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A note on the parabolic identification problem
with involution and Dirichlet condition

A space source of identification problem for parabolic equation with involution and Dirichlet condition is
studied. The well-posedness theorem on the differential equation of the source identification parabolic
problem is established. The stable difference scheme for the approximate solution of this problem is
presented. Furthermore, stability estimates for the difference scheme of the source identification parabolic
problem are presented. Numerical results are given.
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Introduction

The theory and applications of source identification problems for partial differential equations
have been studied by many authors (see, e.g., [1-9] and the references given therein). Numerous source
identification problems for hyperbolic-parabolic equations and their applications have been investigated
too (see, e.g., [L0-13] and the references given therein). In the last decade, partial differential equations
with involutions were investigated in [14-18|. However, source identification problems for parabolic
equations with involution have not been well-investigated.

The present paper is devoted to study a space source of identification problem for parabolic equation
with involution and Dirichlet condition. The well-posedness theorem on the differential equation of the
source identification parabolic problem is proved. The stable difference schemes for the approximate
solution of this problem are constructed. Furthermore, stability estimates for the difference schemes of
the source identification parabolic problem are established. Numerical results are provided.

Well-posedness of differential problem

We consider the space source identification problem

w(t, z) — (a(x)ug (t,x)), — B (a(—x)uy (t, —2)), + ou(t, x)
=px)+ f(t,x), -l<z<l, 0<t<T, 1)
t, =) =u(t,])=0, 0<t<T, (
)

0,z) =¢ .CC),’LL(T,IE) = 7/)(90% 1<z <l
for the one dimensional parabolic differential equation with involution. Problem (1) has a unique

solution (u(t, ), p(z)) for the smooth functions f(¢,z) (t € (0,T)x(—1,1)),a > a(x) =a(—z) >0 > 0,
d—al|B| >0 (z e (=11)), and ¢(x), P(z), x € [-1,1].
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In the present paper C§' ([0,7T], H) (0 < a < 1) stands for Banach spaces of all abstract continuous
functions ¢(t) defined on [0, 7] with values in H satisfying a Holder condition with weight t* for which
the following norm is finite

(t+7)" llpt +7) = o)l
. — +  su :
Ielles orym = lelleqorm + _sup 7o

Here, C ([0,T], H) stands for the Banach space of all abstract continuous functions ¢(t) defined on
[0, T] with values in H equipped with the norm

= t .
||<P”C([0,T],H) OgltaSXTHSO()HH

Theorem 1. Suppose that ¢, 1 € W2 [~1,1]. Let f(t,z) be continuously differentiable in ¢ on [0, T x
[—1,1] function. Then the solutions of the identification problem (1) satisfy the stability estimates

lull oo, La—t) H(Axrlp”h[—z,l]

< M (6,0,8,1) [HSOHL2HJ] T 10l gy + ”fHC([O,T},LQ[fl,l])} : (2)

HUHC(U([O,T},LQ[—l,l]) + HUHC([O,T],W;HJ]) + Il Lo[—1,]]

< Mz (0,0, 8.0) [Illwzrsg + 1llwzsg + 1 lc o) caoap | - (3)

Here M; (6,0,5,1) and M (d,0,3,1) do not depend on ¢(x),9(x) and f(¢t,z). The Sobolev space
W2 [—1,1] is defined as the set of all functions u(z) defined on [0, ] such that u(z) and the second order
derivative function u”(z) are all locally integrable in Lo[—I, 1], equipped the norm

2

z b
2
g = | [l@Par| +{ [ @] as
—1 —1

Proof. Problem (1) can be written in abstract form

{ W) 4 Au(t) =p+ f(£),0<t<T, (4)
u(0) = ¢, u(T) =

in a Hilbert space H = Lg[—[,1] with self-adjoint positive definite operator A = A* defined by the
formula

Afu(z) = — (a(2)us(2), — B (a(—2)uz (—2)), + ou (2) (5)

with the domain D(A®) = {u € W§ [-1,1] : u (=) = u(l) = 0} [14]. The proof of Theorem 1 is based
on the symmetry properties of this space operator A and on the following stability results.

