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Parabolic time dependent source identification problem with
involution and Neumann condition

A time dependent source identification problem for parabolic equation with involution and Neumann condi-
tion is studied. The well-posedness theorem on the differential equation of the source identification parabolic
problem is established. The stable difference scheme for the approximate solution of this problem and its
stability estimates are presented. Numerical results are given.
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Introduction

The theory and applications of source identification problems (SIPs) for partial differential equations have
been studied and for references we refer to articles [1–9] and the references given therein. Also, numerous source
identification problems for hyperbolic-parabolic equations and their applications have been investigated too (see,
e.g., [10–13] and the references given therein). In the last decade partial differential equations with involutions
were investigated by several authors including Ashyralyev and Sarsenbi [14–17]. However, source identification
problems for parabolic equations with involution still need more investigating.

The present paper is devoted to the study of a time SIP for parabolic equation with involution and Neumann
condition. The stability theorem on the differential equation of the source identification parabolic problem
is proved. The stable difference scheme (DS) for the approximate solution of this problem is constructed.
Furthermore, stability estimates for the DS of the time source identification parabolic problem are established.
Numerical results are provided.

Stability and coercive stability of the differential problem

We consider the time SIP
ut(t, x)− (a(x)ux (t, x))x − β (a(−x)ux (t,−x))x + δu (t, x)
= p(t)q(x) + g(t, x), −l < x < l, 0 < t < T,
u(0, x) = ϕ(x), −l ≤ x ≤ l,

ux(t,−l) = ux(t, l) = 0,

∫ l

0

u(t, x)dx = γ(t), 0 ≤ t ≤ T

(1)

for the one dimensional parabolic differential equation with involution and Neumann boundary condition.
Throughout this paper, we assume that the following conditions hold

a ≥ a(x) = a(−x) ≥ a > 0, x ∈ (−`, `), a− a|β| ≥ 0, δ ≥ 0,

q
′
(−l) = q

′
(l) = 0,

∫ l

0

q (x) dx 6= 0.

Under compatibility conditions, identification problem (1) has a unique solution (u(t, x), p(t)) for the smooth
functions g(t, x), (t, x) ∈ (0, T )× (−l, l) , a(x), q(x), x ∈ (−l, l) and γ(t), t ∈ [0, T ] , ϕ(x), x ∈ [−l, l].
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Assume that H is a Hilbert space and A is the self-adjoint positive-definite operator defined by the formula

Az = − d

dx

(
a(x)

dz(x)

dx

)
− β d

dx

(
a(−x)

dz(−x)

dx

)
+ δz(x) (2)

with domain
D(A) = {z : z, z

′′
∈ L2[−l, l], z

′
(−l) = z

′
(l) = 0}.

Here and in the rest of this paper, Cα0 ([0, T ] , H) (0 < α < 1) stands for Banach spaces of all abstract continuous
functions ϕ(t) defined on [0, T ] with values in H satisfying a Hölder condition with weight tα for which the
following norm is finite

‖ϕ‖Cα0 ([0,T ],H) = ‖ϕ‖C([0,T ],H) + sup
0≤t<t+τ≤T

(t+ τ)
α ‖ϕ(t+ τ)− ϕ(t)‖H

τα
.

Here, C ([0, T ] , H) stands for the Banach space of all abstract continuous functions ϕ(t) defined on [0, T ] with
values in H equipped with the norm

‖ϕ‖C([0,T ],H) = max
0≤t≤T

‖ϕ(t)‖H .

Moreover, let the Sobolev space W 2
2 [−`, `] be defined as the set of all functions v(x) defined on [−`, `] such

that both v(x) and v′′(x) are locally integrable in L2[−`, `], equipped with the norm

‖v‖W 2
2 [−`,`] =

 `∫
−`

|v(x)|2 dx

1/2

+

 `∫
−`

|v′′(x)|2 dx

1/2

.

