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On Problem of Internal Boundary Control
for String Vibration Equation

The article deals with the vibration control problem described by one dimensional wave equation with
integral type boundary condition. As usual, the initial and final moments of time for arbitrary displacements
and velocities of the wave are specified by points on a string (Cauchy data). It is shown that the minimum
time for the realizable control is uniquely determined by the condition of correct solvability to the Cauchy
problem involving data lying on disconnected manifold. This suggests that the internal boundary conditions
does not affect the minimum time value. Necessary and sufficient conditions for the existence of the desired
internal-boundary controls that move the process from the state initially specified to a predetermined final
one are obtained and written out. The controls are presented in explicit analytical form. Moreover, it
is shown that for the inner-boundary controls expressions, one should use not the representation of the
solution to the Cauchy problem in the sought-for domain, but the formula for the general solution of the
string oscillation equation (d’Alembert’s formula).

Keywords: string vibration equation, boundary control, Cauchy problem, trunk and branched pipeline
networks, nonlocal mixed problem.

Introduction

One of the main parts of systems with distributed parameters in the Control Theory is one-dimensional
distributed-parameter system for objects with the motion described by hyperbolic partial differential equations.
As a rule, these objects control requires considering oscillation and wave propagation. We refer to objects
include such technical facilities as a compressor and pumping stations providing distributing water via trunk
and branched pipeline networks at a given flow rate and pressure. The problem of pressure pulsation dampening
in pipelines is considered to be a classical one. A detailed account on engineering aspects and mathematical
formulations for this problem and also various solution techniques can be found in [1], as well as in [2, 3]. There
are many works devoted to boundary control problems for hyperbolic equations, including loaded ones, and to
optimization problems in terms of an arbitrary sufficiently large time interval, and others, we here mention only
some of them [4-14]. These papers investigated boundary control problems for hyperbolic equations with both
local and nonlocal multi-point boundary conditions. The boundary control problem is formulated as follows:
Define the control action for moving the internal state of a system from any initial state to any other final state
in a finite time interval. If the controls are determined on the boundary such problem is called the boundary
control problem. If controls are defined inside the domain as well as on the boundary such a problem is logically
called the problem of the internal boundary control. In mathematical terms, the unique solvability of the control
problem is equivalent to the well-posed solvability of the Cauchy problem with data lying on a disconnected
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manifold. It is this fact that makes it possible to determine the minimum time during which unambiguous
control is carried out.

The following results were obtained:

1. Necessary and sufficient conditions (), ¢1(x), ¥o(x), ¥1(x), k1(z,t), ka(z,t), are established ensuring
the existence of the boundary controls u(t) and v(t), in the form of
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2. Under conditions (1)-(4) , an explicit analytical form of the sought controls is found
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Below the problem of internal-boundary-value control for the string oscillation equation is formulated and
the possibility for obtaining unique solution in minimum time interval using the control and the Cauchy problems
is discussed.

Mathematics series. Ne 1(101)/2021 5



A Kh. Attaev

Main part

In the domain Q = {(z,¢) : 0 < 2 < [,0 < t < T} the one-dimensional equation of string vibration is
considered
Ugpyr — Ut = 0, (11)

describing, for example, the string vibration with the ends fixed at the points x = 0 and z = [. Assume that
arbitrary displacements and arbitrary speeds are set at the initial time ¢ = 0 and the final time ¢t = T":

u(z,0) = po(x), ut(x,0) =1ho(x), 0 <z <, (12)
U(QC,T) = 901(x)a ut(z7T) = 7/}1(35)3 0 <z < L. (13)
Internal boundary conditions are specified by the following relations:

l
a0, + [ (€. ule. 0 = (e, (14

0

2
u(lt)+ [ ka6 tpulé. 0 = (o) (15)

0

where ki (z,t), ka(x,t) — are the given functions, and k;(x,t), %k‘i(x,t) €cC(Q),i=1,2.

