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Approximate Solution of Volterra Integro-Fractional Differential
Equations Using Quadratic Spline Function

In this paper, we suggest two new methods for approximating the solution to the Volterra integro-fractional
differential equation (VIFDESs), based on the normal quadratic spline function and the second method used
the Richardson Extrapolation technique the usage of discrete collocation points. The fractional derivatives
are regarded in the Caputo perception. A new theorem for the Richardson Extrapolation points for using the
finite difference approximation of Caputo derivative is introduced with their proof. New techniques using
the first derivative at the initial point such that obtained by follow two cases the first using trapezoidal rule
and the second using the first step of linear spline function using the Richardson Extrapolation method.
Specifically, the program is given in examples analysis in Matlab (R2018b). Numerical examples are available
to illuminate the productivity and trustworthiness of the methods, as well as, follow the Clenshaw Curtis
rule for calculating the required integrals for those equations.

Keywords: Integro-fractional differential equation, Caputo derivative, Quadratic spline, Extrapolation me-
thod, Clenshaw.

1 Introduction

In this research we will improve a proximity based on the quadratic spline to attain the numerical solution
of the following Volterra integro- fractional differential equation (VIFDE’s) of the second kind of the form:

CDEult) + Y PUOEDE () + Pautt) = £0)+ Do [ Kelts) CDEuteas, e fat ()
i=1 =0 a

Subject to
[u(t)](t:a) = Uq, (2)
where o, > a1 > - > a3 >ap=0and B, > Bm_1 > >01>0=0

0<Oéi, BJS].

Connected with N—condition; N = max{n;,m; for all ¢ and j}, where o;,3; € Rt,n; — 1 < a; < n; and

m; —1 < B; <my, n;y =[a;] and mj = [p;] foralli=1,2,...,nand j = 1,2,...,m, u(t) is the unknown
function and £ : S x R — R (with S = {(t,s) : a < s < ¢t < b}) denote a given functions, f(t), P;(t);
(1=0,1,2,...,n) are given continuous real valued function on I, and ); is a scalar parameter.

In Eqn.(1), aCD? and ng denotes fractional differential operator where n —1 < «, § < n € N in the sense
of Caputo and is given by

1 ¢ u™(s)

—1
T(n—a) Ja (t—s)aﬂfnds n <a<neN

oDy u(t) =

(t) a=neN
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Properties of the operator ¢ D} can be found in [1-5], we mention the following

§ 0 ifpe{0,1,2,...,n—1}
i. °DY(t —a)P = r 1
LaDi(t-a) F(pEQZ—F)l)(t_a)p_a ifpeNandp>n orp¢Nandp>n—1

ii. Letn—1<a <n,n € Nand o, A € R and functions u(t) = A is constant function such that ¢ D u(t) = 0

iii. f0<a<1,t.€Randm e R" and for any arbitrary ¢, > a = to. Then, for all a <t < b [6].

Cp2(t—tym = |3 LD T Dt ) (tr - )]

ps I'(m+1—1i—a) t—a

where [a] denote the smallest integer greater than or equal to a. In the present research.

Several methods have been introduced in the literature for the numerical approaches to IFDE’s have been
recently studied by numerous authors [7-11].

This work is organized as follows: we start by an introduction then focus the fractional differential operator
Caputo sense. Preliminaries and discussing numerical methods, quadratic spline function is defined ,devoted to
applying the integro-fractional differential, and explains some of the theorems that are needed for this work
described in section two. Section three the proposed method is applied to two examples. Also a conclusion is
given in section five.

2 Preliminaries

In this section, we will introduce and study the concepts such that we divided into two subsections.

Definition 1. Clenshaw and Curtis (1960) defined a procedure for evaluating a definite integral by expanding
the integrand in the finite Chebyshev series and adding the terms in the series one by one the technique is very
effective especially for integral equations [12] as follows.

" ’

! N9 N rkm km
/Af(x)dx: Z N}; cos <N>f<cos (N)) k=0,1,...,N.

P even
Remark 1.
i. The notation Z” means the first and last terms are to be halved before summing.
b b—
% + Tay , converting interval [a, b] into [—1,1].

Definition 2. [13] Richardson’s extrapolation is used to create high-accuracy result using low-order formulas.

ii. The transformation x =

m o T.(mfl) _ T.(mfl)
Ti( ) = Ti(+1 2 + 1 y !
(3
-1
<hi+m>
i=1,2,....,mand m = 1,2,...,k — 1. Where L(m) is an approximate value. Richardson extrapolation using
step sizes of h;, hit1, «..y higm, and 0 <m < k — 1.

Remark 2. The sequence {h;} usually is of the form

ho ho ho ho ho ho ho ho ho ho ho ho ho ho
hOa a0 40 o a0 (> h07 o o 4 gEoocce and hOa 5 2 4 a0 g o0
2° 47 8 16 2 37 4 5 2 3747 6 8 12

ho ho ho h
In this paper we will consider the sequence {h;} as the form {ho, ?0, ZO7 go, 1—2, e }
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2.1 Quadratic Classic Spline Q(t): [14]
A function Q(t) is a piecewise spline of degree two can be written as:

Qo(t) t € [to, t1]

o) = Ql(t) t € [t1, 1]

Qn-1(t) te€tn_1,tN]
A quadratic spline consisting of IV separate pieces of quadratic functions of the form
Qr(t) = a,t®> + bt +cp, t € [tr,tr4q], ¥r=0,1,...,N — 1.