Theorem 1. Assume that f(t, x) and ζ (t) are continuously differentiable functions. Then the SIP (1) has
a unique solution u ∈ C (L2 [−l, l]) and p ∈ C [0, T ], and for the solution of SIP (1) the following stability
estimates hold

‖ut‖C(L2[−l,l]) + ‖u‖C(W 2
2 [−l,l]) + ‖p‖C[0,T ] 6M (q, δ)

[
‖ϕ‖W 2

2 [−l,l]

+ ‖g (0, ·)‖L2[−l,l] + ‖gt‖C(L2[−l,l]) + ‖ζt‖C[0,T ]

]
.

Theorem 2. Assume that g(t, x) and ζ (t) are continuously differentiable functions and ζt (t) is satisfying a
Hölder condition with the ; weight tα. Then the SIP (1) has a unique solution u ∈ Cα0 ([0, T ] , L2 [−l, l]) and
p ∈ Cα0 [0, T ]. For the solution of SIP (1) the following coercive stability estimates hold:

‖ut‖Cα0 ([0,T ],L2[−l,l]) + ‖u‖Cα0 ([0,T ],W 2
2 [−l,l]) + ‖p‖Cα0 [0,T ] 6M (q, δ)

[
‖ϕ‖W 2

2 [−l,l]

+ 1
α(1−α) ‖g‖Cα0 ([0,T ],L2[−l,l]) + ‖ζt‖Cα0 [0,T ]

]
.

Proof. Denoted as

u (t, x) = w (t, x) + η (t) q (x) , (3)

where

η (t) =

∫ t

0

p (s) ds, η (0) = 0 (4)

and w (t, x) is the solution of the following problem

wt (t, x)− (a (x)wx (t, x))x + δw(t, x)

= g (t, x) + η (t) [(a (x) qx (x))x − δq (x)] ,

x ∈ (−l, l) , t ∈ (0, T ) ,

w (0, x) = ϕ (x) , x ∈ [−l, l] ,

wx (t,−l) = wx (t, l) = 0, t ∈ [0, T ] .

(5)
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Applying the condition ∫ l

0

u (t, x) dx = ζ (t)

and formula (3), we can write

η (t) = q

(
−ζ (t) +

∫ l

0

w (t, x) dx

)
, (6)

where
q =

1∫ l
0
q (x) dx

.

Applying formulas (4) and (6), we get

p (t) = q

(
−ζ ′ (t) +

∫ l

0

wt (t, x) dx

)
. (7)

Applying
∫ l

0
q(x)dx 6= 0, we get the estimate

|p(t)| 6 K1 (q)
[
|ζt (t)|+ ||wt(t, ·)||L2[−l,l]

]
(8)

for each t ∈ [0, T ] . From (7) and (8) follows it

‖p‖C([0,T ]) ≤ K1 (q)
[
‖ζt‖C[0,T ] + ‖wt‖C([0,T ],L2[−l,l])

]
, (9)

‖p‖Cα0 [0,T ] ≤ K2 (q)
[
‖ζt‖Cα0 [0,T ]) + ‖wt‖Cα0 ([0,T ],L2[−l,l])

]
. (10)

Applying (3), we get
ut(t, x) = wt(t, x) + p(t)q(x)

and
‖ut‖C([0,T ],L2[−l,l]) 6 ‖wt‖C([0,T ],L2[−l,l]) + ‖p‖C[0,T ]) ‖q‖L2[−l,l]) ,

‖ut‖Cα0 ([0,T ],L2[−l,l]) 6 ‖wt‖Cα0 ([0,T ],L2[−l,l]) + ‖p‖Cα0 [0,T ]) ‖q‖L2[−l,l]) .

Therefore, the following theorems will complete the proof of Theorem 1 and 2.
Theorem 3. Under assumptions of Theorem 1, in C ([0, T ] , L2 [−l, l]) the problem (5) has a unique solution

and the following stability estimate is satisfied:

‖wt‖C([0,T ],L2[−l,l]) 6 K2 (q, δ)
[
‖ϕ‖W 2

2 [−l,l] + |ζ (0)|

+ ‖g (0, ·)‖L2[−l,l] + ‖gt‖C([0,T ],L2[−l,l]) + ‖ζt‖C[0,T ]

]
.

