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On the Lie symmetries of the boundary value problems for
differential and difference sine-Gordon equations

In general, due to the nature of the Lie group theory, symmetry analysis is applied to single equations rather
than boundary value problems. In this paper boundary value problems for the sine-Gordon equations under
the group of Lie point symmetries are obtained in both differential and difference forms. The invariance
conditions for the boundary value problems and their solutions are obtained. The invariant discretization of
the difference problem corresponding to the boundary value problem for sine-Gordon equation is studied.
In the differential case an unbounded domain is considered and in the difference case a lattice with points
lying in the plane and stretching in all directions with no boundaries is considered.
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Introduction

There are many theoretical and numerical studies on the nonlinear wave equations such as sine-Gordon and
Klein-Gordon equations in the literature (see [1-3] and the references given therein). Sine-Gordon equations are
of particular interest since they attracted much attention in the recent decades due to the exitance of soliton
solutions. Solitons are nonlinear waves and have been used in many mathematical models.

Lie symmetries are one of the most powerful methods in obtaining exact solutions of many partial differential
equations (PDEs). Many researchers have been studying this field and publishing articles and books [1-21] which
investigate the general theory of these applications. However, there is relatively small number of studies that
deal with Lie symmetries of boundary value problems for the PDEs. There are some difficulties in the application
of Lie symmetries to boundary value problems (BVPs). In symmetry analysis every symmetry of a BVP must
be a symmetry of a given PDE, a mapping of the domain to itself and a symmetry of the boundary data. In
general, the prescribed initial or boundary conditions are not invariant under the group transformation of the
corresponding PDE.

To the extent of our investigation the study of Lie symmetries of BVPs were first done by V.V. Puk-
nachov [19] and G.W. Bluman [7]. For the theoretical aspects we refer to books [6, 20, 21] In the recent studies
R. Cherniha et al. [16, 17] defined a new formula. This formula applies for the invariance of BVPs in a wide
range of boundary conditions including free (moving) boundaries and boundaries at infinity.

In the present paper BVPs for nonlinear sine-Gordon equation in the differential and difference forms are
investigated. Under the transformation groups boundary curves and boundary conditions of the equations are
obtained. The formula for the invariance of BVPs presented by Cherniha [16] is used. The main object of
this work is to investigate the invariance of a BVPs for sine-Gordon equation in differential and discrete form
under the Lie point symmetries of the corresponding equations. Note that some of the results of this work was
presented, without proof, in [4].

Preliminaries
Symmetry analysis of differential and difference equations

In this section we present the theory and definitions in the Lie symmetry analysis. Let us consider the
system of differential equations

FA(Z‘,U,U&,UQ,...,US):O,AZI,Q,...,m, (1)
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where x € R™,u € R™ and uy is the set of s-th partial derivatives. We can write the group of point transformati-
ons in the space (z,u) as

G, :{xi* :fi(x7u,a);uk* =g"(z,u,0),i=1,2,...,n,k=1,2,...,m}.

Using the power series and expanding the transformations about some neighborhood of the parameter a® = 0
gives

. . ofi
o =g 0B o) a =1, o,
da®
. OgF
W =ik e 2D L o) a =1,
da®
The derivatives of f and g* are smooth functions and are called infinitesimals of the group G, and denoted by

&, and n}.
Finding the Lie group of differential system (1) is equivalent to finding its infinitesimal operator(generator),
thus we seek for the infinitesimal operators of G, in the following form

Xo = € (0.0) 2 4 ()2 i =1

— i
axi auk
The set of tangent vectors to the manifold G, at the identity element a = 0 is {X,,a=1,...,r} and is a
basis of the Lie algebra of the infinitesimal operators of G,.. The determination of the infinitesimal functions £,
and 7 states the group of transformations. By X, one can determine the point transformations of the group
G, by solving the Lie equations

s k=1 ... ma=1,...,71.