In addition Q(t) satisfy the following conditions:

1 The domain of @ is an interval [a, b].

2 Q and Q' are continuous on [a, b].

3 There are points ¢, such that a =ty < t; < --- <ty = b and @ is a polynomial of degree two on each
subinterval [t,, t,41].

4 A quadratic spline is a continuously differentiable piecewise quadratic function.

5 A quadratic spline is a linear combination of basic functions 1,¢, 2. The smoothness condition is stronger
than that for the first-degree spline.

6 The interpolating condition Q,.(¢,) = @Q, and Q,(t,4+1) = Qr+1.

We drive the equation for interpolating quadratic spline Q(t), after some manipulation we obtain,

Qt) = (1 ¢ _ht")z) o+ _ht")QQrﬂ G tT')(;’;T'“ ) Q. (3)

Where Q,(t,) = Qr, Qri1 = Qr(trs1), Q.(t,) =m,, Q. = Q.(t,) and t,41 —t, = hfor r =0,1,...,N — 1.

’

We require from the continuously differentiable condition of quadratic spline function i.e. Q;(tﬂ_l) = Qrt1s
differentiating Eqn.(3) with respect to ¢, we get

, 2t —t,) t) (trg1r — 1) — (t—t,)

2 t - ’
Qr<t) = _TQr(tr) + (TQr(trJrl) + n Qr<tr>,
Putting ¢ = t,,1, we obtain Q. (t,11) = —Q.(t,) + 2 (Qr(tr-i-l)h_ Qr(tr)>
Qg =—Q +2 <Q+1hQ> r=1,2,...,N.

2.2 Fractional Derivative of Spline Functions

In this section, we discuss the way of obtaining fractional derivative for all the quadratic spline. So that,
here we apply Caputo properties to accomplish.
Lemma 1. The fractional derivative of quadratic spline of order o with respect to ¢ as:

SDﬁxw=ﬁ}@?;;[}f@@—a)—ﬂz—aXu—a»Qr+;@a—a>—%2—axu—a»QH1
+ [(trg1 +tr —2a)(2 — ) — 2(t — a)]Q;l , where 0 < a < 1.

Proof. Quadratic spline function Q(t) in the interval [¢,,t,.11] give the formula in Eqn.(3)

Q(t) = A, ()Qr + Bo(H)Qpi1 + Br(H)Q.,

mw=1—C;“Y,&w=1—mm=(“jﬁi

where:
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Co(t) = (t_t”)(fb’““_t), Vr=0,1,...,N —1.

t— 1ty
h

(t —tr)(trs1 — )
h

t—t\° 2,
SD?Q<t>=QTED3[1—( h’”) ) +Q, D}

+ QrJrlgD? (

Using the definition of the Caputo fractional derivative in the from (1)-(3), we have

N -l 2(t—a)* ™ 2t—a)® 1 |2(t—a)>™ 2(t—a)@
2 DEQ) = hZ[ TG-a)  Te-a) 9% 2|50~ Te_a 9|0
+ % (tr+1 +tr — 2a) (?(—Qa) O:)“ - 2(115(; a)a;“ Q..

Through calculation, you can get

D) =

(t—a)t=@| -1
h h

hF(3 _ a) 7(2(25 - a) - 2(2 - Ol) (tr - CL))Qr + 1(Q(t — a) — 2(2 — a)(tr — a))Qr+1

H(trg1 + tr — 20)(2 — @) — 2(t — a)]Q.. |, where 0<a<l.

Theorem 1. [6] The finite difference approximation of Caputo derivative for 0 < « < 1 at define points
t=t,41; 7=0,1,...,N—1and h = (b—a)/N, is formed as

a7 D lultr-n) — (e ).

=0

aCD?u(tr+1) =

where b = (j +1)'7* — j'~°.
Theorem 2.(new) The finite difference approximation of Caputo derivative for 0 < a < 1 of the subinterval

[ty try1], define the point t = ¢+ (i+1)hps, Ay = h = (b—a)/N , according the step size of Richardson

P
Extrapolation M* = 0,1,..., M, is formed as
o r—1 )
& D, U=t 441 hape = Fro oy D ulte—g) = ultr—j )]G °
r2-a) &
he < o o )
sy 2t (=g Dhare) —ults £ = a5,

. _ o M*
where b = (j +1)'7* — j'7¢, G =

. 11—« . -«
_ 1+1 o (+1

i=0,1,...,2M —1, h =ty —t,.

Proof. Recall the definition of Caputo fractional derivative for 0 < a < 1 and using first order forward
difference approximation [15], to obtain

1 trt (D) har ou(s)/0s

C [0}

DOu(t)ier i = d
o Deu®limttrvme = F—gy /a (tr + (i Dhage —s)o
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O e ' B 1 /t* Ou(s)/0s /t*+(i+1)hM* Ou(s)/0s
a Dyttt (4 na = Frl—a)| ), =+ G+ 1)y~ — s)ads + . (t + (i + V) hae — s)ads

r

r—1 cat+(+1)h
_ 1 Z/ 5‘u(5)/85 s
I'(l—a) | = Jarem (tr + (i + D)hpr- — 8)

i ptet(EH1)hag Ou(s)/0s
o (5)/ ) ds}

= Jtrthg (tr 4 (i + )hps- — 8)°
. 1 Tz_f u(teyr) — u(ty) /a+(€+1)h ds
~T(-a) =0 h a+th (tr + (i + Dhpp — 5)
i u(tT + (E + 1)hM*) — u(tr + ghM*) /tr+(£+1)hM* ds
+y ‘ _
£=0 har- totChyge (tr + (i + Dy — 8)