Theorem 2 [5]. Assume that ¢,1 € D(A) and f(¢) be continuously differentiable in ¢ on [0, 7]
function. Then, for the solution {u(t), p} of the source identification problem (4) the following stability
inequalities hold:

lulleqo,r,my + Al < M (el + 10l + foqor.m)] (6)

oo oz + 1Al eqoyin + Pl < M (140l 5 + 144l + I flcwqoam] @
where M is independent of ¢, and f(t).
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Moreover, we have the following coercive stability results.
Theorem 3. Suppose that o, € W2 [—1,1] and f (t,z) € C§([0,T], La[—1,1]). Then the solutions
of the identification problem ((1) satisfy coercive stability estimates

lelleg o,y Lor-ry + el cg qoywi-ry + 1P Lo

<M (8,0,0,5,1) [H@HW;[—z,u + W llwzi—g + 1 les o0, Loi—0a) | -
where M (6,0, a, 3,1) is independent of ¢(x), ¥ (x) and f(t,x).

The proof of Theorem 3 is based on the following abstract Theorem on coercive stability of the
identification problem (4) in C§([0,T], H) spaces and on self-adjointness and positive definite of the
unbounded operator A defined by formula (5) in La[—, ] space.

Theorem 4. Assume that ¢, € D(A) and f(t) and f € C§([0,7],H) (0 < o < 1). Then, for the
solution {u(t),p} of the source identification problem (4) the following coercive stability inequalities
hold:

1wl o,y + I Aullcg (or,m) + 2l g

1
al—a) Iflleqo.r).m)

< M |[[Aplly + [[A¢] 5 +
where M is independent of p,1 and f(t).
Stability of difference schemes

Now, we study the stable difference schemes for the approximate solution of identification problem
(1). The discretization of source identification problem (1) is carried out in two stages. In the first
stage, we define the grid space

Ll ={rx=xp:2p=nh, - M <n<M, Mh=1}.

We introduce the Hilbert spaces Loy = Lo([—1,1]p) and W3 = WE([—1,1];) of the grid functions
o"(z) = {¢"}M,, defined on [, 1];, equipped with the norms

|

- xe[zl ‘Wh(x)’ h

and
1/2

h :

2
g =1+ {2 [,

xe*v]h

respectively. To the differential operator A generated by problem (5), we assign the difference operator
A7 by the formula

A (@) = {—(a(@)z(2))a,r — B (al=2)pz(—2)),,, + 0o}, (8)

acting in the space of grid functions ¢"(z) = {¢, }M,, satisfying the conditions p_p = ppr = 0.
It is well-known that A7 is a self-adjoint positive definite operator in Loj,. With the help of A7, we
reach the identification problem

{ ul(t, x) + Aju ht, ):ph(:c)+fh(t,:c), ze[-L1l],, 0<t<T, ()
h(()?m) - Soh( ) ( 7x) - wh($)a T [_lﬂl]h'

132 Bulletin of the Karaganda University



A note on the parabolic ...

In the second stage, we replace identification problem (9) with a first order of accuracy difference
scheme

uh x 7’U,h' x
WO | Al (@) = p(2) + SP SR (@) = flte o),

T

th=kr,1<k<N,Nr=T,ze|-11I,, (10)
ug(x) = (), uly(x) = ¢"(z), = € [-1,1];.