of iy 09" 4 _ . _
p —fa(f),aaa =no(9),a=1,...,mi=1,...;,nk=1,...,m (2)

with the initial conditions
k

fla=o = ", 9" [a=0 = u*.
These equations obtain a one-to-one correspondence between vector fields (2) and the group of transformations
G,. The Lie algebra vector field is prolonged to the derivatives in order to modify it with differential variables

k
u;

b) k
ufz %,i: 1,....nk=1,...,m.
From that the extended infinitesimal operators are obtained as
- .0 0 e 0 k 0
%L —¢ k0 Law @ e 0 3
@ 5 al’z +"7 auk. +€z au’lf + + C2122~»-'Ls 8ué€1i2‘“is ( )
Here we denote .
1 ,
6" = Di(n*) —uf Di(&)
and (s)k (s—1)k j
Q‘fiz...is = Dis@fiz...is,l - Ufliz...is_ljDis (&),
0 0 0 0
D, — YR S S H HD Y, S T
2 ami uz auk uZ] 811151 ulllz...tn aufliz.“in
Theorem 1. [13] Let the Lie group of point transformations in the space of independent variables (x, u, u1, ug, . . ., us),

dependent variables and all s-th order partial derivatives of dependent variables with respect to independent
ones be G,.. Then system of differential equations (1) is invariant under the group G, if and only if

XQF,\(QC7U,U17UQ,...,US)|(1) =0,A=1,2,...,m. (4)

The invariance condition (4) is an overdetermined system of linear equations for the coordinates of infinitesimal
operator (3) and is called the system of determining equations.

Now, let us introduce the Lie symmetry analysis of difference equations. The difference scheme for the
solution of the system of differential equations (1) is denoted by

Hy(z,u,h,Tu) =0,A=1,2,...,m. (5)
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Here h = (hq, ha,...,hy) is the mesh space vector and T' = (11,75, ..., Ty,) represents the shift operator along
the axis of the independent variables and given by

Tilul(z1, .. @iy ey @n) = w(@r, ..o i 4+ Ry ooy Tp)e
We denote a group of transformations in the space of mesh variables (z,u, h) by G and define as
Gl = {2V = fi(z,u,a);u* = ¢"(z,u,a); "}
=o' (x,u,h,a),i=1,2,....,n,k=1,2,...,m

with the infinitesimal operator

, 0
XQ :Xa—&—gé(x,u,h)—_,a: 1,...,m7

oh;
Here ]
) 8@1
S = 5aa &= 1,...,m7
In the space of differential and difference variables (z,u, h, w1, ug, ..., us) the prolongation operator of the group

of point transformations (N}'((]h) is Xéh).

Theorem 2. [13] Finite difference scheme (5) is invariant under the group of transformations G if and only if
XM Hy(z,u,h, Tu)| ) = 0,A =1,2,...,m.
Symmetry analysis of the boundary value problem for PDEs

In this section we consider the Lie symmetry properties of BVPs. The invariance conditions under a group
of point transformations of a BVP for a scalar PDE satisfy if the group separately leaves invariant the boundary
conditions and the PDE of the BVP. The solution of the BVP resulting from the admitted point symmetry
is an invariant solution if the BVP is well-posed. On the other hand, the concerned boundary conditions are
in general not invariant under the symmetry of the considered PDEs. In view of this issue, one of the early
definitions on the invariance of a BVP was given by G.W. Bluman [5].

Let us consider a k-th order (k > 2) scalar PDE represented by

F(x,u,0u,8u,...,0%u) = 0. (6)

Here x = (1,22, ..., 2,) represents the coordinates corresponding to its n independent variables, u represents
its dependent variable, and 0’ represents the coordinates with components

u)0xs, 0y ... Oy, = Uiyiy..ayyi5 =1,2,...,m,f =1,2,.. .k
corresponding to all j-th order partial derivatives of u with respect to x.
We assume that PDE (6) can be written in the following form in terms of some specific component of the
[-th order partial derivatives of u

F(z,u,0u,0%u, ..., aku) = Uiy, — f2,u, ou, 0%u, . .. ,8ku) =0, (7)

where f(z,u,0u,0%u, ..., 8ku) does not depend explicitly on u;,i,.. 4,-
Now consider a BVP for PDE (7) defined on the domain 2, in z-space [z = (21, 2, ..., %,)] with boundary
conditions

B (z,u,0u,...,0" tu) =0 (8)
described on boundary surfaces
we(x) =0,a=1,2,...,s. (9)
Let us assume that problem (7)—(9) has a unique solution. We use an infinitesimal generator as follows
0 0
X =¢&i(z)— —. 1

