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A source inverse problem for the pseudo—parabolic equation
with the fractional Sturm—Liouville operator

A class of inverse problems for restoring the right-hand side of the pseudo-parabolic equation with one
fractional Sturm—Liouville operator is considered. In this paper, we prove the existence and uniqueness
results of the solutions using by the variable separation method that is to say the Fourier method. We are
especially interested in proving the existence and uniqueness of the solutions in the abstract setting of
Hilbert spaces. The mentioned results are presented as well as for the Caputo time fractional pseudo-
parabolic equation. There are many cases in which practical needs lead to problems determining the
coefficients or the right side of a differential equation from some available decision data. These are called
inverse problems of mathematical physics. Inverse problems arise in various areas of human activity, such
as seismology, mineral exploration, biology, medicine, industrial quality control goods, and so on. All these
circumstances put the inverse problems among the important problems of modern mathematics.

Keywords: Pseudo—parabolic equation, inverse problem, fractional Sturm—Liouville operator, Caputo frac-
tional derivative.

Introduction

In this paper we consider pseudo—parabolic equation generated by fractional Sturm—Liouville ope-
rator with Caputo time-fractional derivative. We investigate the equation

Diflu(t, x) + 0%, Dy pult, ©)] + 0%, . Dy u(t, x) = f(x), (1)

for (t,z) € @ ={(t,2)| 0 <t < T < o0, a <z < b}, where Df" is the Caputo derivative and 9%, , D',
is the fractional Sturm-Liouville operator which is defined in the next section.

In many physical problems, it is required to determine the coefficients or the right-hand side (the
original term, in the case of the diffusion equation) in the differential equation from some available
information; These problems are known as inverse problems. Similar problems are poorly formulated
in the sense of Hadamard. A number of papers consider the problem of solvability of inverse problems
for the equations of diffusion and anomalous diffusion (see [1-9] and references therein).

1 Definitions of fractional operators

We begin this paper with a brief introduction of several concepts that are important for the further
studies.
Definition 1 [10]. The Riemann-Liouville fractional integral I* of order a > 0 for an integrable

function is defined by

1°f)(t) = F(la) / (t— )2 f(s)ds, 1 € [c,d],

where I' denotes the Euler gamma function.
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Definition 2 [10]. The Riemann-Liouville fractional derivative D® of order v € (0, 1) of a continuous

function is defined by
o d o
DefIE) = Z1°1A1(8), ¢ € [e. d].
Definition 3 [10]. The Caputo fractional derivative of order 0 < o < 1 of a differentiable function
is defined by
D[f](t) = D[f'(t)],t € [c,d].

Definition 4 [10]. Let f € L'[a,b], —co < a < t < b < +oo and f x K, o(t) € W™a,b],
m = [a], a > 0. The Caputo fractional derivative 0¢, of order « € R (m —1 < o < m, m € N) is
defined as

(t—a)™ !
(m—1) |

(t —a)
1!

0%af (1) = DS |[f () = f(a) = f'(a) R AR )
If f € C™]a,b] then, the Caputo fractional derivative 9, of order « € R (m —1 < o <m, m € N) is

defined as ,

/ (t — )™ £ (5)ds.

a

1

0%, [f1(t) = Iy f™) (1) = Tm—a)

2 Fractional Sturm-—Liouville operator

We study the operator generated by the integro-differential expression
L(u) = 0%, Dy u, a <z <b, (2)
and the conditions
I,=%u(a) =0, I,”*u(b) = 0, (3)
where 0%, is the left Caputo derivative of order a € (0,1] of u,

b
Df (o) =~y | € 0w

x

is the right Riemann-Liouville derivative of order a € (0,1] of u, and

b
R ule) = o [ €= 0w
x
is the right Riemann-Liouville integral of order a € (0, 1] of u, [10]. The fractional Sturm-Liouville
operator (2)—(3) is self-adjoint and positive in L?(a,b) (see [11-14]). The spectrum of the fractional
Sturm-Liouville operator generated by the equations (2)—(3) is discrete, positive and real valued, and
the system of eigenfunctions is a complete orthogonal basis in L?(a, b).
So we can denote eigenvalues and eigenfunctions accordingly by A¢ and e¢(x). That say us for
e¢(x) € L*(a,b) following identity is hold:

Leg(x) = Aeee(x), e € Ry (4)
Where 7 is a countable set and V¢ € 7.