Let a € (0,1) is a given number and C;(H) and C¢(H) be Banach spaces of H-valued grid functions
w, = {wy}r_, with the corresponding norms

pr— o p— _ak; « — .
lwrlle, = mas, el Twclopon = s ()= ) wieen = il + el g

Theorem 5. For the solution {{uZ(x)}éV , ph(x)} of problem (10), the following stability estimates

[{4,

e

Cyr(Lan Lan
| T e N ay
h__ . h N
S R L

0 ller (Lan)

N

(12)

+ max

<24 6,0,8.0) [, + ], + 44
< My(0,0. )[90 wa, TV g, T, 0%

{2 ()}

hold, where Mj (8,0, 3,1) and My (4,0, 3,1) do not depend on 7, h, f, 1 <k < N, " (z) and ¢" ().
Proof. Difference scheme (10) can be written in the following abstract forms

2 1Ly

Ul —Uk—1 _

U0:<P7UN:¢

in a Hilbert space H = Loj, with operator A = A7 by formula (8). Here, f, = f,i‘ (x) is a given abstract

mesh function, uy = u} (z) is unknown mesh function and p = p(x) is the unknown mesh element of

Lop,. Therefore, the proof of Theorem 5 is based on the self- adjointness and positive definiteness of
the space difference operator A in Lyj [14] and on the following stability results.

Theorem 6. [5]. For the solution {{uk}év ,p} of the source identification difference problem (13),
the following stability inequalities hold:

et o+ 1470l
C.(H)

< 5 0.0,8.0) Il + 1l + | G5, )
U — Uk—1 N N
H{ T } * H{Auk}o ‘ Cr(H)
O llc, (m) T
1 N
< M5 (6,0,8,0) ||Abll g + 1AV g + L fill g + G {T (fx — fk:—l)}2 ] )
- H

where M5 (9,0, 3,1) is independent of ¢, and f(t).
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Moreover, we have the following coercive stability results.
Theorem 7. The solutions of the identification difference problem (10) satisfies coercive stability

estimate N
h h
uy —u N
il | ) <
T 0

Cce(W32,)
Ulloa(Lan) 2h

)

C?(LQh)]
where Ms (3,0, 3,1) does not depends on 7, h, fi, 1 <k < N, ¢"(x) and ¢" (z).

<aat60 0 [P+l o0,

The proof of Theorem 7 is based on the self-adjointness and positive definiteness of the space
difference operator A in Loy [14] and on the following coercive stability results.

Theorem §. For the solution {{uk}év ) p} of the source identification difference problem (13) the
following coercive stability inequality holds:

N
{Uk — u/H}
T
Ullee )

where Mg (9,0, 3,1) does not depends on 7, h, fr, 1 <k < N, ¢ and 9.

+ ||t

< Mo (5.0, 5,0) [Lell + 14wl + | (507

Ce (H) @wj’

Numerical experiment

When the analytical methods do not work properly, the numerical methods for obtaining approximate
solutions of partial differential equations play an important role in applied mathematics. We can
say that there are many considerable works in the literature. In present section for the approximate
solutions of a problem, we use the first order of accuracy difference scheme. We apply a procedure of
modified Gauss elimination method to solve the problem. Finally, the error analysis of first order of
accuracy difference scheme is given.

We consider the identification problem with the Dirichlet condition

¢ (8,2) — g (6,2) — Fug o (¢, —2) + u(t,z)

=p(z) —sinz + costsinz + 3sintsinz, z € (—m,m),t € (0,7),
u(0,2) =0,u(m,x) =0,z € [-7, 7],

u(t,—m) =u(t,m) =0,t € [0, 7]

g

(14)

for parabolic equation with involution. The exact solution pair of this problem is
(u(t,z),p(x)) = (sintsinz,sinz), -7 <z <7,0<t<m.
Here and in future, we denote the set [0, 7] x [, x|, of all grid points
0,7] x [—m, 7], = {(tk, xn) : tx, = k7,0 < k < N,
Nt =m,zp=nh,—M <n< M, Mh=m}.
For the numerical solution of SIP (14), we present the first order of accuracy difference scheme in ¢

P ) 2 (k2 )
7§h—2 (u’im_l —2uF + u’in_l) +uy = pp, —sinzy,

+ cos t, sin x, + %sintksinxn,l <k<N,-M+1<n<M-1, (15)
:O’UEI,LV:O’—MSTLSM,

0
u?’L
ub =ul, =0,0<k<N.
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M
In the first step, we obtain{{wﬁ}év} o 5 solution of nonlocal BVP
n=-—

71 (wﬁ —wh=1) —p2 (waH — 2wk + WfL—1)

—%ff2 (wﬁnJrl — 2w’ﬁn —i—wﬁn_l) —|—w’nC

= —sinx, + costysinz,, + %sintksinxn,l <k<N,-M+1<n<M-1, (16)
W) —wN =0,-M <n<M,

Wk =wk, =0,0<k<N.