Theorem 4. Under assumptions of Theorem 2, in Cα0 ([0, T ] , L2[−l, l]) the problem (5) has a unique solution
and the following coercive stability estimate is satisfied:

‖wt‖Cα0 ([0,T ],L2[−l,l]) 6 K2 (q, δ)
[
‖ϕ‖W 2

2 [−l,l]

+ 1
α(1−α) ‖g‖Cα0 ([0,T ],L2[−l,l]) + ‖ζt‖Cα0 [0,T ]

]
.

Proof. Problem (5) can be written in the following abstract form{
w′(t) +Aw(t) = −η(t)Aq + g(t), 0 < t < T,

w(0) = ϕ
(11)

in a Hilbert space H = L2[−`, `] with the space operator A = Ax defined by the formula (2). Here g(t) = g(t, x)
is given abstract function, w(t) = w(t, x) is unknown function, and q = q(x) is the unknown element of L2[−`, `].
The proofs of Theorems 3 and 4 are based on estimates (8), (9) and (10), theorems on stability and coercive
stability of the abstract problem (11) [9], the integral inequality and the self-adjointness and positive definiteness
of the space operator Ax defined by formula (2) [15].
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Stability and coercive stability of DS

Let α ∈ (0, 1) be a given number and Cατ (H) = Cα0 ([0, T ]τ , H]) , Cτ (H) = C ([0, T ]τ , H) be Banach spaces
of all H-valued mesh functions wτ = {wk}Nk=0 defined on

[0, T ]τ = {tk = kτ, 0 6 k 6 N,Nτ = T}

with the corresponding norms
‖wτ‖Cτ (H) = max

0≤k≤N
‖wk‖H ,

‖wτ‖Cατ (H) = sup
1≤k<k+n≤N

(N − n)
−α

(k)α‖wk+n − wk‖H + ‖wτ‖Cτ (H) .

Moreover, let L2h = L2 [−l, l]h and W 2
2h = W 2

2 [−l, l]h be normed spaces of all mesh functions
γh (x) = {γn}Mn=−M defined on

[−l, l]h = {xn = nh,−M 6 n 6M,Mh = l}

equipped with norms ∥∥γh∥∥
L2h

=

 ∑
x∈[−l,l]h

∣∣γh(x)
∣∣2 h
1/2

and

∥∥γh∥∥
W 2

2h

=
∥∥γh∥∥

L2h
+

 ∑
x∈[−l,l]h

∣∣∣(γh)
xx,j

∣∣∣2 h
1/2

,

respectively. Moreover, we introduce the difference operator Axh defined by the formula

Axhu
h(x) = {−(a(x)ux(x))x,r − β (a(−x)ux(−x))x,r + δur}M−1

−M+1, (12)

acting in the space of mesh functions uh (x) = {un}Mn=−M defined on [−l, l]h satisfying the conditions
uM − uM−1 = u−M − u−M+1 = 0. For the numerical solution

{
uhk (x)

}N
k=0

of SIP (1) we present DS of the first
order of approximation

ukn−u
k−1
n

τ − 1
h

(
an+1

ukn+1−u
k
n

h − an
ukn−u

k
n−1

h

)
− β

h

(
a−n+1

uk−n+1−u
k
−n

h − a−n
uk−n−u

k
−n−1

h

)
+δukn = pkqn + gkn, g

k
n = g (tk, xn) , tk ∈ [0, T ]τ , xn ∈ [−l, l]h , k ∈ 1, N, n ∈ 1,M − 1,

u0
n = ϕn, ϕn = ϕ (xn) , n ∈ 0,M,

ukM − ukM−1 = uk−M+1 − uk−M = 0,
∑M
i=1 u

k
i h = ζk, ζk = ζ (tk) , k ∈ 0, N.