By assumption Let & = ¢, + (i + 1)hp+ — s then d€ = —ds, if s = a + ¢h then & = (r — £)h + (i + L)hy~
s=a+({+1)hthen=(r—~L—1)h+(i+1)hpy~,if s=t,+Lhp then £ = (i =€+ Dhp s =t + (L+1)hpy-
then & = (i — £)hr+, we obtain

1 {Tz:l u(tey1) — ulte) /<T_€)h+(i+1)hM* g
(

C «
o Dy u()|e=t, +(i+1)hp- =
k b=trt (it L)hn I'(l—a) o h r—b=1)ht(i+1)hpg &

Z u(ty + (C+ 1)hare) — ulty + Lhas )/“‘“”h”’* d¢
— Ve (—Ohye &

For first sum; let j =r — £ — 1 and the second let j =i — ¢

i {Z o) =l g =) [ e

B F(l - a) =0 h hA4-(i+1)h s &
N i: u(ty + (i — j 4+ Dhar-) — ulty + (i — j)har+) /(iﬂ)hw df}
= hoar- Jhar+ &

After integrating then compute we can obtain,

a h—« r— e
aCDt u(t)|t:t7-+(i+1)hM* = T2 a) Zj:é [u(tr—j) —ultr—j-1) C% '
R i . . o
+m > im0 |ulte + (i — j+ Dhare) —ulty + (i — j)har- )b |,

where C%*’a = (j+ 1)l 4 jl-o

((j+ 1)+ %L}))la - <j+ (i2;t4*1)hM*>1a1’ b =

8 Methods Analysis

To find numerical solution of Eqn.(1), using quadratic spline function, we can use the following two cases. The
first one using the normal and the second using extrapolation method. Now we can drive each cases.

3.1 Normal Quadratic spline function (VFID’s)

To progress the quadratic spline approximation method for solving Volterra integro-fractional differential equati-
on from Eqns.(1) and (2) on the interval [a,b]. First divided the interval [a, b] be into N-equal subintervals of

length of h = 29 ith endpoints, the quadratic spline Q(¢) interpolating the function u(t) at the grid points
are specified by the equation.

n—1

EDIQ(E) + D Pit) DI Q) + Pa(t)Q +Z>\f / Ke(t,s) S DI~ Q(s)ds

=1
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Substituting t = t,41, r =0,1,2,..., N — 1, from Eqn.(5) then collocate Eqn.(5) at the uniform grid points
after substituting Eqn.(4) into Eqn.(5) then we obtain

((7’—|—1)h)°‘"{2[(1 —7r)anr](Qri1 — Qr) — [n(2r +1) — 2T]Q;}

'3 — o) h
X M)((’"nglhin_j;_l{i[(l —Pan-ir)(@ri1 = Qr) = lani(2r + 1) = 201G, }+pn<r+1)czr+1

= fra + 20! ”{25 LI K1, 9)[Q € DI Ay(s) + Qi a E DI By(s) + QS DI €y ()] ds
+ ftt:H Ke(trs, ) [QrngnL[Ar(s) + Qr+1ngm4Br(s) + er aCDfmeCT+1(5)‘| ds}

+)\m{zj_0 t”l/C (trt1,8)

Ai(s)Q; + Bj(s)Qjy1 + Cj(S)Q;—l ds

tr
+ ftr + ICm(trJrlv S)

A’I”(S)Q’r’ + Br(s)Qr+l + CT‘(S)Q;“| dS}

2((1=7) + Qn_syr)s Hp = Paprsry + s Wi(s) and

((r+ )=
I'(3 — ap—s)

Vi(8) = Pyrg) (@n—g(2r+1)=2r), s=0,1,....,n—1, r=0,1,2,...,N — 1.

The Eqn.(6) becomes,
QTH{’H,Z A [ Kon(trg1, 8)Br(s)ds — S5 Ae f /Cg(trﬂ,s)achmeBr(s)ds}
= QT{ZZ_S Wi(s) + 205" A ftrﬂ Ko(tri1,5)S D0 An(s)ds + Am f;:ﬂ Ko (trs1, S)Ar(s)ds}
+Q;{E Vin(s) + 2205, /\z ft T e(trga, s )CD " Crya(s)ds + Am f::“ Ko (trs1, S)Cr+1(5)d5} + fri1
+305 Ae{ﬂ 0 tHI Ke(tri1,s )[QjachmlAj(S) + Q1S D] By (s ) + QS OOy )] }

“V‘A Z] 0 tJ-H’C (7«+178)

A;j(s)Qj + Bj(s)Qj+1 + Cj(S)Q;‘| ds.
(7)

To acquire @, inserting r = 0 into Eqn.(7), we must enter Qo and @ into Eqn.(7) but as we see we have
the best Qo from the initial condition. To getting Qg from the forward formula, we ought to have Qgp ). So for
preparing Qgp ) we've critical approaches: (I) Trapezoidal Method and (II) First step of the linear spline.