This infinitesimal generator defines a point symmetry acting on both (z,wu)-space and on its projection to
x-space.
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Definition 1. [5] The point symmetry X in the form (10) is admitted by BVP (7)—(9) if and only if:

1 X®F(x, u, 0u,0?u,...,0%u) =0 when F(x,u,du,d?u,...,0"u)=0.

2 Xwg(x) =0 when we(z) =0,a=1,2,...,s.

3 X* VB, (z,u,0u,...,0"u) = 0 when B,(z,u,du,...,0" 'u) =0 on w(x) =0,a=1,2,...,s.

The above definition does not apply for BVPs with free boundaries or with boundary conditions given at
infinity. Therefore R. Chernica et al. (see [16], [17]) proposed a new invariance definition for BVPs which extends
Bluman’s definition to all possible boundary conditions. They formulated the definition of invariance for BVPs
at operators of conditional symmetry case expressing what kind of transformations can be applied to transform
boundary conditions at infinity to those containing no conditions at infinity. Consider a BVP for PDE (7) with
boundary conditions (8) and conditions defined at infinity:

Ye(x) = 00 : Ye(x, u, Ou, . . .,5‘k6u) =0,c=1,2,...,Poo, (11)

where k. < k and ps are given numbers and ~.(x) are specified functions that extend the domain on which the
BVP is defined at infinity. We assume that all functions arising in (7), (8), (9), and (11) are given such that a
classical solution of this BVP exists. Let us assume that the operator

Q = &) 2+ (e, u) L (12)

is a Q-conditional symmetry of PDE (7) satisfying the criterion:
Q(k)F(x, u, du, %, . .. ,8ku)|F(w,u’6u’62u““’8ku):0 =0, (13)

where Q(*) is the k-th prolongation of @ and Q(u) = 0 with Q(u) = & (z,u)u,, — n(x,u). Let us consider the
manifold for each ¢ =1,2,...,ps as

M = {v.(z) = 00 : ve(,u, du, .. .,8’fcu) =0}

in the extended space of variables x, u, uz, . . ., ué’“c). Suppose that there exists a smooth bijective transformation

y=g(z),w = h(z,u), (14)

where h(z,u) is a smooth function, g(z) is a smooth vector function that maps the manifold M into
M* = {y:(y) = 0: %} (y,u,0u,...,0%u) = 0}

of the same dimensionality in the extended variable space y, w, wy, ..., w@(,kC)(ka < k.) and
Y=Yi,---sYn-

Definition 2. [17] BVPs (7), (8), and (11) are @-conditionally invariant under operator (12) if:

1 Criterion (13) is satisfied,;

2 Q(wq(z)) = 0 when wq(z) = 0, Baly, (2)=0 = 0,a =1,...,s;

3 Q") (By(x,u,0u,...,0" ")) = 0 when wy(x) =0 and Balw,(z)=0 =0,a=1,...,s;

4 There exists a smooth bijective transform (14) mapping M into M* of the same dimensionality;

5Q"(v;(y)) =0 when 77 (y) =0,c =1,2,..., pe;

6 (Q*) ) (v*(y,u,Ou, ..., 0% u)) = 0 when v'(y) = 0 and 7} ye(y=0 = 0,c=1,2,...,r.

This definition coincides with Definition 1 when @ is a Lie symmetry operator and there is not any boundary
condition defined at infinity.

Lie symmetry analysis of the problem with sine-Gordon equation

Let us consider the nonlinear hyperbolic problem for sine-Gordon equation

Ut — Ugy = Sinu, t > 0, —00 < x < 00, (15)
U(va) = (p(l‘), (16)
ut(0,x) = (x) (17)
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Equation (15) admits three-dimensional Lie group [8] spanned by the operators

0 0 0 0
&,XQZ %,Xg,zl'a"'t%

X, =
The operators generate one-parameter Lie groups
Ti:t"=t+e, 2" =z,u" =u,
Ty :t" =t, 2" =z + e, u* = u,
T3 :t" =t +xe3, 2" = x +teg, u” = u,

respectively. Since the group T} corresponds to translation on the variable ¢, the invariance of the boundary curve
t = 0 is not preserved. Thus BVP (15)—(17) is not invariant with respect to the group Tj. For the invariance of
boundary condition (16) with respect to the symmetry group 75, the equations

t*|t:0 =0, [U* - (p(x*)”ufga(m)zo =0 (18)
must be satisfied. The first equation of (18) is an identity, while the second equation results
p(r) = p(z + €). (19)