Here and in future, w® denotes the numerical approximation of w(t, ) at (tg,z,). For obtaining the
solution of difference scheme (16), we rewrite it in the matrix form

{ Awn41 + Bwy + Awp—1 + Cw_py1 + Dw_yy + Cw_p—1 = f, (17)

Aw7n+1 + Bw_p + Aw_p_1 + Cwpy1 + Dwyp + Cwyy = o, ’

0
1§n§M—1,< wM >:<_>>,
W— M 0

where 6>, ws for s =n, n+1, and f, are (N + 1) x 1 column matrices, and (N + 1) x (N + 1) square
matrices A, B, C, D are defined as follows:

[0 0 0 0 0
0 —h2 0 0 0
12
Ao 0 0 h 0 0 ’
0 0 0 —h2 0
0 0 0 0 —h?2
[ 1 0 0 0 -1 ]
—r 1 1y on241 0 0 0
B 0 —r1 rl4op241 0 0 7
0 0 0 T 42241 0
.0 0 0 —771 T 4 2n72 41 |

1
C=-A D=-A
2
Grouping the above expression (17) as

Awp+1 +Cw_p_1 + Bwy + Dw_p, + Awp—1 + Cw_pnt1 = fn,
Cwpi1+Aw_p_1+ Dwp + Bw_p + Cwp1 + Aw_py1 = fop

and defining z, = ( uljun ) and ¢, = < ff " ), the system can be written as
—n —n

%
A C B D A C 0
(C < )zn+1+<D D )m(c " )zn_lm,lsmM—l,ZM<6>>.(18>

For solving the system (18), we use the Gauss elimination method. Thus, let’s define

—
0
Zn = Qni1Zn41 + Buyr,n =M —1,..,1, 2y = ( o ) . (19)
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where oy, (1 <n < M) are (2N +2) x (2N + 2) square matrices and 3, (1 <n < M) are (2N +2) x 1
column vectors, calculated as,

Qnt1 = (Pan + Q) 1
Bui1 = (Pay + Q)" (Rqsn — PBy), (20)
n=1,.M-1,

A C B D . . . .
where P = ( c A > and Q = ( D B > and R is (2N + 2) x (2N + 2) identity matrix.

First, we evaluate oy, and B, (1 < n < M). Since,
bo = fo\ [ Awr +Cw_y n Bwg + Duwy n Aw_1 + Cuw;
0= fo o Cwi + Aw_4 Dwy + Buwyg Cw_1+4+Aw )’
(w\_(B D\ ' [(A+C A+C s
“=\w /) "D B A+C Ayrc )T
(B D\ '[A+C A+C
“="\p B A+C A+C )

B D \ '
ﬂ1=<D B) ®o.

Using the iteration (20), we obtain all a,, and 5, (1 <n < M) values. Second, using the formula (19),

we get

and

we obtain z, and the equality z, = uljun gives the values of w,,.
-n

In the second step, using [5, Equation 8], we get

_ n+1 2w +wn 1 lwl—vn—i-l B QWNn + wyn—l N
for —-M+1<n<M-—1.
In the last step, using formula (see, [5])

ub =wF — N n=—-M,-M+1,.. M E=0,..,N, (21)

n

M
. N
we obtaln{ {un }k:O }n:_M .
Here, we compute the error between the exact solution and numerical solution by

— k
HEUHOO _ngﬁNl,Tiz}\)J{SnSM‘U(tk,xn)_un}’ (22)
1Eplloo = max |p(zn) = pal,

where u (t,2) , p(z) represent the exact solution, u¥ represent the numerical solutions at (¢, x,) and
Pr, represent the numerical solutions at x,. The numerical results are given in the Table 1.