I- Using Trapezoidal Method
Calculate the Eqn.(1)on interval [tg, t1] we obtain,
O, ()=t + iy pi(t1)S DY w(t) =ty + patr)un
Ft) + 05 N [ Kolte, $)E D u(s)ds + A [ Ko (b1, 8)u(s)ds
Recall the Theorem (1)

i—1

D ult)emr, = 5=y 2 [um_j) - u(ti_j_n] b
j=0
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where
« . 11—« l—a
b =0G+1) -7 e

hl_ﬁrnfl

m’%[ul — o]

a h™ _
First we can find & D} u(t)|i—¢, = )[ul — o), f;l Ke(t, s)aCDf’" ‘u(s)ds =

2 -«
and [ Kon(t1, s)u(s)ds = ﬁ Kug + K7uq|, the Eqn.(8) becomes
a 5 10 11

h—on el h—an—i
M[Ul - UO] + 21:1 pi(tl)m[ul — uo} +pn(t1)u1

e hl—Bm—e
= f(t1) + 205" A KA [ur — uo] + Am 2[KThuo + KTju]

h—%n h*&n*i 1 hlfﬁm—z , .
t1)) ——— . t1) — o - _ hgm
m{F(2—an) + 30 Pz( 1)F(2—an —) + pn(t1) /=0 )\421_‘(2_57714)]@1 Am BT

(9)

h=n han—t 1 hl=Bm—t
= S pilt) e = S MK+ A 2K t
%{HQ—%J+ = nt)p o T e Mapg =g,y H ki 4 (1)

So u; = Qgp ),
II- First step of linear spline(using R-Extrapolation Technique)

Calculate the Eqn.(1) on interval [to,t1], t = to + (i + Dhage, i = 0,1,...,2M —1, M* =0,1,..., M. and
ha = a7 is formed as
SOy u(t)] = to+(i+1)hps +ZZ 1 Pi(to+ (i + 1)hag)S Dy W) [t=to+ (i41)hpge
+pn(to + (i + Dhar )u(t) li=to+ (it 1) = f(to + (0 + 1)har-)
+Z )\ ft0+ Z"rl)hM* kﬁ(to + (Z + 1)h]W*’s)aCDfm—éu(s)ds
+)\m f;O“F(’L-"l)hIW* km(to n (Z n l)hM*,s)u(s)ds

(10)

Since by finite difference approximation and recall the theorem (2)

i

o R
aCDt w(l)lt=to+(i+1)hpe = 11(271\1&) Z
§=0

’Lb(tr + (Z —] + 1)h1\/[*) — ’U,(tr + (’L —j)hM*)‘| b;l

h
if M*=0,i=0, t=1ty+ (0+ 1)ho- and hy- = 5o+ = h, we obtain

2
_ " ud 1 —ud 5| bg = -t uy — ug |, the equation (10) becomes
re—a)| % 80| 06 I'2-a) ’
e e = 8| ey — e B
['(2—ay) it ) Jj=1 A=j+ =g |7

h_(i(n ii
1 _m
I Palto + (14 WM>mzmhm{

0 0
Upr* j41 — “le

+35-1 [u%*,i—j+l - U?w,z'—j] bﬂ%_ii} * palto (04 Dhar Juye i
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. m— m— P
= lto + (i + Dhor) + 75" M S5 A=
_5771—(
i , hyf . .
{2 Y a0 ke(to + (i 4+ 1)hare,to + th[*)m Z?:é [U%J*,d—j - u(])w*,d—j—l‘| bf ‘
h—ﬂmfz
+ke(to + (i + 1) har-,to + (i + l)hzw*)m (=41 — Uige )

+Z;:1(U(J)\4*,i—j+l - {U“?W*,i—j)bfm72 }
hopg ) i .
+Am% [km(to (i Dhare s t0)uQge o + 254 ko(to + (i + Dhar- to + dhag-)ufye 4
+km(t0 + (Z + 1)hM*,t0(Z + 1)h]y[*)u9\4*7i+1‘| .
hogs o M* /. . n—1 ) o, M*
m and Hk (Z+1)pk(t0+(Z+1)hA{*)+ZS:0 Pé(t0+(1+1)hM*)Ak (S),
VkeZt, s=0,1,...,k—1, i=0,1,...,2M —1 with A7™ (k) =1, Py(to+ (i + 1)hn-) = 1

Let ATM (s) =

o o M* [ hars som—1y .6,M*,0 43 M* AmPar | m M*.0
uM*,i+1{Hn (i+1)— 3 =0 /\L’ki+1,¢+1-’4m () - D) ki+1,i+1

_ fM*0 n—1 0 a,M* hys m—1 GM*,0 48,M* 0
=Jiy1 T {Zszo Paivt A (s) — 4 1—0 Aekily o At (€) pudys
i 0 0 n—1 p0 a, M* (;:\3Qn —10
_ijl [UM*,ij+1 - uM*,ij‘| (Zn‘:o Pii,i+1“4n (“)bj )

i d=1{ o 0 m—1 4,M™,0 M B —£
Fhare D g1 20 [UM*,dj - “M*,dj1] ( =0 ME1 g AR ()Y )

hare i 0 0 m—1\ 1.6,M*0 M* 1B —t
T Dimt | Uhae i1 — Unge i ( 1m0 Aekity o ARMT (O] )

/\m M* ;. m,M*,0 ] *
M*,0, 0 i m,M™*,0, 0
+ 5 kivrs unpe s+ Amhare D g0 ki U g

If M* =0, i =0and hg = & = h, we obtain

_ Amh
o m 4, . m!t0 ; m,
Ug,l{Hn’O(l) - % Ze:ol )\ékL?Aan’O(g) T kl,lo}

(11)
n—1 m—1 2,0 m,0,0
=+ {Zso pY 1A (s) — %0 > o )‘Zk1,1v4§ﬂo(f)}u8,0 + h?“’ﬁ,o ug g

So we can say u8,1 ~ Qgp ), from this we come to the conclusion that the path normal quadratic spline function
can be analyzed with two technique the first is using Trapezoid (NQST). And the second using First step of
linear spline (using Richardson Extrapolation) (NQSL).