(13)

Here it is assumed that qM − qM−1 = q−M − q−M+1 = 0, and
∑M
m=1 qmh 6= 0. Let us give the following results

on the stability of DS (13).
Theorem 5. For the solution of DS (13), the stability estimate∥∥∥∥∥

{
1

τ

(
uhk − uhk−1

)}N
k=1

∥∥∥∥∥
Cτ (L2h)

+
∥∥∥{uhk}Nk=1

∥∥∥
Cτ(W 2

2h)
+
∥∥∥{pk}Nk=1

∥∥∥
C[0,T ]τ

6 K (q)
[∥∥ϕh∥∥

W 2
2h

+
∥∥gh1∥∥L2h

+ |ζ0|

+

∥∥∥∥∥
{

1

τ

(
ghk − ghk−1

)}N
k=2

∥∥∥∥∥
Cτ (L2h)

+

∥∥∥∥∥
{

1

τ
(ζk − ζk−1)

}N
k=1

∥∥∥∥∥
C[0,T ]τ

 ,
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and coercive stability estimate∥∥∥∥∥
{

1

τ

(
uhk − uhk−1

)}N
k=1

∥∥∥∥∥
Cατ (L2h)

+
∥∥∥{uhk}Nk=1

∥∥∥
Cατ (W 2

2h)
+
∥∥∥{pk}Nk=1

∥∥∥
Cα0 [0,T ]τ

6 K (q)
[∥∥ϕh∥∥

W 2
2h

+
1

α (1− α)

∥∥∥{ghk}Nk=1

∥∥∥
Cατ (L2h)

+

∥∥∥∥∥
{

1

τ
(ζk − ζk−1)

}N
k=1

∥∥∥∥∥
Cα0 [0,T ]τ


hold.

Proof. We will use
ukn = wkn + ηkqn, (14)

where

qn = q(xn), ηk =

k∑
m=1

pmτ.

It is easy to use
{
whk (x)

}N
k=0

as the solution of the following DS

wkn−w
k−1
n

τ −
[

1
h

(
an+1

wkn+1−w
k
n

h − an
wkn−w

k
n−1

h

)
−βh

(
a−n+1

wk−n+1−w
k
−n

h − a−n
wk−n−w

k
−n−1

h

)
+ δwkn

= −
[
− 1
h

(
qn+1

wkn+1−w
k
n

h − qn
wkn−w

k
n−1

h

)
−βh

(
q−n+1

wk−n+1−w
k
−n

h − q−n
wk−n−w

k
−n−1

h

)
+ δqknηk

]
+ gkn,

k ∈ 1, N, n ∈ 1,M − 1,

w0
n = ϕn, n ∈ 0,M ,

wkM − wkM−1 = wk−M+1 − wk−M = 0, k ∈ k ∈ 0, N.

(15)

Now we estimate |pk|. Using the condition
∑M
m=1 u

k
mh = ζk and (14), we obtain

ηk = b1

(
ζk −

M∑
m=1

wkmh

)
,

where
b1 =

1∑M
m=1 qmh

.

Then,

pk =
b1
τ

(
ζk − ζk−1 −

M∑
m=1

(wkm − wk−1
m )h

)
. (16)

Applying the Cauchy-Schwartz inequality, we get

|pk| 6 |b1| [|
ζk − ζk−1

τ
|+

M∑
m=1

|w
k
m − wk−1

m

τ
|h]

6 K(b)

[∣∣∣∣ζk − ζk−1

τ

∣∣∣∣+

∥∥∥∥∥whk − whk−1

τ

∥∥∥∥∥
L2h

]
(17)

for every 1 6 k 6 N , and ∥∥∥{pk}Nk=1

∥∥∥
C[0,T ]τ
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6 K(b)