Further in this paper the function u(z,t) € C%(2)NC () — is understood as the solution to equation (11).
The problem is to find such values of p(t) and v(t) for unambiguous moving the system from state (14) to state
(15) in the minimum time interval.

From the problem formulated above it immediately follows that u(t) and v(t) are uniquely determined in
the domain 2 if and only if the Cauchy problem (12), (13) for equation (11) in the domain € is well-posed.

Indeed, in case when the Cauchy problem (12), (13) for equation (11) occurs underdetermined, the infinite
set of (u(t),v(t)) can perform the desired control. This implies the non-uniqueness of the solution to the Cauchy
problem (12), (13) for equation (11) in the domain 2. If the Cauchy problem (12), (13) for equation (11) in the
domain € is underdetermined, then control is possible only for linearly depend (12) and (13). These items are
discussed in [4] and in more detail in [14]. There you can also find out that the Cauchy problem (12), (13) for
equation (11) in the domain  is well-posed if and only if the value of T is equal to I. If T > [, the Cauchy
problem is underdetermined. IF T < [, the Cauchy problem is redefined. This suggests that the desired control
is unambiguously feasible if and only if T = [.

Consider T' = [. It is well known that any regular solution to equation (11) can be represented as follows:

u(z,t) = f(x —t) + g(z + 1), (16)

where f(x) and g(x) - g(x) — are arbitrary twice-continuously differentiable functions. Further, for conveniences
for the functions f(x) and g(x) from formula (16), introduce the following notation:

f(.?;‘) = fO(x)v g(l‘) = gO(‘T)vx € [O’ZL

f(@) = fi(z),x € [-1,0],
9(x) = g1(x), x € [, 21].
Satisfying conditions (12) for (16) and using the notation, obtain

fole) =257 = 5 [“wnlepie + (1)
i) = 24 15 [ vaterie - . (18)

Now satisfying conditions (13) for (16), as T' = [, we obtain
flx=1) +9(x+1) = ei(2),

—flle=0)+d@+1) =¢i(2).
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Hence, it is obvious that

fla-p="=1

Using the last identity integration from [ to [ — z, get

- / l—x
f(ea) = AL )@f)él ¥1()d€ + £(0).

Taking into account that fo(0) = ‘pOT(O) + C1 by (17) and using our notation, obtain

fil—az) = @ n % l D1 (€)dE + “”02(0) n ‘plT(l) +Cy, zelo,l], (19)
l—x

and by (13) get

T 2 Y L U2 U} (20)

Now let us find the control actions p(t) and v(t). Generally speaking, the solution to the Cauchy problem
in the domain © as T = [ could be found and the resulting expression could be substituted into (14) and (15)
respectively. We find another way that does not require solving the Cauchy problem.

Substituting (16) sequentially (13) and (14), we obtain

u(t) = Vo(t) + Vi (6), (21)
b(t) = Vi(t) + Vi (1), (22)

l l
wxwzlkmanﬂﬂ¢meyém@xme+w@, (23)

Vo(t) = fi(=t) + go(t), Vi(t) = foll —t) + g1 (L +1), t €0,1].
Replacing t — £ = z in the first integral of (23), and t + & = [ + z in the second, we obtain

/k dz—l—/ ki(z+1—t,t)g(l + 2)dz =

:/ kit —2,t)f(z )dz+/0tk(z+lt,t)g(l+z)dz+

/kt—zt 2)dz + k-(z+l—t,t)g(l+z)dz.