3.2 Quadratic spline function using Extrapolation (VFID’s)

To sketching the quadratic spline proximity method for solving Volterra integro- fractional differential
equation Eqns.(1) and (2) using extrapolation, the interval [a, b]. First divided the interval [a, b] be into N-equal

h—
subintervals of length of h = Ta with endpoints, the quadratic spline Q(t) interpolating the function with
Extrapolation in the interval t € [t, 4+ thps=, ¢, + (i + 1)hps+] is specified by the formula

Qe i(t) = Ao s(OQhs s+ Bipe s(Q5EL, + Chpe s(DQN)

h
M~

r=0,1,....,N—1,i=0,1,....2™M —1, M*=0,1,..., M, hy~ =
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Where
r t— t7~+ZhM* - , t— (t, + ihy- 2
AM*,i(t)zl_ ((h) , BM*J(t):l—AM*,i(t): (h)> 7
=T+ i) (b + (4 Dhare) 1)
T - r M* r M) —
Chri(t) = 5 ,
M*
Thus

cp%or .. — — ) . — LA
D@0 S TEa) T “)]QM ‘

2 |(t—a)* ™ (t—a)l™@
R, | TB3—a) T(2-a)
2 ((t-a)?** (t—a)"
h3,. | T(3—a) I'2—a)

2 [(t—a)2e o1 t—a)~| ) r
7h?\4* [IM — <tr + (Z + i)hM* — CL) F(Q—a)] QM*,Z'

-2 [(t _ a)2—o¢ (t _ a)l—a

(tr + ih]\/[* — a) Q}N\/I*J_’_l

(tr +ihar — a) | Qe 441

From Eqn.(1) putting ¢t = ¢, + (¢ + 1)has+, then collocate Eqn.(5) at the uniform grid points after substituting
Eqn.(12) into Eqn.(5) then we obtain

2050 (2M i+ 1)1
h3,.T(3 — ay)
2R3 M i 1)
hM*F(3 - Ozn)

2M (= 1) +i(ay — 1) + 1

Qe i1 — QM]

2M7 (o, — 1) +i(an — 1) + an QM*»

2h27*a"*ii(2M*r+i+1)1704",”
128 D hase M
+Z” 1 Pii(tr + (i + 1)hy ){ 72, 16— an )

r ‘| } 2]7/3;@”7“ (2M*7= +i+ 1)1—o¢n_7:7:
M* i1 QM* i -

hM* F(3 — Ozn_“‘)

[2M*r(ami — 1) il —1)+1
[QM*T(@n—z‘i — 1) +i(an—s — 1) + éan—ii] Or T pate + (0 + Dhar=) Qs i1

o . m—1 r—1 rtj+1 . C Bm—t C

= flty + G+ Dhog) + S0 A [zj 8L ket (i D, 5)[S DI Ay (5)QS

m o — m— /7C
+O DI Bi(5)QF ., + S DI 0y(s)QY) }ds]

tr (1) R« . Bom—
T S ORI e (i D, 8)[C DE Ay 1 (5) Qi

+ DI By (8)Qhye saq + SDE T Oy 1(5)Q4) )ds

D hyr+ .
SO Byt 4 G D, s)

[ODm = Ay ()@ s+ CDE By (8) Qg iy + S DI Chpe 1(5)QN ) ] ds

r—1 prtj41 . N.c
Mo | 50 J17 7 bonlr (i D, )[4 (5)QF + By (5)QF0 + C5()Q5” s
1— T +1)h = , i, . § N
Jrz’:l tt;rj(sz;;*) Mk (e + (0 Dhars, $)[Aye 5 (8)Q0 j + Bipe j(8)Qp 1 + Chye () %}*,j]ds

trt+(i4+1)har* . r r r r T "),
I b (b + (4 Db, $)[Alye (8)Qe i+ Bhge i ()Qhpe i1 + Chpe o(5)Q4) 1ds

(13)
Let

2h?\/[:a1L75(2M*T+’L.+1)1_04("75) 2M*

Wn’:z(s):PS r+( hor T’(O& n—s 71)+Z(O‘ n—s 71)+1
M*, (tr+(i+1)hpr+) h?\/[*r(g _a(nfs)) ( ) ( )
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2h2:anfs(2M*T+i+1)1704(,,,_5) . 1
VUL (8) = Py i a—M M () — 1) 4 i(n_s) — 1) + = (s
=i (8) = Patt,+(i4 1)y Far T3 — i) (@(n—s) = 1) +ilam-s) = 1) + 55
n—1
My i(8) = Page 4 )hge) + O Wiie i(8), 7=0,1,...,N =1, s =0,1,...,n— L
s=0

i=0,1,....,2M" —1, M*=0,1,..., M. hp~ = SAF VM € Z" U {0}, then Eqn(13) becomes

r n,r m—1 ot (ik 1) hpge . S
QM*,iJrl{HM*’i(S) — Dm0 M f +z(sz*) M ke(ty + (1 + 1)hM*,8)aCD§ ZBM*’J-(s)ds
)\ ft ;(}::1 hop km(tr + (Z =+ l)h]\/[*y-S)B’]r\/[*’j(S)dS}

