)

+C [(L + Mull () + Cr L+ ADul o) + Co (L + AD)ul| ) + ML+ ADu L, o) <

C) L+ Al L, q) - (39)
We obtain from the inequalities (36)-(39) that

ou H u H ou
— R R + || Ro(y)u < CN) (|| Lu + ||u .
5 o RO | R Rl < CONIEe + )
Theorem 2 is completely proved.
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M.B. Mypar6ekos, A.O. CyneiimbekoBa

KopreBer-g1e ®@pu3 TUIITI CHI3BIKTHI CUHTYJISAPJIBI OTIEPATOPJIAPIbIH,

Oip KJIaCBIHBIH, 0ap O0JIYbI 2koHe OOJIIKTEeHY1 TypaJibl

MakaJtaza mekcis obJibicTa KoadduimneHTTepi mekcizaikre xkouigaMm ecetin Kopreer-ne @pusa Tunti cbi3-
BIKTBI orepaTop 3eprreiireH. zKorapbliarbl KepceTiireH auddepeHIua ablK onepaTop YIIiH TOMeH/Ieri
CypakTap KapaCThIPBIIFAH:

— Pe30JIbBEHTAHBIH 0ap OOJIYbI;

— OIlepaTOPAbIH, OOJIIKTEHY1, AFHU OIEPATOPBIH aHBIKTAIY OOJIBICHIHIAFEI (DYHKIMAIAPIBIH TETicTiri 3epT-
TeJIPEH.

Kiam cesdep: pezonbeenTa, Kopeser-me @pu3 Tunti CUHTYISAPIBI OIEpPaToOp, OOTIKTEHY.

M.B. Mypar6ekosn, A.O. CyieiimbekoBa

@) CylmeCTBOBaHNU PE30JIbBEHTbI U pa3dAe/JIMMOCTHU OJHOI'O KJIacCCa
JINHEeHbBIX CUHI'YJIAPHDBIX OII€epaTOpPOB THUIIA KopTeBePa—,ue (DpI/IBa
B crarbe uccnenosan smuelHbI quddepennuanpabiil oneparop tuna Kopresera-ne Ppusa B ciaydae He-

OrpaHUYEHHON 00JIACTH C CHJIBHO PACTYIUMU Ko3ddurmeHTamMu Ha beckoHedHoCcTH. /{11 yKa3aHHOTO BbIITe
onepaTopa M3y4deHbI CJIELyIONUe BOIPOCHL:

— CyLIeCTBOBaHUE PE30JIbBEHTDI;

— Pa3geJIMMOCTD olliepaTopa, T.e. IVIAAKOCTb (byHKLII/Iﬁ u3 obIacTu OonpeiesjIieHnd U3y4aeMOoro orneparopa.

Kmouesvie caosa: pe3oabBeHTa, CHUHTYIISPHBIN oneparop Tuna Kopresera-me @pusa, pa3aeauMoCTb.
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