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On stability of the third order partial delay differential equation
with involution and Dirichlet condition

In this paper the stability of the initial value problem for the third order partial delay differential equation
with involution is investigated. The first order of accuracy absolute stable difference scheme for the solution
of the differential problem is presented. Stability estimates for the solution of this difference scheme are
proved. Numerical results are provided.
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Introduction

Local and nonlocal boundary value problems for third order partial differential equations have been studied
widely in the literature (see, for instance, [1-8]).

The time delay is one of the most common phenomena occurring in many engineering applications. In control
theory the process of sampled-data control is a typical example where time delay happens in the transmission
from measurement to controller.

Theory and applications of delay linear and nonlinear third order ordinary differential and difference equati-
ons with the delay term were widely investigated (see, for instance, [9-14] and the references given therein).

Our goal in this paper is to investigate the initial value problem for third order partial delay differential
and difference equations with convolution. The paper is organized as follows. Section 1 is the introduction.
In section 2 the theorem on stability of the initial value problem for the third order partial delay differential
equation with convolution is established. In section 3 the first order of accuracy difference scheme for the solution
of this problem is studied. Stability estimates for the solution of this difference scheme are proved. In section 4
numerical results are provided. Finally, section 5 is a conclusion.

Stability of differential problem

In [0,00) x (—I,1) the initial boundary value problem for the third order partial differential equation with
time delay and involution

T — (a(r)ust, z))x
=—b(—a(x)us(t —w,x)),
+f(t,x), 0 <t < oo,( L,
u(t,z) = g(t,z),—w <t <0,z € [-1,1],

u(t, =) =u(t,l) =0, 0<t<o0

is considered. Throughout this paper we will assume that w > 0, @ > a(z) = a(—z) > a > 0, x € (=[,1) and
a—alf| > 0.
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We consider the Hilbert space Ly [—1,1] of the all square integrable functions defined on [—I,[], equipped

with the norm )
1 2
| f o= (/z |f(50)2d33> :

Under compatibility conditions problem (1) has a unique solution wu(t,z) for the smooth functions a(z),
€ (=), gt,z),~w<t<0, z€[-LI],f(t,z), 0<t<oo, € (-I1),and b€ RL

Let us give theorem on stability of problem (1).

Theorem 1. For the solutions of problem (1) we have following stability estimates

0 [ve (¢, )||W1[ L o e, [[oe (2, )||w2[ L O§t1§xw||”( HWSHJ]

n . Jw
<My [ B o+ Yo C+ b [ s, s
= ] 1w 2 ’

co = max{_mae gt Mg mae It g}

where M, does not depend on g(t,x) and f(t,z). Here, W3 [—1,1], W3 [—1,1] and W3 [, 1] are Sobolev spaces
of all square integrable functions v (x) defined on [—I,!] equipped with the norm
1
2 2

||¢HWk -1, = /Z 1/1;1; dx

Proof. This allows us to reduce the problem (1) to the initial value problem
Colt) L A% pAp(t — w) + f(E), 0 <t < oo,
v(t) =g(t),—w <t <0
in a Hilbert space H = Lo [—,1] with a self-adjoint positive definite operator A defined by formula

Au(z) = —(a(@)ug(2)z + Bla(=2)u—o(—2)) o 3)

with domain
D(A) = {u(z) : u(x), ug(z), (a(x)ug)s € Lo [—1,1],u(£l) =0 }.

The proof of Theorem 1 is based on the self-adjointness and positive definiteness of the space operator
A defined by formula (3), paper [15] and the following theorem on stability of the solution of the abstract
problem (2).

Theorem 2. [16] For the solution of problem (2) the following estimate holds:

d*v(t)

du(t
, max |[|A v(®)
dt? H 0<t<nw

1
dt HH’Q 0<t<nw‘

A3

Aot

max
0<t<nw H

< (2+|b|w)"a0+/ |atr)| dsn=12...
0

Adilsft)HH’w<t<oHA2 HH}

Stability of the difference scheme

where
1 d?g(t)
ap = max<{ max 2——=| , max
—w<t<0 dt g —w<t<o

Now, we study the stable difference scheme for the approximate solution of the problem (1). The discreti-
zation of the problem (1) is carried out in two steps.
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In the first step, the spatial discretization is carried out. We define the grid space
-1, = {x:;l:n | T, =nh, —M <n<M, Mh:ﬁ}.