= fltr + (i + Dhare) + Q?u*,i{zg o Wit i(s)

00 A S I oy (b, 4 i+ Dby, ) DS AL (s)ds

+Am ft ;(,fri)hw km (tr + (i 4+ 1)hM*75)A§\4*,j(3)d3}
+Qf) T’{Z;’:& Vi () + S0 A ST Ryt + (64 Dhage, ) DE Clyp (5)ds
trt+(i4+1) A+ . -
+Am [, +1(hM*) Mk (t 4+ (0 + 1)hM*78)CM*,i(S)dS}

+ 30 A [Z ftﬁl ke(tr + (i + )b, )[CDEM_EAJ'(S)QE
+CD/3m /zB ( ) ]_H( )+aCD§771720j(8)Q§/)’C}dS

i—1 pte+(G+1D)ha= . Bm—e 7r -
ijo tr+j}]zM* M ke(te + (i + Dha, 3)[5Ds ZAM*,]‘(S)QI\/I*,j
ﬂnl— T T m— r ! T
+S D" B *,j(S)QM*,j+1(5) +aCD? ‘C *,j(s)Qg\/j)*,j]dS‘|

o lz 0 J Rt 4 (04 1hag-, )[4, (5)Q5

, i=1 ptet(G+1)hass .
+BJ'(5)Q]C+1 + C](S)Qg ]ds + ijo tr-‘rj(f]LM*) M km(tr + (Z + l)hM*,S)

(Al (8)Qhe s+ Bipe (8)Qge i1 (8) + Oy i(5) gz;fjws]

)

Eqn.(14) is obtained to find the approximate solution Q- ; , Vr = 0,1,..., N — 1, ¥i = 0,1,.. oM

h , , (P)
M*=0,1,...,M, hy+ = —~, VM € ZT U{0}. For finding Q, by forward formula Q, = QO, Qo is the

oM’ h
w, r=1,2,..., N, in this technique

we need to find Q§p) so in the same way such as how through from Eqn.(9) or Eqn.(11), from this we come to the

conclusion that the path Extrapolation quadratic spline function can be analyzed with two technique the first

is using trapezoid (EQST). And the second using first step of linear spline (using Richardson Extrapolation)
(EQSL).

initial condition Eqn.(2), using for next iterations Q +QT 1=

4 Numerical scheme

In this section, we present two examples in which their numerical results. In examples (1) and (2), we have
compared the results of this method for (VIFDE’s) of the second kind with collocation normal spline and Ri-
chard Extrapolation method the result shown in tables (1,3) an almost large interval to show capability of the
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method shown in table (4) for example 2. Finally, demonstrates figures (1,2) to compared numerical and the
exact solution of the examples (1) and (2) where h = 0.1.

Ezxample 1. Consider the linear VIFDE on 0 <t < 1:

6 DY Tu(t) + t§ DY? — 2u(t) =

(t — 252§ DY3u(s) + (t — 5)§ DO u(s) — (ts — 1)u(s)|ds,

where

=ﬂﬂ+A
2 20

2 1 2
)=t + 3t - 103 21 -2+
J) =—3t+5t+ ras)’ Tas A2 Geray

With the initial condition: 4(0) = 1, where the exact solution is given by u(t) = 1 — 2¢.
FEzxzample 2. Consider the linear VIFDE on 0 <t < 1:

t27(37 — 34t).

1
§ D2 u(t) - 5 §DF + (1+#)u(t) =

=ﬂw+At

ts§ D u(s) + (t* — 5)§ DPu(s) + et+5u(s)] ds,

where
f(t):et—th(t—1)2+t5—t3+t2—1+71 g1 3 ) 2728
r(3-28)\" 2-8
P < 2_p_ 1) ph__ 2 s
r@-p)\4-5 INCRS)
With the initial condition: u(0) = —1, where the exact solution of this problem is known wu(t) = t* — 1, and
8 =0.5.
Table 1
Exact and numerical solution of example 1
t Exact N =10
NQST NQSL EQST (m = 2) EQSL (m = 2)

0 1 1.0 1.0 1.0 1.0

0.1 0.8 0.8000004930653 0.8 0.80000000707939 0.8

0.2 0.6 0.6000007031481 0.6 0.60000071148317 0.6

0.3 0.4 0.4000010136467 0.4 0.40000222633954 0.4

0.4 0.2 0.2000013769366 0.2 0.20000484834216 0.2

0.5 0.0 0.0000017667637 2.496349159 e 7 0.0000084819165 7.57181976631 ¢ =7

0.6 -0.2 —0.1999978313918 -0.2 —0.19998695732248 -0.2

0.7 —0.4 | —0.39999742490777 —0.4 —0.39998156309772 -0.4

0.8 —0.6 | —0.59999701665405 —0.6 —0.59997541684731 —-0.6

0.9 —0.8 | —0.79999660662054 —0.8 —0.79996858034163 -0.8

1.0 —1 —0.99999619296744 —-1.0 —0.99996109404 —-1.0

LSE 5.3025254 e—11 6.2317591 e—34 3.7161423 e—9 5.7332455 e—37
R.Time/Sec 40.994059 51.198122 302.24999 419.6619

