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On fourth order accuracy stable difference scheme
for a multi-point overdetermined elliptic problem

In this paper fourth order of accuracy difference scheme for approximate solution of a multi-point elliptic
overdetermined problem in a Hilbert space is proposed. The existence and uniqueness of the solution of the
difference scheme are obtained by using the functional operator approach. Stability, almost coercive stability,
and coercive stability estimates for the solution of difference scheme are established. These theoretical results
can be applied to construct a stable highly accurate difference scheme for approximate solution of multi-
point overdetermined boundary value problem for multidimensional elliptic partial differential equations.
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Introduction

Methods of solutions of nonlocal and source identification boundary value problems for partial differential
equations have been widely investigated by several researchers (see [1-21] and references therein). Construction
of highly accurate difference schemes (DSs) for problems of this type is important, especially for their specific
theoretical and practical aspects and also usefulness in wide applications [5, 8] and bibliography herein).

Let H be a Hilbert space, A be a self-adjoint positive definite operator (SAPDO) and I be identity operator.

In paper [10] to find an element p € H and function v € C%([0,T],H) N C ([0,T],D(A)) the following
multi-point elliptic overdetermined problem

—vu(t) + Av(t) = g(t) +p,0 <t < T,

q (1)
v(0) = ¢,v(T) = ;51‘11()\1') +n,v(N) = ¢

was investigated. Here ¢ € N, Ao, \; € (0,T), 5; € R,3; > 0,i = 1,...,q are known numbers, (,¢,n € D(A),
g€ C%([0,T),H)NC ([0,T],D(A)) are given elements and function, respectively. Moreover,

q
M << < )\q’BZZBZS 1.
i=1

In paper [10] the first and second order of accuracy stable DSs were proposed. The objective of this work
is to study the fourth order of ADS for multi-point elliptic overdetermined problem (1) in an arbitrary Hilbert
space H with a SAPDO A.

Let [-] be the greatest integer function and

li= [/\7] ’Mi:%_liv
pis =1 — pif, pia = %,U/i + %uf - é,u?,

His = _:ui,l?i = 07 17273a455'

*Corresponding author.
E-mail: charyar@gmail.com

Mathematics series. Ne 2(102) /2021 45



C. Ashyralyyev, G. Akyuz

Introduce the following notations
C=A+3A4,D=1(rC+(1C+77C?)),
P=(I+7D)2I+7D) 'D' R=(I+7D)"".

Stability estimates

Lemma 1. The following estimates hold [5]:

Hexp (kTA%> R’“HH Y <M ()7, RkHHﬁH <M(1+6r) " k> 1,
—
-1
=), <20, kDR < 2106 o
1D (R¥ + B9y, < MO) isbem

1<k<k+r<N,0<apB<13>0.

Lemma 2. For 1 <]; <N —1,1<1Iy < N — 1, the operator ([10; 861]

A= (]_RZN) (I—Rlo) (I— zq:kiRNli> (I— zq:kiRNl"“i) 3)

has a bounded inverse A~! such that

A s < M)

Let us take 1 <[; < N — 1,0 < ¢ < ¢q. Denote by
J1 — (I _ RQN) {MO,l (Rlo—2 _ R2N—l0+2) — o2 (Rlo—l _ R2N—l0+1)

+/J’% (Rlo _ R2N—lo) — [40.4 (Rlo+1 _ R2N—l0—1)
—Ho5 (RIOF2 — RPN72) Xq: ki [—pin (RN-1F2 - RN+=2) (4)
=1

— g2 (RN*lz‘Jrl _ RN+li71) + IuZZ (RNfli _ RN+li)

—lli2 (RNflrl _ RN+li+1) — lis (RNfli72 _ RN+li+2)]}
Jo=—(I—R*N) {ij ki {po,1 pi,5 (RN ~lotlitd — pN+lo—li=4)
i=1

+ (po,1 1,4 + po,2pti5) (RN lotlits — pN+lo=li=3)