We introduce the Hilbert space Loy = La([—1,1];,) of the grid functions ¢"(x) = {¢"}™,, defined on [, 1],

equipped with the norm
1/2

h _ YNE:
", = X2 @I R
z€[—1,1]h
To the differential operator A defined by the formula (3), we assign the difference operator A7 by the formula

M-1

A" (@) = { = (al@)ed), - Bla(-2)ez"), } ()

—M+1
acting in the space of grid functions " (z) = {cp"}AfM and satisfying the conditions =™ = M = 0. Here

n_ . n—1 n+l _ . n
;:%’ “M+41<n<M, wg:%, ~M<n<M-1.

It is well-known that A7, defined by (4), is a self-adjoint positive definite operator in Laj,. With the help of A7
the first discretization step results in the following problem

O3l (t,x - $
% + AFul(t, 2) = —bATU" (t — w, 2)

+f1(t,x), x e [~1,1n, 0<t< oo, (5)
ul(t,x) = g"(t,2), —w <t <0, z € [-1,]]n, —w <t <O0.

In the second step we replace the problem (5) with the following first order of accuracy difference scheme

UZ+2(95)*3“Z+1(?;F3“Z(z)*uz_1(1) +Ai“2+2(m);“2+1(1’)

= bA}wLuZ—N(x) + fl?(x)ﬂ ]f:l(x) = fh(tkam)7 k Z 17 T e [_l7l]h7

u(z) = g"(te, ), —N <k <0,
h h
(Ih—i_TzAz)M :gét(o’x)7

Py —2uP () 4wl (2
(In + 72 Ag) 220 ) — gh (0, 2), @ € [, 1],

h _ ., h L’L _ ., h ;
(Ih +T2A’IL)“mN+1(Qf) Uy, v (T) _ Uy, v (T) “mN—l(”)7 e [7l,”h,

T T

h — 'U/h xT uh xT
(Ih +T2Ai)u7"1\7+2($) 2 77‘1,[-];]+1( )+ (%)

I I h
_ Uy, N (2) =20, 1 (T) F Uy v o (@)

= =
where 7 = 1/N and ¢, = k1, —N < k < 0.

Theorem 3. Let 7 and h be sufficiently small numbers. For the solution of difference scheme (6) the following
estimates

, € [-Llp,m=1,2,..,

up o, —2ul |+ ul ub — b
(m1 5 max L 7

0<k<(m+1)N—-2 72 RIS e - 2

an WQh,

h .
m iN
+> @+l —2)m ST [ f ), [ sm=0,1, .
=t s=(j—1)N+1
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h h
bo:maX{}VngX lht) . max ol @)llwz, »_max g <tk>||wgh}

hold, where C7 does not depend on 7, h, gh(tk), and f,?(x) Here, Wzlh,WQQh and W23h are spaces of all mesh
functions ¢" (z) defined on [—1,1], equipped with the norm

[ g, = | 22 Z Vi g ] 0

z€[=1,1] 7=0 e
Proof. Difference scheme (6) can be written in abstract form

wl, . —3ul +3u —ul wl, o —ul
kt2 ket k k—1 +Ah k+2T k41 :bAhuz_N'i‘f]?a kZ 17

h h_ouh 4yl
(I + 72A,) =18 ~U0 = gl0), (In + T2 Ap) 224 = gh(0), (7)

T2

h h h h h h
I + 2A umN+2_2u7nN+l+u7nN _ unlN_2u7nN71+u7nN72
h T T Ap P> = = )

h

h h h
4 Uy, — Uy Uy N U N —
(Ih 7—2 h) N+i- = X P - la m 1a27"'

in a Hilbert space Loy, with self-adjoint positive definite operator A, = A7 , which is defined by formula (4).
Here, gi = gl(z), f}' = f}(z) and ul' = u}(z) are known and unknown abstract mesh functions defined on
[—1,{]p with the values in H = L. Therefore, the proof of Theorem 2 is based on the self-adjointness and
positive definiteness of the space operator Ay (4) [17] and the following theorem on stability of the solution of
the difference scheme (7).

Theorem 4. [18] For the solution of difference scheme (7) the following estimate holds:

h h
2uk+1 + uy,
2

—_

h h
Up — Up_q

uh
[
Aﬁ Ap

max
"1<k<(m+1)N
H

- max
2 0<k<(m+1)N—2

T T

H

max [|AZupllg < Cy [(2+ 7]b|(N —2))™b]

0<k<(m~+1)N
m ' JN N
Z?H\bl —2)" e Y ARk | om=0,1, ..,
j=1 s=(j—1)N+1

where

b= 148 (), e DAnal @)l s 149" 0) i |

Numerical results

The numerical methods for obtaining the approximate solutions of partial differential equations play an
important role in applied mathematics when the analytical methods do not work properly. In this section we
will use the first order of accuracy difference scheme to approximate the solution of a simple test problem

Pu(t,x) Pu(t,x) +16 6u(t z) 1 FPu(t,—xz) + 28u(t —x)

a3 8t8w2 T 8 Otda?