Substituting —z = z and [+ z = z in the last two 1ntegrals, respectively, and using our notation for the functions
f(x) and g(x), finally obtain the expression for Vi, (t).

t t

l

I—t
+/ k:i(t—i—z,t)fo(z)dz—&—/ k(s — £ 8)g0(2)dz, i = 1,2,
0 t

Replace fo, go, f1, g1 with expressions from (17), (18) and (19), (20), substitute then the expressions into
(21) and (22) for Vi, (t) and V4, (t), respectively, and making some transformations, obtain (9), (10).
Since the functions u(x,t) belong to the class C%(£2) N C1(£2), the continuity conditions

fo(0) = £1(0), fo(0) = £1(0), f5'(0) = £1(0), (24)
90(l) = g1(1), g6(1) = g1(1), 90 (1) = g7 (1) (25)

and consistency conditions
11(0) = 0(0), (1) = @1(0), p'(0) = o (0), p'(1) = ¢1(0), (26)

v(0) = @o(l), v(1) = ¢1(1), V'(0) = ¥o (1), V(1) = ¢ (D). (27)
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Conditions (24), (25) are necessary and sufficient for the existence of a solution to the mixed problem (12),
(13) for equation (11) in the domain © as T' = [, in the form of

Conditions (24)—(27) are necessary and sufficient for the functions ¢ (z),

w(z,t) = filr—t)+gjz+t), —il<z—t< Q-0 jl<z+t<(1+4),4,5=0,1

(:E) € 02(071) ﬂCl[O,l], ¢0($)7

Y1
W1 (x) € C0,1], there were internal boundary controls u(t), v(t) € C?(0,1) N C0, 1] satisfying conditions (13)
solutions u(x,t) € C?(2) N C(Q) to the mixed problem (12) for equation (11).

The proof of the uniqueness of the solution to the mixed problem (12), (13) and nonlocal mixed problems
(12), (14), (15) and (13), (14), (15) for equation (11) is carried out the same way as in [4]. Substituting (17)
and (18) into (24) and (25), respectively, and (14) and (15), into (26) and (27), we obtain (1)—(8).

10

11

12

13

14

References

Byrkosckuit A.I'. Teopusi onTUMAaJIBLHOrO yUPaBJIEHUsT CUCTEMAME C PACIPE/IEJICHHBIMYU IIapaMeTPaMu /

A.T'. Byrkosckuit — M.: Hayka, 1965. — 476 c.

Bayraktar B. Determining optimum hydraulic parameters in branched water supply system / B. Bayraktar
// Journal of the Balkan Tribological Assocition. — 2012. — 18. — Ne 2. — P. 174-183.

Bayraktar B. Problem of Constructing a Step Function Fluctuating Least around a Given Function /
B. Bayraktar // TWMS Journal of Pure and Applied Mathematics. — 2013. — 4. — Ne 2. — P. 131-145.
Wnbun B.A. BonHoBoe ypaBHeHME ¢ TPDAHUYIHBIM YIIPABJIEHUEM Ha JIBYX KOHIIAX W O MTOJIHOM YCITOKOEHUHU
koJsieGaresbHOro Tiporecca / B.A. nbun, B.B. Tuxomupos // duddepenn. ypasaerus. — 1999. — 35.
— Ne 5. — C. 692-704.

Waeun B.A. T'panudHoe yupaBjieHHe CMENEHHEM Ha OHOM KOHIE CTPYHBI IIPU HAJTUIUN HEJIOKAJIBHOIO

PAHUYHOIO YCJOBUS OJHOIO U3 4eThipex THIOB U ero onrumusanuga /| B.A. WUnbun // Huddepeni.
ypasuerus. — 2008. — 44. — Ne 11. — C. 1487-1498.

Moucees E.W. OnrumaibHoe rPaHIYHOE yIPABICHHE CMENIEHHBIMU KOJIeOAHUAMEI CTPYHbI ¢ HEJIOKAIbHBIM
ycaoBueM HederHocTu nepsoro poga / E.J. Moucees, A.A. Xonomeesa // Huddepenn. ypasaenus. —
2010. — 46. — Ne 11. — C. 1623-1630.