(5)
+ (po,1 14,3 + Ho,21,4 + po,3pi,5) (RN lolit2 — pN+lo=li=2)
+ (,U/O,l,u/i,2 + o243 + [40,344i.4 + :U/0,4,U/i,5) (RN—lo-HH-l _ RN-Ho—li—l)}
q
Jy =~ (1= R*N) 32 ki { (o ptin + poapriz + pipf — g — 1
= (6)

+pt0,4t4i,4 + po,shis) ) (RN loth — RNHlo=li)
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i {(o,2005,1 + Ho314,2 + Hoafbiz + [o,50i,4)
1

(3

q
J4:—(I—R2N){
x (RN—lothi=t — RNFlo=bit ) 4 (g gpai 1 + po,apta2 + [10,504.3) (1)
x (RN—lotli=2 — RNFlo=bid2) 4 (g 4p151 + pio,504,2)

% (RN—l0+lL—3 _ RN+l0_lz+3) + /J/O,E)/Ji,l (RN_l0+li_4 _ RN+l0—lL+4)} .

Lemma 3. Let the operators A, Jy, Jo, J3, Jy be defined by (3), (4), (5), (6), (7), correspondingly. Then, the
operator

G=A+L+ o+ 3+, (8)
has a bounded inverse G~! such that
G gy = M), )
Proof. We have
G'-A'=G"'AK, (10)

where
K=Ji1+Jo+ J3+ J4.

Applying (2), it can be showed that the estimates
”JZHH—)H < MT7i = 17 27 354

hold for constant M which does not depend on 7.

Consequently,
K| gy g < M. (11)

By using (10), (11) and triangle inequality, we can get
NG e < AT e + 1A i NG i 1K

<M (8)+ ||G~ M (6) Mt

1HH%H
for any small positive number 7. Therefore, estimate (9) is valid.

Let [0,T] = {tx = k7,0 <k < N,N7 =T} be space of grid points and v = v(tx),0 <k < N.

Denote by C (H) and Cg;" (H) the corresponding Banach spaces of H-valued grid functions {wk}év with
norms

H{wk}]f—lH = maxo<k<N—1 [|Wkl 5 ,
C(H) T

N-1 —
[ty ™| o $UPgcpren—1 (KT +07)" n7 = (T = k1) fwisn — wil

respectively.
Applying the fourth order of approximation for function v at point \;, i =0,1,...,q

N—-1
= twn ™|
Co& (H) H{ h C(H)

V(A;) = WiV —2 + 2V —1 F (3 V1, F Hi 4V 41 F B 50142
and fourth order of accuracy approximation of differential equation, one can get the next DS

—772 (k41 — 2v + vg—1) + Cvg, = O + p,

e = g(ts) + 71% (9(tk+1)*29£§k)+9(tk_1) —l—Ag(tk)),
ty =k, 1 <kE<N-—-1,N7=T,v9 = ¢, (12)

H0,1V1g—2 + [0,2V19—1 + H0,3V1, + [0,4V10+1 T 10,5Vig+2 = C,

q
oN = Y ki {piavn—2 + pi2v, -1+ i 301, + i avi e+ sV 2t 0
=1

K3
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for approximately solution of problem (1).
We will find solution of DS (1) by formula

v = up + A7, (13)
where grid function {uk}év is a solution of the following difference problem:
2
772 (upy1 — 2up + up—1) + Auy + %AQ’U,]C = g,

tr=kr,1<E<N-1,NT=T,

(14)
Ug — H0o,1UIG—2 — H0,2Ug—1 — H0,3Ul, — H0,4Ulg+1 — H0,5Ul 42 = ¢ —C,
q
un — Y ki {piw—2 + i1+ pi 3w+ i at e+ R 42E = )
i=1
After soving DS (14), unknown element p is defined by
p = A¢p — Auy. (15)