8 Formulation of the problem
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We aim to find a couple of functions (u(t,x), f(x)) satisfying the equation (1) with an initial
condition

U’(O?‘T) = (,O(IL'), (S [avb] (5)

and with an additional information
W(T, @) = (x), @ € [a,b]. (6)

By using L£-Fourier analysis we obtain existence and uniqueness results for this problem.

We say a solution of the problem (1), (5), (6) is a pair of functions (u(t,x), f(x)) such that
they satisfy equation (1) and conditions (5), (6) where u(t,z) € C*([0,T],H'),0 < a < 1 and
f(x) € L*(a,b).

Now, to investigate our problem, we need to define the Hilbert space H!.

Definition 5. The Hilbert space H! is defined by

H' = {u € L*(a,b) : Lu € L*(a,b)}.
4 Main results

For problem (1), (5), (6) the following theorem holds.
Theorem. Let ¢, € H'.Then a solution u(t,r) € C¢ ([O,T],’Hl), 0<ac<l,f(xr) € L*a,b) of
problem (1), (5), (6) exists, is unique, and can be written in the form

u(x,t) = p(z)+) [(6%@13?_@% eé)”’(avb) - (%MDZ?_’W’ €5> LZ’(a,b)] (1 ~ Faa (_P/:iista)) ce(®)

by Y
= e (1= B (-5 T))

et
f(x) = 034Dy pp(x) + >
ceT 1-— Ea,l (—71+§\£ Ta)

Where E, s is the Mittag-Leffler type function [15]:

L2(a,b) LQ(a,b):| “ (:1:)

m

£0s®)= X am+ 5y

m=0

Proof. First of all, we start by proving an existence result. Let us look for functions u(t,z) and
f(z) in the forms:

u(t,z) = ug(t)ee(w), (7)
ez
and
fla) = feee(w), (8)
ez

where wug(t) and fe are unknown. Substituting (7) and (8) into problem (1), (5), (6) and using
relationship (4) we obtain the following problem for the functions u¢(t) and for the constants fe, £ € I:

Do) + 5ol = 75 )
ug(0) = . (10)
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where ¢¢, 9¢ are L-Fourier coefficients of p(x) and ¥ (x):
ve = (Pree) p2(ap)

wf = (wa eﬁ)LQ(a,b) :

General solution of the equation (9):

Je A a

where the constants Cy, f¢ are unknown. By using conditions (10) and (11), we can find they. We first
find Cg:

f
ug(0) = Az + C¢ = o,

Then
e — P

1—-FEqn ( 1if\ TO‘) .

fe is represented as
Je = Aepe — Al

Substituting fe, ug(t) into formula (7), we find

u(@,t) = p(z) + > Ce <Ea71 (— : ifAS ta) - 1) ee (). (12)

el

Using self-adjoint property of operator £
(£907 ef)LQ(a b) — ((pvﬁeﬁ)LQ(a b)
and in respect that (4) we obtain

(Losee) [2(ap)
(s ef)L2(a’b) = /\—5’

and for ¢(x) we can write analogously. Substituting these equality into formula of C¢ we can get that
(L%eg)m(ab (‘Cwaef)LQ )
3 .
e (1 Eor (-1357))

Putting this into the formula (12), we have

u(t, = )+ [ Ly, ee) p2qy) — (Lo, ei)Lz(a,b)} (1 — Faa <_1iiifta>> (o)
ceT A¢ (1 — a1 (_%TQ)> |

Ce =

(13)
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As the same way as (13), we obtain

{ L, eg) L2(a,b) (E‘Pveﬁ)m(a b)} eg(7)
f( + Z >‘§ o °
§eT 1= Ean ( 1+,\5T )
The following Mittag-Leffler function’s estimate is known by [16]:

M
1+ |7

|Ea(2)| < yarg(z) = m,|z] = 0. (15)

Now, we show that u(t,z) € C*([0,T],H'), f(x) € L?(a,b), that is

e o) = i ) s + mace [P u(t, s < o0,

and
[l 22@ap) < 00
Where
[u(t, )z = llut, ) 2(@p) + 1Lut; )l L2(0p)
and
1D u(t, )z = IDFult, )l z2(a,p) + 1DF L, )| £2(a)-

Using by the estimate (15) we get following estimates for u(¢, x), Lu(t,z) and Dfu(t, x):