The result in Table (2) shows R-Extrapolation technique for solving quadratic spline methods using trapezoidal
and first step of linear spline for A = 0.05 (N = 20). For Example 1.
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Table 2
The comparison of the solution R-Extrapolation technique
t Exact N =20
EQST(m = 2) EQSL (m = 2) EQST (m = 3) EQSL (m = 3)
0 1 1.0 1.0 1.0 1.0
0.1 0.8 0.800000008905707 0.8 0.800000006359992 0.8
0.2 0.6 0.600000050701418 0.6 0.600000045813416 0.6
0.3 0.4 0.400000151375986 0.4 0.400000137044427 0.4
0.4 0.2 0.20000031526505 0.2 0.200000284526254 0.2
0.5 0.0 0.00000053995763 1372334369 ¢ ® | 0.0000004860751345 | —7.73860979575 ¢ =7
0.6 —0.2 —0.199999179770634 —-0.2 —0.199999262960361 —0.2
0.7 —0.4 —0.399998849511254 —-0.4 —0.399998967571431 —-0.4
0.8 —-0.6 —0.599998474114693 —0.6 —0.599998632098907 —0.6
0.9 —0.8 —0.799998057255924 —-0.8 —0.799998259837467 —-0.8
1.0 -1 —0.999997601330418 -1.0 —0.999997852936052 -1.0
L.S.E 1.4269108 e—11 4.5677668 e—36 1.1456484 e—11 5.9886082 e—37
R.Time/Sec 855.47371 2374.498 2413.3623 2398.2578
Table 3
Exact and numerical solution of example 2
t Exact N =10
NQST NQSL EQST (m = 2) EQSL (m = 2)
0 1 1.0 1.0 1.0 1.0
0 —1.0 —-1.0 —1.0 —1.0 —-1.0
0.1 | —0.99 | —0.984097358703339 | —0.98385921585012 | —0.991476290775673 | —0.991479158909235
0.2 | —0.96 | —0.956638239698859 | —0.95627586881473 | —0.965258118725224 | —0.965263505489059
0.3 | —0.91 | —0.914517584731656 | —0.914089026848564 | —0.921013271619213 | —0.921018780914492
0.4 | —0.84 | —0.856459372872957 | —0.855994041063225 | —0.859259280306947 | —0.859264546925167
0.5 | —0.75 | —0.782066581154528 | —0.781577394923225 | —0.780434507191968 | —0.780439517960847
0.6 | —0.64 | —0.691478975785645 | —0.690968031530877 | —0.685006055226451 | —0.685010914123675
0.7 | —0.51 | —0.585278870476111 | —0.584740180555245 | —0.573535077158801 | —0.57353994630581
0.8 | —0.36 | —0.464504501114389 | —0.463925265789229 | —0.446739340155018 | —0.446744421203363
0.9 | —0.19 | —0.330716434084407 | —0.330077470104528 | —0.305564188908158 | —0.305569718588994
1.0 0 —0.186096022057057 | —0.185371604481513 | —0.151269656763997 | —0.151275909797876
LS E 0.075036756 0.074289865 0.051271853 0.051277655
R.Time/Sec 46.939625 53.091482 355.20677 297.93127

The result in table (4) shows the least-square errors and running times (elapsed time) for quadratic spline
methods with different values of steps size h. For Example 2.

Table 4
Comparision for different value of N
h 0.1(N = 10) 0.05(N = 20) 0.033(N = 30)
Quadratic LS.E R.Time /Sec LS.E R.Time /Sec LS.E R.Time /Sec

NQSL 0.074289865 53.091482 0.066459532 136.90037 0.059164974 308.13296

EQSL (m =2) | 0.051277655 297.93127 0.046061105 1115.3817 0.044419219 2788.2102

EQSL (m = 3) | 0.045270078 1908.428 0.043314536 3855.422 0.04268915 8619.3941
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15 &

u(t)

=15

=== Exact Solution Numerical Solution By NQST =miwm Numerical Solution By NQSL
=== Numerical Solution By EQST(m=2)  ==é=Numerical Solution By EQSL (m=2)

Figure 1. Compared numerical and the exact solution of the example 1, h = 0.1.

t
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1, 11,
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-0.2
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=
-0.8
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12 v
—@— Exact Solution —@— Numerical Solution By NQST
Numerical Solution By NQSL Numerical Solution By EQST(m=2)

—&— Numerical Solution By EQSL (m=2)

Figure 2. Compared numerical and the exact solution of the example 2, h = 0.1.

5. Conclusion

In this work, we have fully attempted to find the numerical solution of the Volterra integro-fractional di-
fferential equations (VIFDE’s) by using quadratic spline approximate. The numerical procedure and methodology
are done in a very straightforward and effective manner. Through the numerical calculation, we confirmed that
the Richardson Extrapolation method has the highest degree of accuracy. On the basis of this work, tables (2)
and (4) displayed comparison between normal quadratic spline and using Extrapolation method with different
step sizes. Furthermore, interpolating quadratic spline for linear function is closer to the quadratic function as
displayed in tables (1) and (3). Likewise, new techniques using the first derivative at the initial point by the
First step of linear spline(using R-Extrapolation technique), then our solution would be better and the ration
of mistake would be fewer in comparison of the method of Trapezoidal at finding first derivative at the initial

point. Figures (1) and (2) represents which one is the best technique for solving (VIFDE’s).
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K.X.®. Txsamep, I Axmen, J1.X. A6xymra