Theorem 1. Let ¢,(,n € D(A) and {@Dk}iv_l € C(H) be given. Then, the difference problem (12) has a
solution ({Uk}11\7—1 ,p) which satisfies the stability estimates in below:

|, <M @) [||¢||H ¢l + il + {3 IHC(HJ 7 (16)
|47l < M 3) [||¢||H + 11¢ll + Il + Hwk}f*HC(m] ,
where M (¢) is independent from ¢, (,n and {wk}iv_l.
Proof. For given uy and uy the solution of difference problem
—7% (Upy1 — 2up +up_1) + Aup =Y, 1 <E< N -1 (17)
is defined by [5]
up = (I - RQN)—l [(R* — REN=F) ug + (RN-F — RN+F) yy — (RN—K — RN+K)
x (I +7D)(2I +7D) " D! NZ: (RN=9 — RN*TI) ;7| + (I 4+ 7D) (18)
=

x (21 +7D)"' DY N (RIFIL - REVT) 7
Applying formula (18) to nonlocal conditions of the difference problem (14), we get a system equation for

ug and un:
S11Up + S12uN = ST, 821U + S22uN = Sa. (19)

Here operators si1, s12, S21, S22, 51 and Sy are defined by
Sy = (I _ RZN) — Joa (Rl072 _ R2N710+2) — o2 (Rloq _ R2N7l0+1)

7/1073 (Rl() _ RQN*I[)) _ M0,4 (Rl(r‘rl . RQN*lofl) _ ,U/075 (Rlo+2 . R2N71072) ,

S19 = — {,LL() 1 (RN*loJrQ _ RN+1072) + o 2 (RNflole _ RN+I071)

Y03 (RNflg _ RN+lo) + fio.4 (RNflofl o RN+10+1) + s (RNflof2 _ RN+10+2)} ’
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So1 = zq: kz {_,Ui,l (Rli—2 _ RQN—Z¢+2) — i 2 (Rli_l _ RQN—lr‘rl)
=1
—li3 (Rli _ RZN—li,) — i (Rl,-+1 _ RQN—l,i—l) — Uis (Rl,i+2 _ }zZN—li—2)}7

(20)
S99 = Xq: ki {(I _ R2N) — M (RNle»Q _ RN+li*2) — 2 (Rlifl _ RQN*lH*l)
=1

iz (RN — REN=I) — gy g (RN=lml = RNHLA1) (RN =1=2 _ pNH42) )
S1=(T—=R*™M)(¢— )+ [Fuo — Hud) {— (RN lot2 — RNFlo=2)

N-—-1 N—-1
xP > (RN=9 = RN*I) 0,7+ (I — R*N) P Y (Rllo=2-3l — Rlo=2+7) 0‘7}
Jj=1 j=1

[ dopo + 3+ ] (- (RY041 - i)
N-1 ) ) N-1 ) .

xP S (RN~ — RN4I) 0,7+ (I — R?N) P 3" (Rlo—1-il — Rlo=1+7) 9-7}
j=1 j=1

N-1
) {— (RN~ RYH) P (RN = RY) 07+ (1= R2V)
Jj=1
N-1 ) )
xP Y (Rl —Rloﬂ)eﬂ}
j=1
+[fymo-+ g = ] {= (RY=07 = R
N-1 . . N—-1 . .
xP Y (RN=9 — RN%I) 0,7+ (I — R*N) P 5 (Rll*1-il — Rlot1+i) 947}
j=1 j=1
+ [*%HO 4 %N%] {, (RNfl(rZ _ RN+lo+2)

N-1 N-1
xP Y (RN7I — RN*9)g;r + (I — R?N) P Y, (Rlo*2-3l — Rlo+2+7) ejT} ,
Jj=1 j=1

=1

N-1 ] ] N-1
xP > (RN~ — RNt ¢y + (I-R*™M)P Y
Jj=1

(R‘li_z_j‘ — RE=2H7) o7
j=1

_|_

N—-1
+,ui’2 _ (RN—li—&-l _RN+li_1) P Z (RN—j _RN+j) 1/1]_7_ +
j=1

N-1
+ (I -R¥N)P Y (Rl—1=il - RLi—143) g7 | 4
Jj=1
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N-1
+hi,3 | — (RN‘“‘ — RN“t) Py (RN_j — RN+j) W™+ (I— RQN) X
j=1
xP Y (Rui—gl — Rli"l‘]) V7| + g [_ (RN—li—l _ RN—HH—l)
j=1