Monceeg E.J. OutnmanbHOE TPAHUIHOE YIIPABJIEHAE CMENIEHHBIMA KOJIEOAHUSIMU CTPYHBI ¢ HEJIOKAIBHBIM
ycaoBueM derHoctu Broporo poga / E.W. Moucees, A.A. Xonomeesa // Juddepenn. ypasuenuns. — 2011.
—47. — Ne 1. — C. 127-134.

Attaev A.Kh. Boundary control by displacement at one end of string and the integral condition on the
other // Int. Conf. "Functional Analysis in Interdisciplinary Applications" (FAIA 2017), Melville, New
York: Am. Inst. Phys. — 2017. — P. 040005.

Arraes A.X. 3azada TpAaHMYHOrO yIPABJIEHUS JJIs CYIIECTBEHHO HAIPYYKEHHOTO yPABHEHUs KOJIeOAHUs
crpysbl / A.X. Arraes // ok, Anpirckoii (Yepkecckoit) Mexaynap. akag. nayk. — 2011, — 13. — Ne 1.
— C. 30-35.

Byrkosckuit A.I'. Onrumasbhoe yupasienue JByMepHoil koiebareabuoi cucremoit /| A.I. ByTkosckui,
JL.I. TlonraBckuit // ABromarnka u Tesemexanuka. — 1966. — Ne 4. — C. 32-41.

Lions J.L. Exact controllability, stabilization, and perturbations for distributed systems / Lions J. L. //
SIAM Rev. — 1988. — 30. — Ne 2. — P. 1-68.

Bacuwibes @.I1. O gBoiicTBeHHOCTH B JIMHEHHBIX 3aja4ax yupasienud u nabmonenus /| O.I1. Bacuibes

// Auddepenn. ypasuenusa. — 1995. — 31. — Ne 11. — C. 1893-1900.

Byrkosckuit A.I. Merozpl yupasienus: cucreMaMu ¢ pacupefeienabivu mapamerpamu / Al Byrkos-

ckuit. — M.: Hayka, 1975. — 568 c.

Attaev A.Kh. Boundary control problem for a loaded string vibration equation / A.Kh. Attaev // Differ.
Equations. — 2020. — 56. — 5. — P. 635—640.

Bulletin of the Karaganda University



On Problem of Internal Boundary...

A X. ArTaes

Imek TepOeJiciHiH TeH eyl YIMiH IIMKIi-TMeTTiK
backapyabiH Oip ecebi >KabIH/IA

MakaJjiaga uHTerpaJabl TUIITI iMIKi-ITeTTiK mapTTapbl 6ap 6ip esmeMl imekTiH Tepbesic TeHaeyiMeH cu-
MmaTTaJaThIH MPOIecTi 6ackapy ecebi KapaCThIPBIIFaH. OJETTeri/Iell, YaKbITThIH OACTAIKEI }KOHE COHFBI COT-
TepiHJie epKiH BIFBICYJAp MEH imek HyKresnepinin xKourmamaersl (Komm mosmiverrepi) Gepimeni. Iznesinmi
OaCKapy/IbIH YKAJIFBI3 MYMKIH OOJIATHIH €H, a3 YaKbIThI IIEKAPAJILIK, y3lTicTi kenbeitHeikrepimen Ko ece-
OiHIH, KOPPEKTIJI IIENITy KaFgalblHAH HaKThl aHBIKTAJIATBIHIBIFBI KopceTiireH. Byt imki-merTik mapr-
TapabIH TYPlI MUHAMAJIIBI yaKBIT MOHIHE 9cep eTreiTiHiH Kopcereai. Tepbemmerni xKyiteni 6acTanksl GepiireH
KYHIJIEH aJiJIbIH-aJ1a OEepLIreH COHFBI KY#re ayaapaThlH iIKi-IeTTiK 6ackapMaJsapablH KasKeTTi KoHe YKeTKi-
JIKTI YKafgaiiapbl ajbIHBII YKA3bLIIbI. backapMasap/IblH, 63/1epi HAaKThl AaHAJTUTUHKAJBIK TYPJE Ka3bLIFaH.
ConbiMeH KaTap, imkKi-merTik 6ackapy VIIiH epHEeKTepi aayaa i3memiagi obabictarbl Ko ecebin mrerri-
MimeH emec, imex Tepbestic Teneyinin xannsl menriminig dpopmysnace (Jamambep dbopMynachl) KoIIaHy
KepeK eKeH/Iiri KOpCeTiIreH.