[[u(t, 95)||20([0,T},L2(a,b)) = llo(z)

[£¢v€£ L2(a b) - (Le, eﬁ)LQ(a,b)} ( — Eo,1 (_piif\gta» eg(x) 9
o7, 220,0))

2

A
cez N (1= Bon (—22577))

[(&/;7 €e) 12(ap) — (L0 €6) 12, b)} (1 ~ Eaa <_1iiiéta>) 2

S ||<P||%2(a p) T max lleel|7»
~ , A L?(a,b)
ez 10T Ae (1 — Eaa ( Tr T"‘))

2 2
’(£¢765)L2(ab)’ + ‘(E@’ef)LQ(ab)’
Sl + D 32 < 00,

¢ezT €

”ﬁu(‘r’t)HQC([O,T],H(a,b)) = [[Lp(z)
2 80 € ] O~ ) e,
Lot 5 g |[Eran ~ Coreinan] (1= Bor ()|
L2(a,b)

tez tOT] (1 — Eag ( 1+/\5Ta>)

S 1Ll + D “(&/”ef%%a,w’ + e ef)wvbﬂ =
(el

Hef“%Z(a,b)

1D u(, )12 (0.1, 22(ap)
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(20, ¢6) 120y — (£62€€) gay| DF (1= Bt (— 125517 ) ela)

= 526; )\E (1 E < 1i§\£T°‘>> 1E(0,11.22(a,))
N 2
- tre%}f% [(E% €£)L2(a,b) - (‘Cfv eE)LQ(a b)LE ( 1+€\5 ta) ||ef”%2(a,b)
= (1+2) (1= Fax (—25:72))
_ ‘(ﬁw,eg L2(a ‘ —I—‘ ﬁ%eg)y(a b)‘2 =
~ & (1 +Ae)? ’

and
1D Lu(z, t)H%([o,T],Lz(a,b))

{ L), eg) L2(a,b) (E(P7e§)L2(a,b)} Dy (1 — Eaa ( 1+>\ )) Leg(x) 9

= 526; )\5 (1 b, ( 1i§£ Ta)> 1E(t0.17,L2 (0 b))
. tg[lg}zg] ¢ [(£¢7 6§)L2(a,b) — (Lo, GE)LQ(a b)} Ea ( 1-&)3\{ ta) 2 H‘%H%Q(a,b)
ez (14 X¢) (1 — Ea,1 ( Troe Ta))

<> “(ﬁw, eg)Lz(&b))Q + ’(ﬁso, 65)L2(a,b)‘2:|
el
’(ﬁw, eg)Lz(&b)‘Z + ‘(ﬁ% eé)LQ(a,b)‘Q
(14 X¢)?

< 00.

2

el

Similarly for f(x) we have the estimate

[£¢>€§ L2(a,b) — (Lo, €£)L2( )] eg(x) 9
) HL2(a,b)

112200 = I£(a Z "
¢eT 1-— thl ( 1+/\£T06

2
(LY, €) 120y = (£Pr€e) 12(0)

A
1= o (—125.T)

SULella@m + legl72 0

£el

g Hﬁﬁp”%z(a’b) + Z “(Ew,eé)L%a,b)’ + ’(£<P; €£)L2(a,b)‘2:| < 0.
(el

Where, L < @ denotes L < CQ for some positive constant C' independent of L and (). Existence of

the solution of problem (1), (5), (6) is proved.

Now, we start proving the uniqueness of the solution.

Let us suppose that {u1(z,t), fi(x)} and {ua(z,t), fo(x)} are solution of problem (1), (5), (6). Then
u(z,t) = uy(x,t) —ug(x,t) and f(x) = fi(x) — fa(z) are solution of following problem:

Dilu(z, ) + 054 o Dy yule, )] + 0%, . Dy yu(z, t) = f(x), (16)

u(z,0) =0, (17)
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u(z,T) = 0. (18)

By using (13) and (14) for (16)—(18) we easily see u(z,t) = 0, f(x) = 0. Unigness of the solution of
problem (1), (5), (6) is proved.

Discussion on further generalisations. Note that the results are derived here can be generalised
by using the non—harmonic analysis developed in the papers [17,18] with the general setting settled
in [19,20]. Moreover, the reader is referred to [21-25] for interesting applications of the non-harmonic
analysis to the different branches of partial differential equations.