For the invariance of boundary condition (17) we need the first prolongation of the operator Xs. Using the
prolongation formula for first-order derivatives

0
XU = X + (g + unu — (&) + wigl) — ua (&) + Utfi))af
Ut
g (20)
+ (N + ugnu — ug( 2 + Uxfg) - Ux(falc + ngi))au )
where £°, ¢! are infinitesimals with respect to the variables ¢t and z respectively, we get
0
x - < 21
2 ax ( )
Applying this operator to condition (17), we have
t*li=0 = 0, [y = ¥(&")][ur—p(@)=0 =0,
which gives
(@) =P(x +€2). (22)

BVP (15)—(17) is invariant under the group of transformations T3 if and only if equations (19) and (22) are
satisfied. These equations result is that the functions ¢(x) and ¢ (x) are constant functions.

Following the same way, we obtain the invariance criterions of boundary condition (16) with respect to the
symmetry group 73 if the equations

t+ xe3 = 0 when t = 0,
u— @(x+tez) =0 when u — p(z) =0

are satisfied. The first equation results with x = 0 or e3 = 0 that gives the trivial group. Hence we arrive at
boundary condition (16), which is invariant under the group of transformations T5 with restriction

z=0,0(x) = o(x + teg). (23)

To examine invariance of boundary condition (17) we apply the first prolongation of the operator X3 which is
obtained from formula (20)

x® =22 442 0 0

o o " ow  “on. (24)
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to (17) and we get
x=0,9(x) — Y(z + teg) = uges. (25)

Combining equations (23) and (25) we conclude that BVP (15)—(17) is invariant under the group of transformati-
ons T3 with restriction u,(t,0) = 0 and conditions:

(i) when ¢t = 0 the arbitrary functions are functions of x variable only, such that ¢(z) and ¥(z),

(ii) when ¢ # 0 then the arbitrary functions ¢(z) and ¢ (z) are constant functions.

Considering all situations presented above, we infer that BVP (15)—(17) admits two-parameter Lie group
T, o T3 that corresponds to symmetries t* =t + xes, 2* = © + teg + €2, u* = u if and only if ¢(z) and ¢(z) are
constant functions.

Lie symmetry analysis of sine-Gordon equation in the difference scheme form

In this section we study the Lie point symmetries of difference model for nonlinear problem (15)—(17). Before
we proceed, let us present some preliminaries and notations about transformation groups and prolongations in
the space of discrete variables given in [13]. We denote the sequence space (z,u,u1,us,...) by Z with

z={a'|i=1,2,..,n},

u= {uk | k=1,2,...,m}.

We denote the set of mn first partial derivatives as u; = {ul'} , the set of second partial derivatives as up = {ufj} ,

etc. The formulas for the derivatives when n = 2 for x = (J;l, x2) are

D, = 9 —I—mﬁ + uui -l-u21i + ..
Ozt ou 8U1 (’9u2 ’
Dy = 0 —I—Uzé + u12i -l-u22i + ..
8’132 ou (9’11,1 8u2 ’
where
ou 9%u 0%u
Uy = %71111 = W,Um = m,

In the proofs, for simplicity, the superscript k& on u* is omitted. The two commuting Taylor groups [18] with

finite transformations 7} = e*P1 and T? = 2P are generated by the given operators. In one dimensional case
the new coordinates
=T, (z) =z +a,
oo
u' =T, (u) = o
s=0

oo
a
uil =T, (u1) = Z STl

s=

S
Us,

S

o0
a
i = T () = 3 S
s=0 "’

are generated by the action of operator T, = e®P. Setting the arbitrary parameters h, ho > 0 the shift operators

S = eThiD1 = Z (£h) D7,

s!
+h e

Sy = eTh2D2 = Z (ihz)st
*h L ’
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are obtained. Using these shift operators, two discrete differentiation operators

1
Di=+-

S; —1),i=1,2
Di=45(5 —1),

are obtained. In the (9617 xg)—plane, the set of points

a (gl B (.2 _
{:I:Shl (I )’:I:ShQ (13 )}’avﬁ—071,2,...

is called a uniform orthogonal difference mesh and denoted by w.