—0.1(— M + 16u(t —1,7)) — 43e % sin 296 + 2e~2(t= 1 gin 2z,
0<t< oo, —77<:c<7r, (8)
u(t,z) =e ?sin2x, -1<t<0, -1 <z <,
u(t,—m) =u(t,m) =0, 0<t<o0.
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The exact solution of problem (8) is u(t,z) = e~ %

sin2z,—7 < z < mw,—1 <t < oco. For the approximate

solutions of the problem (8), using the set of grid points

[—1,00); X [-7,7|p = {(tk, Tn) : tx = kT,

—-N<k, Nt =1, x, =nh,

-M<n<M, Mh=m},

we get the first order of accuracy in t difference scheme

We can write (9) in the matrix form

where B,C,D,E,F,H and P are (2M + 1) x
are (2M + 1) x 1 column vectors defined by

Mathematics series. Ne 2(102)/2021

BU*+2 4 UM 4 DU + EUF! =
0
sin (2(—=M + 1)h)
U% = :
sin (2(M — 1)h)
0
Ul =(1-27)0°,
U? =2U0"' — (1 —4r3)U°,
UmN+1 _ p-1gpmN _
UmN+2 — opymN+1 4 p—1prymN _
m=12,...,

W2 gyt gk gk B uifj uk+1 2(ukF2 g B 1) k2 gkl
T3 Th?
k k k k k k
S i S e e 8 e
Th?
Wkt g k1 k—N k—N
_p U u, —2u +u
2 n n_ _(01) <_ n+1 ;:2 n— 1 4 16uk N)
—436_2tk’ sin 2z, + 2e~2(tk-N) gin 2z, t), = kT,
mN+1<k<(m+1)N—-2 m=0,1,..—-M+1<n<M-1,
Nr=1, 2, =nh, - M +1<n<M-—1, Mh=m, ud =sin(2nh),
L _u® ul | —2ul ful
unTun + 7_(_ n41 hEn n—1 + 16”;)
u? —21 0+1 0 .
+T( il Tl 16ul) = —2sin(2nh),
u —2ul +u n+172ui+ui,1 2
7- n 4 ( 7 + 16un) (9)
2u +u
+2( 1 h2 nol 16u}l)
O 1 —2ud+ .
+(—% + 16u0) = 4sin(2nh), —M < n < M,
mN+1__ mN umN+1 2u mN+1+un7,N+1
Uy = n +T( n+1 " n—1 + 16u$N+1)
+T(u;n+1\li_2u7n1\f+uzzi\71 B 16umN) xN U:Ln,N—l
h2 5
u7nN+2_2u7nN+1+umN ?N+2 2u mN+2+u?iV+2 N2
n Tn2 _I_ (_ +1 3 1 + 167]1:' + )
N+1 N N+1
YR i T A T W R
h2 n
wmN —oymN gy mN MmN _g,mN=1 mN-2
+( Upt1 T Up—1 + 16u::LnN) — U, U, — +u, ,
—-M<n<M m=12,..., u’iMzu’fwzo,
0<k<oo, mN<E<(m+4+1)N, m=1,2,....

(UMY, k=1,2,3,...

—1U'mN—17

QF_lUmN_l 4 F_lUmN_Q,

(2M + 1) matrices, p(U*=N), U° Ul and U",r =k, k£ 1,k +2
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b*
a4+ a*
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b+ b*

a+a*
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r=k,k+1, k+ 2, where

k—N k—N k—N
U —2uy™ " o, _
ok = —(0.1) <— w3 L 16uf N)

— 43¢~ 2t gin 2z, + 22N gin 2z,

tyk=kr, mN+1<k<(m+1)N-2 m=0,1,..

—-M+1<n<M-—1.

)

S SRS 1, 2 4,16

. Hege,weQdeI:otea: Ihz’a** Sz b T3+37—h22+7—’16 s )

V=gmt ="t = 2=-a c=—F gz -7 d=g, e=—x3,
2 2 2

=2+ +167% p= -3 —167%, ¢ =1+ 75 +167%, s = 3.