N-1 N-1
xP > (RN=7 — RNTI) pyr+ (I — RPN) P 3 (RIEHI3 — REHIHI) ir | +
Jj=1 j=1

N—-1
s |— (RN7H72 = RNHA2) p S (RN=T - RNHI) g7 4 (22)
j=1

N—-1
+ (I —R¥™)P S (RI+2-31 — Rli+247) z/)jr] } :
j=1

Determinant operator G = s11522 — S12521 of the system equations (19) can be rewritten as (8). Consequently,
according to Lemma 3, the operator GG has bounded inverse G~1. So, the system of equations (19) has a unique
solution:

Uug = G_l (51822 — 52821) SUN = G_181152 — 81251. (23)
Thus, difference problem (14) has a unique solution {uk}é\’ which is defined by formula (18) with corresponding

511, 812, S21, 522, 51, S2, uo, un by (20)—(23).
For the solution of problem (17) the following inequality [5]

o033y < o™

R R 24
o S Rl + [ e

C(H)

is valid. By virtue triangle, Cauchy-Schwarz inequalities and (2) one can obtain

max {151y 192 oy} < M) (|¢||H 1l + || 1 ‘1HC(H)) -

Applying Cauchy-Schwarz and triangle inequalities to (19) and by using (2), (9), we have

)

|Ruoll < M(9) [naan 1l + il + [} ‘1HC(HJ

|Ruxll; < M() [||¢||H 11Cl Wl + [ kY ‘1HC(HJ -

So, by using (24) we get
[0y = MO (16l + el + il + [0

C(H) — C(H)] '

Finally, by virtue (15) and (23) we can establish

475l < 3 0) [l + 1T+ il + e -

Now, from (25), (13) and triangle inequality one can get inequality (16).

Then, DS (12) has a solution ({vk}f[—l ,p), which satisfies stability estimates given in the below theorems.

Theorem 2. Let ¢,(,n € D(A) N D(C) and {4 §v71 € C(H) be given. Then, for solution ({Uk}]lvfl ,p) of
DS (12) almost coercive stability estimate hold:

N-1
H { (V41 —2vp+vE—1) }
T2 1

) + 1l g

C(H) " H{Cvk}]lv_lHC(

< M(3) {min [0 (2) 1+ Dl gy e[| Cn Y|+ 1€+ 1CCH + |on||H} ,

C(H)
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where M (6) does not depend on ¢, ,n and {wk}f{_l.
Theorem 3. Let ¢,¢,n € D(A) N D(C) and {¢}Y " € CS*(H)(0 < a < 1) be given. Then, for solution
({vk}]lvfl ,p) of difference problem (12) coercive stability estimate

N-1
H{T*z (’Uk+1 —27_}]6""[]]@71)}1 ‘

ShE

+H Cv Nﬁl‘ +
U (e -+ Il

I+ 0l + |Cn||H}

Cor™ (H

< M(5) {

1
l—a)a a,a
(1-a) Co (H

is true. Here M (§) is independent from «, ¢, ¢, n and {¢y, ivfl.
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Y. Ammipansiesh?, I Akitys!

! Dy mywaxane yrusepcumemi, Typrua;
2TAY, Awzabad, Typixmencman

Kennykresi KafiTaaHBIKTAJAFaH JIJINNCTIK ecel YHOIiH TOPTIHIIII
PeTTi JRJJIIKTI TYPaAKTBLJIBIK, alibIPDBIMIBIK, CXeMaChl TYyPaJibl