∥∥∥∥∥
{
ζk − ζk−1

τ

}N
k=1

∥∥∥∥∥
C[0,T ]τ

+

∥∥∥∥∥∥
{
whk − whk−1

τ

}N
k=1

∥∥∥∥∥∥
Cτ (L2h)

 .
Moreover, using (16), we can write ∥∥∥{pk}Nk=1

∥∥∥
Cα0 [0,T ]τ

6 K(b)

∥∥∥∥∥
{
ζk − ζk−1

τ

}N
k=1

∥∥∥∥∥
Cα0 [0,T ]τ

+

∥∥∥∥∥∥
{
whk − whk−1

τ

}N
k=1

∥∥∥∥∥∥
Cατ (L2h)

 . (18)

Applying (14), we obtain
ukn − uk−1

n

τ
=
wkn − wk−1

n

τ
+ pkqn.

From that it follows ∥∥∥∥∥
{

1

τ

(
uhk − uhk−1

)}N
k=1

∥∥∥∥∥
Cτ (L2h)

6

∥∥∥∥∥
{

1

τ

(
whk − whk−1

)}N
k=1

∥∥∥∥∥
Cτ (L2h)

+
∥∥∥{pk}Nk=1

∥∥∥
C[0,T ]τ

∥∥qh∥∥
L2h

(19)

and ∥∥∥∥∥
{

1

τ

(
uhk − uhk−1

)}N
k=1

∥∥∥∥∥
Cατ (L2h)

6

∥∥∥∥∥
{

1

τ

(
whk − whk−1

)}N
k=1

∥∥∥∥∥
Cατ (L2h)

+
∥∥∥{pk}Nk=1

∥∥∥
Cα0 [0,T ]τ

∥∥qh∥∥
L2h

.

Therefore, the following theorem will complete the proof of Theorem 5.
Theorem 6. For the solution of DS (15), the stability estimate∥∥∥∥∥

{
1

τ

(
whk − whk−1

)}N
k=1

∥∥∥∥∥
Cτ (L2h)

6 K3(a)
[∥∥ϕh∥∥

W 2
2h

+
∥∥gh1∥∥L2h

+ |ζ0|

+

∥∥∥∥∥
{

1

τ

(
ghk − ghk−1

)}N
k=2

∥∥∥∥∥
Cτ(L2h)

+

∥∥∥∥∥
{
ζk − ζk−1

τ

}N
k=1

∥∥∥∥∥
C[0,T ]τ


and coercive stability estimate ∥∥∥∥∥

{
1

τ

(
whk − whk−1

)}N
k=1

∥∥∥∥∥
Cατ (L2h)

6 K3(q)

∥∥ϕh∥∥
W 2

2h

+
1

α (1− α)

∥∥∥{ghk}Nk=1

∥∥∥
Cατ

+

∥∥∥∥∥
{
ζk − ζk−1

τ

}N
k=1

∥∥∥∥∥
Cα0 [0,T ]τ


hold.

Proof. Problem (15) can be written in the following abstract form whk−w
h
k−1

τ +Ahwhk = ghk −Ahqhηk,

tk = kτ, 1 6 k 6 N,wh0 = ϕh
(20)

in a Hilbert space H = L2h with the space operator Ah = Axh defined by the formula (12). Here, ghk = ghk (x) is
given abstract mesh function, whk = whk (x) is unknown mesh function and qh = qh(x) is the unknown element
of L2h. The proof of Theorem 6 is based on estimates (17), (18) and (19), theorems on stability and coercive
stability of the abstract problem (20) (see [9]), difference analogy of integral inequalities, and the self-adjointness
and positive definiteness of the difference operator Axh defined by the formula (12) [15].
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Numerical experiment

In this section a numerical computation to approximate solution of a time dependent source identification
problem with involution and Neumann conditions is considered to support the theoretical results. We use the
first order of accuracy difference schemes. The error analysis is given.