The numerical solutions are recorded for different values of N and M, and u* represents the numerical
solution of this difference scheme at u(ty, x,). Table 1 is constructed for N = M = 40,80, 160 in ¢ € [0, 1],
t €[1,2], t € [2,3] respectively and the errors are computed by

mEY, = max u(ty, T —uk|.
M N1<k<(m+1)N, 7M§n§1bf| (b ) —
Table 1
Errors of Difference Scheme (9)
(N,M) [N=M=40 | N=M =80 | N=M= 160
te[0,1] | 0.0784 0.0397 0.0198
tell,?2 0.0852 0.0423 0.0210
te2,3 | 0.0679 0.0312 0.0139

If N and M are doubled, the values of the errors are decreased by a factor of approximately 1/2 for the first
order difference scheme (9). The errors presented in this table indicates the accuracy of difference scheme.

Conclusion

In this paper the stability of the initial boundary value problem for the third order partial delay differential
equation with involution is investigated. The first order of accuracy difference scheme for the solution of this
problem is presented. Stability estimates for the solution of this difference scheme are proved. Numerical results
are provided. Some statements of the present paper were published, without proof, in [16, 19].
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A. Amerpaneies! —3, C. U6paxum', B. Xumxamr!

1 .
Tasy Ilvevic ynusepcumems, Hukxocus, Typrusa;
2 Peceti zaavixmap docmwien yrusepcumemi, Mockey, Pecei;
3 Mamemamura srcone mamemamuraivr modesvdey uncmumymot, Aimamo, Kazaxcman

NuBoarorus xkonHe lupuxie mapTbl 6ap yHOIiHINL peTTi
Jaepodec TYBIHABLIBI Kelriryi 6ap auddepeHnnaaablkK, TeHaeyTiH
TYPAKTbUIbITBI TypPaJibl
Maxkamana ymriamm perTti gepbec TyBIHABLIBI Kermiryi 6ap anddepeHnnaaablk TeHAeYIiH bacTankbl ecebi-
HiH TYpPaKTBUIBIFBI 3epTTesret. JInddepeHnuaiabk ecenti merry yimH 6ipinm peTTi a9k Ti abcoTIoTTi

TYPAKThI afBIPBIMJIBIK, CXeMaChl YChIHbLTFaH. OChl afbIPBIM/IBIK, CXeMa YIMH IIENNMHIH TYPaKTHLIBIFBIHBIH
barastaynaps! mastesaeni. CaHIbIK, HOTHXKEIEP KeJITipiareH.

Kiam coesdep: kemiry, yumsmi perTi gepbec TYbIHIBLIBI TEHIEYIepP, TYPAKTBIIBIK, albIPhIMIBIK CXeMa.

Bulletin of the Karaganda University



On stability of the third order...

10

11

12

13

14

15

16

A. Amprpaneies! =3, C. Ubpaxum!, E. Xumxamr!

! Bausienesocmounniti ynusepcumem, Huxocus, Typuyus;
2 Poceutickuti yrusepcumem 0pyoicbu napodos, Mockea, Poccusa;
3 Incmumym Mamemamusy U Mamemamuieckozo modeauposanus, Aamamo, Kasaxcman

06 ycroitunBocTHn 3amna3abiBalomiero JauddepeHnnajIibHOro
YyPaBHEHUsI B YACTHBIX MPOU3BOJHBIX TPETHEro MOPsIKa
C WHBOJIIONME 1 yciaoBueM Jlupuxiie

B cratbe ucciemoBana ycTodnBOCTh HAYAIBHOMN 38 /1a9H J1JIs 3aI1a3/IbIBAIONIET0 MM dEPEHITHAIBHOIO YPaB-
HEHUs B YaCTHBIX MPOU3BOJHBIX TPETHErO mopsiaka. lIpeacraBieHa abCOTIOTHO yCTONYMBAasi Pa3HOCTHAST
CXeMa MEePBOro MOPsIKa TOYHOCTHU JJist perteHus auddepeHnnaabaoi 3agaqn. JJoka3anbl OIEHKHA yCTORYIM-
BOCTH PeIIeHNs 3TOi pa3HOCTHOM cxeMbl. [IpuBe/IeHbI YnCIEeHHbIE PE3YIBTATHI.

Kmouesvie caosa: 3ama3apiBanne, ypaBHEHUS B YaCTHBIX IPOM3BOJIHBIX TPETHErO MOPSIKA, YCTONINBOCTD,
Pa3HOCTHAas CXeMa.
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