MakaJstazia ruib0epTTIK KeHICTIKTe KOIMHYKTEJ SJIIUIICTIK KaiiTaaHbIKTAJIFaH €CEeNTiH *KYbBIK, IIeNiMiH Taby
VIIiH TOPTIHIN PeTTi M9JAIKTI afbIPBIMIBIK CXeMa YCBIHBUIIBI. AMBIPBIMIBIK CXEMaHBIH MIENNMIiHIE Oap
KOHE KAJIFBI3 00JIybl (DYHKIMOHAJILI-OIIEPATOPJIBIK, TOCUIII KOJAaHY APKBLIbI AJIBIHAJBI. AWBIPBIMIBIK,
CXeMaHbIH MIENIMiHIH TYpPaKTBUIBIK, AEPJIK TYPaKTBLIBIK »KOHE KOIPIIUTUBTI TYPAKTBLIBIK OaraJiayiapbl
AHBIKTAJIbI. BYJT TEOPUSIIBIK, HOTUKEIEP/] J1epOec TYBIHIBLILI KO OJIIIeM Il 3JUTHICTIK TeHJIeyaep VIIiH
KOIHYKTE KafTaaHBIKTAJIFAH IMIETTIK €CEeNTiH KYBIK IIemniMiH Taly YIIH TYpPaKThl YKOFApPbl JIRJIIIKTEr]
afBIPBIM/IBIK, CXeMaHbl KYpPY VIIiH KOJIIaHyFa 60J1a/Ibl.

Kiam cesdep: KallTaaHBIKTAJFaH SJIMIICTIK €CEl, KOMHYKTEJ IIapT, *KOFapbl PETTI albIPBIMIBIK, CXEMa,
afBIPBIMIIBIK CXeMa, Kepi, TePEeKKO3/Il naeHTuGUKAIUIay ecebl, KOPPEKTUTK, TYPAKTBIIBIK, KOIPIIMTUBTI
TYPAKTBLIBIK, JIEPJIiK KOIPIUTUBTI TYPAKTHIIBIK.

Y. Amsipassies’ 2, I Axitys!

! Viueepcumem Domowzane, Typuus;
2TAY, Awxabad, Typrmernucman

O06 ycroitunBoOii pa3HOCTHOII cXeMe YeTBEePTOro IOPsIKa TOYHOCTH
JJis MHOTOTOYEYHOI MePeoIpe/IeJIEHHON JIJINIITUIECKON 3a/1a9u

B crarpe mpejiorkeHa pa3sHOCTHAs CXeMa YETBEPTOIO IOPSIKA TOYHOCTHU JJIsi IPUOJIMKEHHOI'O pPelIeHUs
MHOTOTOYETHON SJIIUINITUIECKON TEePEeOpeIeIeHHON 3a/ladn B TmibbepToBOM mpocTpancTBe. CyirecTBo-
BaHWE U €JUHCTBEHHOCTb PEIIEeHNs] PA3HOCTHON CXEMBI IOJIYUEeHBI C HCIOJIB30BAHUEM OYHKIMOHAIHHO-
OIIEPATOPHOrO IOIXOA. YCTAHOBJIEHBI OIEHKU YCTOWYUBOCTH, MOYTH KOIPIUTHUBHOU YCTOMIUBOCTU U KO-
SPIUTUBHON YCTOWYMBOCTU PEIIEHUs PA3HOCTHONW CXEMBI. DTH TEOPETUIECKHUE PEe3y/IbTaThl MOTYT OBITH
MIPUMEHEHBI JJI ITOCTPOEHUsT YCTONYIMBON BBICOKOTOYHON PA3HOCTHON CXEMBI JJIsi MPUOJIMKEHHOIO pelle-
HUSI MHOI'OTOYEYHOU IIepeolpelie/IeHHON KpaeBOU 3a/1auu JIsi MHOTOMEDPHBIX JJIJIUIITUIECKUX YPDaBHEHUIl B
YaCTHBIX IPOU3BOLHBIX.

Kmouesvie caosa: mepeonpeiesieHHas SJUIANTAYECKAsT 33/1a9a, MHOTOTOYEYHOE YCJIOBHUE, PA3HOCTHAS CXe-
Ma BBICOKOI'O IIODPs/IKA, PA3HOCTHAs CxeMa, oOpaTHas, 3aja4a HIAeHTU(MUKAINA UCTOYHUKA, KOPPEKTHOCTD,
YCTOWYHBOCTD, KOIPIUTHUBHAS YCTONYUBOCTD, IOUYTHA KOIPIUTUBHAS YCTONINBOCTb.
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