Table 1.
Errors [ Eplloo || 1 Eulloo
N =20,M =20 0.1117 .0195

N =80,M =80 0.0278 || 0.0052
=160, M =160 || 0.0139 || 0.0026

H | H |
H N =40, M = 40 H 0.0557 H 0.0101 H
H | H |
L~ | [ [
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Conclusion

In this paper, we considered a space source of identification problem for parabolic equation with
involution and Dirichlet condition. The theoretical considerations that prove well-posedness theorem
on the differential equation of the source identification parabolic problem and stability estimates for the
difference schemes of the source identification parabolic problem were given. To support the theoretical
results by a numerical experiment, we constructed a stable difference scheme for the approximate
solution of the problem. Obtained results given in Table 1 also support the theoretical results.
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A. Amsipaseie, A.C. Epgoran, A. Capcenbu

Jdupuxiie niapTbIMeH >K9He MHBOJIIONUSIChIMEH
colikeCcTeHipiJireH mapadoJiajbIK TeHJey TypPaJibl eCKEPTY

Jupuxite MmapThIMEH K9HE WHBOJIIOIUSICHIMEH COWKECTEHIIPIIreH mapabosiaablk, TEHIAEY VIMH KEeHICTIKTIK
ecenrepi 3eprresren. [lapabosanbik muddepeHImaibiK, TeHIEY YIIH JIePEKKO3/[l COKecTeHaipy ecebiHiH
KOppeKTiJiiri Teopemacs! Kypbliaral. OCbl ecenTiy »KybIK, IIeIIiMi YIITiH OPHBIKTHI albIDBIMJIBIK, CXeMaChl KOP-
cerinren. COHBIMEH KaTap, J€PEKKO3/I CONKECTEHIIPY MapaboJIaIblK TeHIEYIHIH OPHBIKTBLIBIK, ABIPBIMIBIK,
cxeMachIHbIH 6arambl 6epiiirer. CaHIBIK HOTHXKEIED KeJITipijareH.

Kiam cesdep: KOPPEKTINIiri, 3JUIMIICTIK TEHEY, OH TaHOAJIbI, KOSPIUTUBTI OPHBIKTHLIBIK, JIEPEKKO3] Coii-
KeCTEH/IIPY, JoJ1 OaraMbl, MIETTIK €Cell.

A. Amsipasneie, A.C. Epgoran, A. Capcenbu

3aMedyaHue o nmapadboJimiecKoii mpodjgemMme uAeHTUDUKAITIN
c mHBoOJTIOTINEH U ycaoBuem /lupuxiie

WccnenoBana mpocTpaHCTBeHHAs 3a/1a9a UACHTUMUKAINA UCTOYHUKA, JJIsT TapabOJIMIECKOTO YPABHEHUST C
“HBOJIIOIMEHR 1 ycioBueM Jlupuxire. YcTaHOBIEHA TeOpeMa KOPPEKTHOCTH 33341 HACHTU(MUKAIMI UCTOIHU-
Ka JJIsl TapaboIndeckoro audpepeHnualbHoro ypasaenusi. [IpeicraBiena ycTolunBasi pa3HOCTHAs CXeMa
JJIsl IPUOJIMKEHHOTO PEITieHnst 3To 3aa9u. Kpome Toro, JaHbl OMEHKU YCTONIUBOCTH PA3HOCTHOM CXEMBbI
mapadboIMIecKoi 3a/1a49n UIeHTUMhUKAIIME UCTOYHUKA. [[pUBeIeHBI YUCIEHHBIE PEe3Y/IbTAThI.

Kmouesvie c106a: KOPPEKTHOCTD, JIIUITUIECKNAE YPABHEHNUS, TIOJIOKUTEIbHOCTD, KOSPIIUTUBHAS YCTONIN-
BOCTB, UJEHTUMOUKAINS UCTOYHUKA, TOYHBIE OIIEHKH, KpaeBas 3aJada.
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