KBamparThlk criaiiH-(yHKIIUACHIH KOJJaHa OThIPhIN, BoabTeppain
nHTEerpo-oe/miexkTi anddepeHnua ablK TeHAeyIePiHiH >KYbIK, [IeIniMi

Maxkasaza KaJIbIThl KBaAPATTHIK CILIAiH-(DYHKIMSCBIHA Herisgenren BosbTepp/iiH WHTErpo-6eJImeKTi-
nuddepeHITIANIBIK, TEHIEY/IiH, TIENMIiH KYBIKTAYIbIH €Ki yKaHa 9iCi YCHIHBIJIFAH, ajl €KIHII 9/1iCcTe Tuc-
KPEeTTi KOJIJIOKAIlUsl HYKTEeJIEPiH KOJIJaHa OTBIPBIN, PUYapICOHHBIH SKCTPAIOJIIMS 9iCi KOJIIAHBLIFaH.
BeusmexTi rybinapuiaper Kamnyro ryciniringe kapacreipsiasl. Ourapably 1piesaepiMer Katap, Puaapicon-
HBIH, 9KCTPAIOJISAIUs HyKTesiepine KamyTo TybIHIBICBIHBIH, AKBIPJIBI Al BIPMAIIBLIBIFBIH KOJIJAHY VIITiH KaHa
TeopeMa eHri3ii. Bactankbr HykTee OIpiHI TYBIHABIHBI KOJJAHATHIH KaHa dJIicTep HeridiHje KeJieci exi
JKarmail aJbIlHFaH: OipiHIMICIHIE Tpamenus epeXkeci, eKiHImiciage PudapacoHHBIH, 9KCTPANOJISIUs 9/TiCi He-
rizifze ChI3BIKTBIK, CIJIARH-(DYHKIMACHIHBIH, OipiHII KaJaMbl KOJIIaHbUIFAH. ATall alTKaHia, 6argapiama
Matlab (R2018b) Tanmay MblcanmapblHia KeATiplireH. OAicTep/in oHIMIIIIN MeH CeHIMAIriH Kepcere-
TiH CaHIBIK MbICAJIIap 6ap, COHBIMEH KaTap, OCBI TEHJEYJep VIIH KAaXKeTTi MHTerpaiiapIbl ecenTey VIImiH
Kepruc Knenmoy epeskeci KomaubLIIbL.
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Kiam cesdep: maTErpo-60iIeKkTi mudepeHInanabK, TeHaey, KamyTo TYBIHIBICH, KBaJIPATTHIK, CILJIANH,
sKcTpanossanua daici, Kienrroy.

K.X.®. Txsamep, I, Axmen, J1.X. A6xymra

ITpubanrkenHoe pereHne MHTErPo-APoOHBIX AudPepeHITnATIbHBIX
ypaBHeHuii BosbTeppa ¢ ncnosb3oBaHrEeM KBaJpPaTUIHOM
CILTAaTH-PYHKIINHT

B craTbe mpemjoxkeHbI qBa HOBBIX METO/A AIMIPOKCUMAIIUN PEIEHUsS] WHTErPO-ApOoOHO-Iud dhepeHnaib-
Horo ypasaenus Bosbreppa (VIFDE), ocHoBaHHBIE HA HOPMAJIBHOM KBAJAPATUYIHON CILUIaitH-DyHKINHT, & B
OCHOBE BTOPOI'O METOJIa JIEYKUT METOJ[ SKCTPAIOJSIIUA Prudap/icoHa ¢ MCIOJIb30BAaHUEM JUCKPETHBIX TOYEK
Kosokaruu. JIpoGHbIe TPOU3BOIHBIE PACCMOTPEHBI B Bocnpusatuu Kamyro. Bmecre ¢ ux mokazareabcTBOM
BBeJIeHa HOBasl T€OpPEMa I TOYEK IKCTPAIOIAINN Puyapicona Ajis UCIOIb30BaHNsT KOHEYHO-PA3HOCTHOMN
anmporcuManuu npousBoauoit Kamyro. HoBble MeTOIBI ¢ MCIIO/IB30BAHUEM MTEPBOI TPOU3BOIHON B HAYAIb-
HOI TOYKE TAKOBBI, YTO MOJIYIEHBI CJIEIYIONINE JIBA CJIydasi: IEPBbI C UCIOJIB30BAHNEM TPABUJIA TPATIEINN,
a BTOPOI — C yYeTOM IEepBOro mara JUHEHHON CIIaiiH-(pyHKINK MeTOI0M dKCcTpamnosnuun Puaapacona. B
JaCTHOCTH, IPOrpaMMa IpuBeneHa B npuMepax anaausa B Matlab (R2018b). Vmerorcst unciioBble mpuMe-
PBI, 9TOOBI IPOIEMOHCTPUPOBATH MPOAYKTUBHOCTh W HAJIEXKHOCTH METOJIOB, & TAKXKE CJIEJIOBATH MPABUILY
Kaenmoy Kepruca s Berancienns: TpeOyeMbIX HHTETPAJIOB JJIS STHX yPABHEHUN.

Karouesvie crosa: naTerpo-1pobHoe nuddepeHIalbHOe ypaBHEHNE, Ipou3BogHast KalyTo, KBaJpaTHIHbIH
CILTaMH, MeTOJI dKcTpanoJsimu, KieHmoy.
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