We consider 

ut (t, x)− uxx (t, x)− 1
2uxx (t,−x) + u(t, x)

= p(t) (1 + cosx) +
(cosx

2
− 1
)
e−t, x ∈ (−π, π) , t ∈ (0, π) ,

u (0, x) = 1 + cosx, x ∈ [−π, π] ,
ux (t,−π) = ux (t, π) = 0, t ∈ [0, π] ,∫ π

0
u (t, s) ds = πe−t, t ∈ [0, π]

(21)

for parabolic equation with involution and Neumann condition. The integral condition is given as an overdetermi-
ned condition. The exact solution of this problem is

u (t, x) = (1 + cosx) e−t,−π ≤ x ≤ π, 0 ≤ t ≤ π,
p (t) = e−t, t ∈ [0, π] .

Here we denote the set [0, π]τ × [−π, π]h of all grid points

[0, π]τ × [−π, π]h = {(tk, xn) : tk = kτ, 0 ≤ k ≤ N,

Nτ = π, xn = nh,−M ≤ n ≤M,Mh = π} .

For obtaining the solution to problem (21) we apply the substitution

u (t, x) = w (t, x) + η (t) (1 + cosx) ,

where

η (t) =

∫ t

0

p (s) ds, η (0) = 0.

One can show that after the substitution, problem (21) turns to
wt (t, x)− wxx (t, x)− 1

2wxx (t,−x) + w(t, x)

= −
(

5 cosx

2
+ 1

)
η (t) +

(cosx

2
− 1
)
e−t, x ∈ (−π, π) , t ∈ (0, π) ,

w (0, x) = 1 + cosx, x ∈ [−π, π] ,
wx (t,−π) = wx (t, π) = 0, t ∈ [0, π] .

(22)

Moreover, using the overdetermined condition we can write∫ π

0

u (t, s) ds =

∫ π

0

w (t, s) ds+ η (t)

∫ π

0

(1 + cos s) ds = πe−t

and

η (t) =
πe−t −

∫ π
0
w (t, s) ds

π
.

For the numerical solution of (22), we present the first order of accuracy difference scheme

τ−1
(
wkn − wk−1

n

)
− h−2

(
wkn+1 − 2wkn + wkn−1

)
− 1

2h
−2
(
wk−n+1 − 2wk−n + wk−n−1

)
+ wkn

− 1
π

(
5 cosxn

2
+ 1

)∑M−1
n=0 wkn h

= − (2 + 2 cosxn) e−tk ,
1 ≤ k ≤ N, −M + 1 ≤ n ≤M − 1,
w0
n = 1 + cosxn, −M ≤ n ≤M,
wk−M+1 − wk−M = wkM − wkM−1 = 0, 0 ≤ k ≤ N.

(23)
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For obtaining the solution of difference scheme (23), we rewrite it in the matrix form

A W k +B W k−1 = Rϕk, 1 ≤ k ≤ N, W 0 = ϕ , (24)

where

A =



1 −1 0 0 . . . . . 0 0 0 0
a b a 0 . . d−M+1 . . d−M+1 d−M+1 + c d−M+1 − a c
0 a b a . . d−M+2 . . d−M+2 + c d−M+2 − a d−M+2 + c 0
. . . . . . . . . . . . .
0 0 0 0 . a+ c b− a+ d0 a+ c+ d0 . d0 d0 d0 0
. . . . . . . . . . . . .
0 c −a c . . dM−2 . . a+ dM−2 b+ dM−2 a+ dM−2 0
c −a c 0 . . dM−1 . . dM−1 dM−1 dM−1 a
0 0 0 0 . . . . . 0 0 1 −1


,

B =



0 0 0 0 . 0 0 0
0 e 0 0 . 0 0 0
0 0 e 0 . 0 0 0
. . . . . . . .
0 0 0 0 . e 0 0
0 0 0 0 . 0 e 0
0 0 0 0 . 0 0 0


and

a = − 1

h2
, b =

1

τ
+

2

h2
+ 1, c = − 1

2h2
, e =

1

τ
,

di = −h
π

(
5 cosxi

2
+ 1

)
, i = −M + 1,−M + 2, ...M − 1,

W s =

 W s
−M

...
W s
M

 for s = k, k − 1,

R =


1 0 . 0
0 1 . 0
. . . .
0 0 . 1

 , ϕk =


0
ϕk−M+1
...
ϕkM−1

0

.