In two dimensional case with dependent variable u, independent variables ¢,z and mesh variables hi, hs
we denote the spaces of differential variables, difference variables and the product of those spaces which is the
space of sequences of power series by

Z = (tuxauautauzautxv .. ')7

Z = (t,.’IJ,U,’U/t,U;w,U/tI,...,hl,hg),
h h h h
Z = (t,x,u,’ltt,ux,...,’U;t,Uz,U/tx,...,hl,hg),
h h h h
where
0%u

uij = = D;Di(u),...,w = w1 x wp

8I15 J’ l +h +h
and wj; is the difference mesh in the i-th direction, respectively.

h
Transformations in % is defined by the sequence of series with analytic coefficients,

= ZAg(z)aS,Aé =2,

s>0
where 27 is a coordinate of the vector (t,2,u,us, Ug, ..., Ut, Uz, Uts, - - .) and these series form one-parameter
R h h
groups generated by infinitesimal operators
t T 8
X=¢o+¢ —+ +Z<m +Zcmz R (26)
s>1 Yiria.. 1>1 Wiriz..oiy
Prolongating the operator (26) for the variables h; and ho gives
> 0 o 0
K=ot Dy (€) g + haDal€") 5

8h1 8h2

For first-order difference derivatives the coordinates of prolongation operator are given by the formulas

G =Di(n) —uDi(€") = S (1) D1 (€7), (27)
h  +h h +h +h

Co = Da(n) — Sz(ut)Dz(ﬁ ) = uz Da(E7). (28)
h  +h +h h +h

If the considered mesh is invariantly uniform or invariantly orthogonal, then the corresponding formulas for the
invariant meshes must be satisfied in addition to prolongation formulas (27)—(28).
We presented the five-point difference scheme

U—2u+u up—2u+u_
hi h3

=sinu (29)

for sine-Gordon equation (15) on the uniform and orthogonal mesh

t—2t4+t=0,2, —22+2_ =0
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in our paper [3]. Here we denote mesh variables by hy, ha and t=t+h,t=t—hy, 2y =x+ hy,
r_ = — hy, 0 =u(t,x), i =u(f,r),u; =u(t,r;),u_ = u(t,x_). We used the prolongation operator

o o 9 -0 -0 )
_ ¢t 7 T __ . t___ t_—_ x _ 7
P = e e e T T G T e T S e

0 0 0 0

xr a A >
&= Ox_ * 94 + "4 i Ouy - ou_

in the discrete subspace (t,,t,f, 2,2 ,u, 4, @, uy,u_) and obtained three-parameter transformation group
generated by the operators

0 0 0 0 0 0
XM=t T T o T an, T on
0 0 0 0 0 0

Xy=0e b f o e b
R T R TR A P

Difference equation (29) on the set of a finite number of points (z¥,t%) can be expressed as

k+1 k k—1 k _ k k
E - Up — — 2un +uy _ Upi1 Qun + Upil .k (30)
1- h,2 h2 = SN U,
1 2

on the uniformly spaced orthogonal lattice
By i thtl 4k — hy Bg o ahtl — ok =, (31)

Eyith  —th=0,F5:2F | — 2k = h,. (32)

D. Levi et al. mentioned certain independence criteria for difference schemes in two dimensional case [14].
By this criteria one can calculate the values of (z,t,u) at all points beginning from the point (z% ¢¥) and a
given number of neighboring points and assures the existence of solution of the system. The following condition
on the Jacobian

O0(Ey, Ey, B3, Ey, E5)
8(tﬁ+1, xf{“, tlfL+1v foH, uﬁ-&—l)

|J| = #0 (33)

is imposed by Levi et al. [14]. This condition allows to move upward and to the right along the curves passing
through (x%,tk) (with either k or n fixed). Difference scheme (30)-(32) satisfy certain independence criteria
(33) by

tﬁ = hlk + to,l’ﬁ = hQTL + Zo-

In this step, using difference equation (29) for the BVP (15)—-(17), we write the difference problem