Kiam cesdep: imekTiH Tepbesic TeHjeyi, mekapaJblk 6ackapy ecebi, Komu ecebi, MarucTpasbiablK, *KoHE
TapMaKTaJIraH KyObIp »Kesijiepi, OeHIOKAIbl apajac ecell.

A X. Arraes

OO0 oxHoIT 3a7ave BHYTpEeHHEe-KPaeBOTO yYIIPaBJIEHUS
JJig ypaBHEHHsI KOJiIeOaHUsI CTPYHbI

B crarpe paccmorpena 3ajada ynpaBiieHHsl [IPOIIECCOM, KOTOPBIM ONMCHIBAETCS ypaBHEHUEM KoJieOaHUst
OJITHOMEPHOI CTPYHBI C BHYTPEHHE-KPAEBBIMHU YCJIOBUSIMA WHTErPaJbHOrO ThMa. Kak 0ObIYHO, B HAYAJIBHBIN
7 PUHATBHBIA MOMEHTBI BDEMEHH 3aJIAI0TCs TPOM3BOJILHBIE CMEIIEHNsT M CKOPOCTH TOUEK CTPYHBI (JaHHbBIE
Komm). ITokazano, 94T0 MEUHUMAaJIbHOE BPEMs, B T€UEHHE KOTOPOI'O €INHCTBEHHLIM 00PAa30M OCYIIECTBHMO
HMCKOMOE YIIPABJIEHHE OHO3HAYHBIM 00pa30M, OIIPENEJISIeTCsl M3 YCJIOBHs KOPPEKTHOW Pa3pelrMOCTH 3a-
maau Kommu ¢ ganHbIiMu Ha TPAHUYIHOM PA3PBLIBHOM MHOro00pasuu. DTO CBUIETEIbCTBYET O TOM, UYTO CaM
BHJI BHYTPEHHE-KPAEBbIX YCJOBHUil Ha 3HAYEHHWE MMHMMAJLHOIO BPDEMEHU He Bjuser. [lojydeHbl W BBIIM-
caHbl HEOOXONVMMBIE U JOCTATOYHBIE YCJIOBUSI CyIECTBOBAHUsI MCKOMBIX BHYTPEHHE-KPAEBBIX YIIPABJIEHUIL,
MEPEBOAIINX KOJIEOATETHbHYIO CUCTEMY U3 HAYAJbHO 3aJaHHOIO COCTOSIHWS B HAIEPE]l 3aJIJaHHOEe (DUHAJIb-
Hoe cocrosture. CaMu yIpaBJeHNs BBIIIMCAHBI B IBHOM aHAJIMTHIECKOM BHJe. [Ipu 9TOM mokazaHo, 9To J1Jist
MOJTy YEHU ST BBIPAYKEHU JJTsl BHY TPEHHE-KPAEBBIX YIIPABIEHUN HYKHO BOCIIOJIB30BATHCSI HE CAMUM IIPEJICTaB-
JienneM perreHnst 3a7aqn Ko B nckomoit o6actu, a popmysioil obImero pereHns ypaBHeHnsT KOTebaHust
crpyns! (dopmysoit Jamambepa).

Kmouesvie caosa: ypaBHeHNE KOJE€OaHUsT CTPYHBI, 33/1a9a TPAHUYHOTO yIpaBienus, 3amada Komm, maru-
CTpaJIbHbIE U Pa3BETBJIEHHbIE TPYOOIIPOBOIHBIE CETH, HEJIOKAJIbHAS CMEIIaHHAA 33/1a9a.
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