Acknowledgements

This research was funded by the Science Committee of the Ministry of Education and Science of
the Republic of Kazakhstan (Grant No. AP09259394).

10

11

12

13

References

Kaliev, I.A. & Sabitova, M.M. (2010). Problems of determining the temperature and density
of heat sources from the initial and final temperatures. J. Appl. Ind. Math., 4, 332-339. DOI:
10.1134/5199047891003004X

Orazov, I. & Sadybekov, M.A. (2012). One nonlocal problem of determination of the temperature
and density of heat sources. Russ Math., 56, 60-64. DOI: 10.3103/S1066369X12020089

Orazov, I. & Sadybekov, M.A. (2012). On a class of problems of determining the temperature
and density of heat sources given initial and final temperature. Sib Math J, 53, 146-151. DOI:
10.1134/S0037446612010120

Torebek, B.T. & Tapdigoglu, R. (2017). Some inverse problems for the nonlocal heat equation
with Caputo fractional derivative. Mathematical Methods in the Applied Sciences, 40(18), 6468
6479. DOI: 10.1002/mma.4468

Furati, K.M., Iyiola O.S. & Kirane, M. (2014). An inverse problem for a generalized fractional
diffusion. Applied Mathematics and Computation, Vol. 249, 24-31. DOI:10.1016 /j.amc.2014.10.
046

Ismailov, M.I. & Cicek M. (2016). Inverse source problem for a time-fractional diffusion equation
with nonlocal boundary conditions. Applied Mathematical Modelling, 40(7), 4891-4899. DOLI:
10.1016/j.apm.2015.12.020

Kirane, M. & Malik A.S. (2011). Determination of an unknown source term and the temperature
distribution for the linear heat equation involving fractional derivative in time. Applied Mathe-
matics and Computation, 218(1), 163-170. DOI: 10.1016/j.amc.2011.05.084

Kirane, M., Samet, B. & Torebek B.T. (2017). Determination of an unknown source term
temperature distribution for the sub-diffusion equation at the initial and final data. Electronic
Journal of Differential Equations, Vol. 2017, No. 257, 1-13.

Nguyen, H.T., Le, D.L. & Nguyen, V.T. (2016). Regularized solution of an inverse source problem
fora time fractional diffusion equation. Applied Mathematical Modelling, 40(19), 8244-8264.
Kilbas, A.A., Srivastava, H.M. & Trujillo, J.J. (2006). Theory and Applications of Fractional
Differential Equations. North-Holland: Mathematics Studies.

Tokmagambetov, N. & Torebek, T.B. (2016). Fractional Analogue of Sturm—Liouville Operator.
Documenta Math., 21, 1503-1514.

Tokmagambetov, N. & Torebek, B.T. (2018). Green’s formula for integro—differential operators.
J.Math. Anal. Appl., 468(1), 473-479.

Tokmagambetov, N. & Torebek, B.T. (2019). Fractional Sturm-Liouville Equations: Self-Adjoint
Extensions. Complex Anal. Oper. Theory, 13, 2259-2267. DOI: 10.1007 /s11785-018-0828-z

Mathematics series. Ne 4(100) /2020 149



D. Serikbaev, N. Tokmagambetov

14

15

16

17

18

19

20

21

22

23

24

25

150

Tokmagambetov, N. & Torebek, B.T. (2018). Symmetric differential operators of fractional order
and their extensions. Transactions of the Moscow Mathematical Society, 2018, 177-185.

Luchko, Y. & Gorenflo, R. (1999). An operational method for solving fractional differential
equations with the Caputo derivatives. Acta Math. Vietnam, 24, 207-233.

Li, Z., Liu, Y. & Yamamoto, M. (2015). Initial-boundary value problems for multi-term time-
fractional diffusion equations with positive constant coefficients. Appl. Math. Comput., 257, 381—
397.

Delgado, J., Ruzhansky, M. & Tokmagambetov, N. (2017). Schatten classes, nuclearity and non—
harmonic analysis on compact manifolds with boundary. J. Math. Pures Appl., 107, 758-783.

Ruzhansky, M. & Tokmagambetov, N. (2016). Nonharmonic analysis of boundary value problems.
Int.Math. Res. Notices, 2016(12), 3548-3615.

Kanguzhin, B., Ruzhansky, M. & Tokmagambetov, N. (2017). On convolutions in Hilbert spaces.
Funct. Anal. Appl., 51(3), 221-224.