U—2u+u Uy —2u+u_

= sinu, (34)
hi h3
uy = ¢"(2), (35)
1 0

Uy, — U h
— 5 =y (@ (36)
In this paper the notation (¢, , u, u, Uy, Utg, - - - , h1, ho) for difference variables in two-dimensional case is used

h h h

for simplicity. Using these symbols, we rewrite the difference model (34)—(36) in the following form

Upt — Ugg = SIN U, (37)
h h
u(0, ) = " (), (38)
ur(0, ) = V(). (39)
Difference equation (37) admits three-parameter groups generated by operators [3]
X1=%,X2=8%,X3:x%+ta%. (40)
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Lie symmetry groups corresponding to the translation about time variable is described by the operator X7,
to the translation in space variable is described by the operator X5, and to the rotation is described by the
operator X3. The difference scheme (37)—(39) does not admit symmetry group generated by X7, because time
translation violates invariance of the boundary surface ¢t = 0.

The invariance of boundary surface ¢t = 0 generated by the operator X5 with respect to the transformation
group is trivial. Under the symmetry of space translation X5, boundary condition (38) is invariant if the equation

u— "z +e)=0foru—"(x) =0

is satisfied. From that it follows the condition

P"'(x) = "z + e2). (41)

For the invariance of boundary condition (39) we require the first-order prolongation formulas in space of discrete
variables. From (21) we know the coordinates for continuous derivatives in the prolongation of the operator X,
are zero. Using formulas (27)-(28), we obtain the coordinates of first-order difference derivatives

Ct = D1 (O) - utDl(O) — Sl(uz)Dl(l) = O7
h +h h +h +h +h

Cm = DQ(O) — SQ(Ut)DQ(O) — Ung(l) =0
h +h +h +h h +h

for the operator Xy with n = 0,£! = 0,£% = 1. In this case X, = X, where X, is the first prolongation of
h

h
the operator X5 in discrete space. Applying this prolongation to condition (39) we get the criterion

1/1h(x) = wh(x + €2). (42)

In consequence of combining criterions (41) and (42) one can say that difference scheme (37)—(39) is invariant
with respect to the transformation group defined by the operator X» if and only if " (z) and " () are constant
functions. Using the same procedure, we obtain the invariance criterion of condition (38) under the rotation
group spanned by the operator X3 as

t+2e3 = 0 when t = 0, u — " (2 + teg) = 0 when u — " (x) =0
which results
z=0,0"x) = "(z + te3). (43)

Under the symmetry group generated by this operator we need to prolong operator (24) for the first-order
difference derivatives in order to analyze invariance of condition (39). Substituting 1 = 0,
&' = 12,6 =t in the operator X3 in (27)-(28), we obtain the coefficients

Ct = —Uyg, C:v = Ut
h h

and the prolongation operator

xm_,9,,9_ ,90 90 _,0 _ , 9
W Yot ox o Y ou, T Ouy L ou,
h h

This operator generates the group t* =1t 4 we3, ™ = = + teg, u* = u, uy = ur — Ug€z, UL = Uy — Us€s,

U = up — Ug€z, Uk = u, — urez. Applying the operator to boundary condition (39) gives
h h h h

t+xe3 =0 fort =0,

Uy — uges — Y (z + tez) = 0 when uy — " (z) =0
h h

and consequently
x=0,9"(x) — Y"(x + tes) = uges. (44)

From equations (43) and (44) under the group of transformations X3 and with the restriction wu,(¢,0) = 0 we
conclude that difference scheme (37)—(39) is invariant in two cases:
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(1) if t = 0 for all arbitrary functions ¢"(x) and ¥"(z),
(2) if t # 0 then ¢"(z) and ¥" () are constant functions.
Remark. Note that in the prolongation operators X>™M and X3Y we omit the coordinates for the mesh variables.
h

h

Indeed, substituting the infinitesimals 7 = 0,£! = 0 of the operator X5 in D1 (£%) and Do (£%) gives zero.
+h +h

For the operator X3 the infinitesimals are n = 0,£% = x,£% = t and we calculate Dy (£%) and Do (£7) as
+h +h

where

1 h
D *E(%*l):(Dl+2*?Df+"')(l’):07

Do(t) = 2(S2 1) = (Dy + SLD3 4+ - )(1) =0,

+h h
D g—i—u——i—u i-ﬁ-u 0 +
Y " ou " o, “t iy ’
D—g+ué+u 6+u a+
2 — ) xa txaut ac:caugc
Conclusion