So, we have a first order difference equation with respect to k with matrix coefficients. From (24) it follows
that

W k = −A−1BW k−1 +A−1Rϕk k = 1, · · ·, N.
In the second step, using the formulas

ukn = wkn + ηk (1 + cosxn) , 0 ≤ k ≤ N, −M ≤ n ≤M,

ηk =
πe−tk −

∑M−1
n=0 wkn h

π
, 1 ≤ k ≤ N, η0 = 0,

pk =
ηk − ηk−1

τ
, 1 ≤ k ≤ N,

we can find the approximate solutions for u (t, x) and p (t) .
We compute the error between the exact solution and numerical solution by

‖Eu‖∞ = max
0≤k≤N,−M≤n≤M

∣∣u (tk, xn)− ukn
∣∣ ,

‖Eη‖∞ = max
1<k<N

|η (tk)− ηk| ,
‖Ep‖∞ = max

1<k<N
|p (tk)− pk| ,
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where u (t, x) , p(t), η (t) represent the exact solutions, ukn represents the numerical solution at (tk, xn), and
pk and ηk represent the numerical solutions at tk. The numerical results are given in Table 1.

T a b l e 1

Errors ‖Eu‖∞ ‖Eη‖∞ ‖Ep‖∞
N = M = 30 6.6666·10−2 7.3894·10−2 1.1917·10−1

N = M = 60 3.3333·10−2 3.6655·10−2 6.6532·10−2

N = M = 120 1.6667·10−2 1.8262·10−2 3.5167·10−2

N = M = 240 8.3333·10−3 9.1165·10−3 1.8081·10−2

Conclusion

In this paper we considered a time dependent source of identification problem for parabolic equation
with involution and Neumann condition. The theoretical considerations that prove well-posedness theorem on
the differential equation of the source identification parabolic problem and stability estimates for the difference
scheme of the source identification parabolic problem were given. To support the theoretical results by a numeri-
cal experiment we constructed a stable difference scheme for the approximate solution of the problem. Obtained
results given in Table 1 support the theoretical results.
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Инволюциямен және Дирихле шартымен сәйкестендiрудiң
параболалық мәселесi туралы ескерту

Инволюция және Дирихле шарты бар параболалық теңдеу үшiн дереккөздi анықтаудың кеңiстiк-
тiк есептерi зерттелдi. Параболалық дифференциалдық теңдеу үшiн дереккөздi анықтау есебiнiң
дұрыстығы теоремасы анықталды. Бұл есептiң жуық шешiмiн табу үшiн тұрақты айырымдық схема
берiлген. Сонымен қатар, дереккөздi сәйкестендiрудiң параболалық есебiнiң айырымдық схемасының
тұрақтылығының бағалаулары ұсынылған. Сандық нәтижелер келтiрiлген.

Кiлт сөздер: корректiлiк, эллипстiк теңдеулер, коэрцитивтi тұрақтылық, дереккөздi идентификация-
лау, дәл бағалаулар, шеттiк есеп.
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Замечание о параболической проблеме идентификации
с инволюцией и условием Дирихле

Исследованы пространственные задачи идентификации источника для параболического уравнения с
инволюцией и условием Дирихле. Установлена теорема корректности задачи идентификации источни-
ка для параболического дифференциального уравнения. Представлена устойчивая разностная схема
для приближенного решения этой задачи. Кроме того, даны оценки устойчивости разностной схемы
параболической задачи идентификации источника. Приведены численные результаты.

Ключевые слова: корректность, эллиптические уравнения, положительность, коэрцитивная устойчи-
вость, идентификация источника, точные оценки, краевая задача.
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