Some results discussed in this paper are as follows. We have investigated the BVP for sine-Gordon equation
in differential and difference cases which are defined on an unbounded domain and lattice respectively. We
obtain the invariance conditions for the problems under the group of transformations admitted by continuous
and discrete sine-Gordon equation by applying the invariance definition in [16]. The transformations act on the
difference scheme, lattices, and boundary conditions and preserve uniformity and orthogonality of the lattice.
We used the prolongation formulas in discrete space which are formulated by Dorodnitsyn in [13] and analyze
the invariance of the boundary conditions with derivative. On this basis we conclude that difference scheme
(37)—(39) is invariant under the same restrictions of differential form (15)—(17) with respect to the symmetry
groups generated by (40).
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Hoindws mexnuranrvir, yrnusepcumems, Cmambya, Typrus

nddepeHnmaablK >koHe aiibIPpbIMABIK, TEeHAeYyJIepi YIMiH MIeTTiK

152

ecenrep/eri JIujain cuMmMmeTrpusijiapbl TypaJbl

2Kammsr JTu TonTapbl TEOPUSICHIHBIH, CUTIATHIHA, OARTAHBICTBI CHMMETPHUSIHBI TAJIIIAY MIETTIK eCcernTepre eMec,
JKeKe TeHjeyJiepre Kosgaubliaabl. Makasama JIugain HYKTeJdiK cuMMerpusijiap TOObIHA KATBHICTBI CHHYC-
Topmon Tenpeysepi yinin 1merTik ecenrep mauddepeHInaIblK, *KoHe albIPhIMIBIK, TYPJIEPiHIe AJIBIHIbI.
[ITeTTik ecemrep/iiH *KoHE OJAPIBIH IIENIIMIAEPIHIH NHBAPUAHTTHIK, MapTTapbl anbikTaaran. Cunyc-l'opmon
TeHJIeyl YIITIH IIEeTTIK ecernke CoiKec KeJeTiH aiflbIPbIM/IBIK, €CENITiH, MHBAPUAHTTHI JIMCKPETU3AIUSICHI 3€PTTE-
ni. duddepennmaaipik *Karaaiiaa meKcis obJIbIC, ajl aflbIPBIMIBIK, YKargaia — YKa3bIKTHIKTA OPHAJIACKAH
2KoHe OapJIbIK, OAFBITTa IIEKaPAChl3 CO3BLIATHLIH HYKTEIEPl 6ap TOp KapacTHIPBLIFAH.

Kiam cesdep: cummeTpusiHbL Tajay, 1epbec TybIHIbLIbI TeHJIEYIIeD, ailbIpBIM/IBIK, TEHEYJIepi, IeTTIK ecerl-
TEP.

O. Mewapipeiv, C. Yarmak

Texnuueckut ynusepcumem Hondws, Cmambya, Typyus

O ImeBCKUX CUMMETPHUAX B KPAeBbIX 33JIavax JIJIst
andpdepeHnuaabHbIX U PA3HOCTHBIX yPaBHEHM

Beumy npuposasr reopun rpymnmn Jlu anamms cuMMeTpun MIPUMEHSIETCH K OTACTbHBIM yPABHEHUSIM, & He K Kpa-
eBbIM 3ajiayaM. B craTbe KpaeBble 3a7a4u sl ypaBHEHUN cuHyc-I'OpIOH OTHOCUTEIBHO IPYIIIBI TOYE€IHBIX
cummerpuii JIu mostydens Kak B audpepeHnnaabHoil, TaK U B Pa3HOCTHON dopme. OmpeseeHbl yCaIoBUst
VHBAPUAHTHOCTH KPAEBbIX 3a7a4 U ux pemrenwnii. VcciemoBana nHBapraHTHAS NUCKPETU3AINS PA3SHOCTHOMN
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3aJ[a4n, COOTBETCTBYIOIIE KpaeBoil 3a1ade st ypaBHeHUs cuayc-lopmon. B nuddepennmaasaom ciaydae
paccMoTpeHa HeorpaHWYEeHHas 00JIaCTh, a B PA3HOCTHOM — PEIIETKa ¢ TOYKAMH, JIEXKAIIUMHU B IIJIOCKOCTH
¥ TSHYIUMUCS BO BCEX HAIPABJIEHHUSAX O€3 IPAHUIL.

Kmouesvie car06a: aHAIN3 CAMMETPUN, YPABHEHUs B YaCTHBIX IIPOU3BOJIHBIX, PA3HOCTHBIE YPABHEHUSI, Kpae-
BbIE 33/Ia9U.

References

Rubinstein, J. (1970). Sine-Gordon equation. Journal of Mathematical Physics, 11(1), 258-266.

Yildirim, O., & Uzun, M. (2020). Weak solvability of the unconditionally stable difference scheme for the
coupled sine-Gordon system. Nonlinear Anal. Model. Control, 25, 1-18.

Yildirim, O., & Caglak, S. (2019). Lie point symmetries of difference equation for nonlinear sine-Gordon
equation. Physica Scripta, 94, 085219(8).

Yildirim, O., & Caglak, S. (2019). Symmetry analysis of the discrete nonlinear boundary value problems
for the wave equation. AIP Conference Proceedings, 2183, 070029.

Bluman, G.W., & Anco, S.C. (2002). Symmetry and Integration Methods for Differential Equations.
Springer Verlag, New York.

Bluman, G.W., & Kumei, S. (1989). Symmetries and Differential Equations. Springer, Berlin.

Bluman, G.W. (1974). Applications of the general similarity solution of the heat equation to boundary-
value problems. Quarterly of Applied Mathematics, 31(4), 403—415.

Ibragimov, N.H. (1994). CRC Handbook of Lie Group Analysis of Differential Equations. Vol. 1, ed Ames
W.F. et al, CRC Press, Boca Raton, FL.

Olver, P.J. (1993). Applications of Lie Groups to Differential Fquations. Springer, New York.
Ovsiannikov, L.V.E. (1982). Group Analysis of Differential Equations. 1(3), Academic Press, New York.
Baumann, G. (2000). Symmetry Analysis of Differential Equations with Mathematica. Springer, New
York.

Hydon, P.E. (2000). Symmetry Methods for Differential Equations: A Beginner’s Guide. Vol. 22, Cambri-
dge University Press.

Dorodnitsyn, V.A. (2011). Applications of Lie Groups to Difference Equations. CRC Differential and
Integral equations Series, Chapman and Hall, London.

Levi, D., Tremblay, S., & Winternitz, P. (2001). Lie symmetries of multidimensional difference equations.
Journal of Physics A: Mathematical and General, 34(44), 9507-9524.

Dorodnitsyn, V., & Kozlov, R. (2003). A heat transfer with a source: the complete set of invariant
difference schemes. Journal of Nonlinear Mathematical Physics, 10(1), 16-50.

Cherniha, R., & Kovalenko, S. (2012). Lie symmetries of nonlinear boundary value problems. Communi-
cations in Nonlinear Science and Numerical Simulation, 17(1), 71-84.

Cherniha, R., & King, J. (2015). Lie and conditional symmetries of a class of nonlinear (14 2)-dimensional
boundary value problems. Symmetry, 7(3), 1410-1435.

Dorodnitsyn, V.A. (1991). Hruppy preobrazovanii v setochnykh prostranstvakh [Transformation groups
in net spaces|. Itohi nauki i tekhniki. Seriia Sovremennye problemy matematiki. Novye dostizheniia —
Journal of Soviet Mathematics, 55(1), 1490-1517 [in Russian].

Pukhnachov, V.V. (1972). Invariantnye resheniia uravnenii Nave-Stoksa, opisyvaiushchie dvizheniia so
svobodnoi granitsei [Invariant solutions of the Navier-Stokes equations describing motion with a free
boundary]. Doklady AN SSSR — Reports of the USSR Academy of Sciences, 202(2), 302-305 [in Russian].
Andreev, V.K., Kaptsov, V., Pukhnachev, V., & Rodionov, A.A. (1998). Applications of Group-Theoretical
Methods in Hydrodynamics. Vol. 450, Springer, Netherlands.

Rogers, C., & Ames, W. F. (Eds.) (1989). Nonlinear boundary value problems in science and engineering.
Vol. 183, Academic Press.

Mathematics series. Ne 2(102) /2021 153