Ruzhansky, M. & Tokmagambetov, N. (2018). Convolution, Fourier analysis, and distributions
generated by Riesz bases. Monatsh. Math., 187(1), 147-170.

Ruzhansky, M. & Tokmagambetov, N. (2017). Wave equation for operators with discrete spectrum
and irregular propagation speed. Arch. Ration. Mech. Anal., 226(3), 1161-1207.

Ruzhansky, M. & Tokmagambetov, N. (2018). On a very weak solution of the wave equation for
a Hamiltonian in a singular electromagnetic field. Math. Notes, 103(5-6), 856-858.

Ruzhansky, M. & Tokmagambetov, N. (2018). Nonlinear damped wave equations for the sub-
Laplacian on the Heisenberg group and for Rockland operators on graded Lie groups. J. Differential
FEquations, 265(10), 5212-5236.

Munoz, J.C., Ruzhansky, M. & Tokmagambetov, N. (2019). Wave propagation with irregular
dissipation and applications to acoustic problems and shallow waters. J. Math. Pures Appl., 123,
127-147.

Ruzhansky, M. & Tokmagambetov, N. (2019). Wave Equation for 2D Landau Hamiltonian. Appl.
Comput. Math., 18(1) 69-78.

J1. Cepukbaes, H. Tokmaramberon

ITtypwm-JInyBuianab 0eJeK TybIHAbI OepPaTOPJIbI
TceBJIoNapadoJIaJbIK TeHJeyl YIMiH
KaliHap Ke3/li aHbIKTayIbIH Kepi ecebi

Maxkanaga IItypm-JlnyBumts Gesirek TYBIHIBI OMEPATOPJIBI MICEBAOMAPAOOJIAIBIK TEHIEYIIH OH YKAFbIH
KAJIIbIHA KEJITIPY Kepi ecenTep KJachl KApaCThIPLLIALI. ABTOpIap aifHbBIMAILLIADALI aXKbIPATY SICIH, dF-
Hu Pypbe OJiCiH KOJIJaHa OTBIPHIN, IIENIMHIH 6ap »KoHe XKaJFbI3ALIFBIH JoJenaeni. CoHbIMeH KaTtap ab-
cTpakThl ['mabbepT KeHiCTIriHAe TeniMHIH 6ap *KoHe YKaJFBI3IbIFI Ty PAJIbl HOTUZXKEIEP Al aaasl. Kepceris-
reH HOTHXKeJIep YaKbIT Ooitbiaima KamyTo Gesek TybIHABLIBL ICEBAONAPAOOJIATIBIK, TEHIEY YIMH AJbIHIbL.
HuddepeHruaaablk TeHIEYIiH MenriMIepiHe KaTbICThl KeHOip KOCBIMINA aKIapaTTap apKbLIbl TEHIACY/IiH,
OH, >KaFblH aHBIKTAY HEMeCEe TeHJEYIIH KOI(MMUITMEHTTEPIH aHBIKTAY €CENTepi MPAKTUKAJIBIK, JKYMBICTADIAH
TYBIHJAIl OTBIP. ByJl MaTeMaTukaJblk (usukanbiy, Kepi ecerrrepi. Osiap ajjaM KbI3MeTiHIH, opTYpJIl cajia-
JIApBIHIA Taiaa 00Ja/ bl, MBICAJIbI, CEICMOJIOTUsI, MUHEDAJIJIbI OapJsiay, OUOJIOrusl, MeIUIMHA, OHEPKICIIITIK
camaHbl Oakpuiay eHiMepi xkoHe T.6. Ocbl KarmaiiapIblH OapJIbIFbl Ka3ipri MaTeMaTUKAHBIH MaHBI3/IbI
MdceJIeJIepiHiH KaTapbliHa KEPi eCenTep CaJlaChblH €HTi3il OThIP.

Kiam cesdep: ncesnonapabosiajiblk, TeHzey, Kepi ecer, 6esek Tybiaabl [ITypm-JlnyBusuis omneparopsl,
KamnyTo Gesek TyBIHIBICHL.
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Oob6parHas 3aga4a olpeaejeHnsd NCTOYHNKA
JJId TICEBOOIIApad0IMIeCKOr0 ypaBHEHU
c apoboubiM oneparopom IlITtypma-JInyBusis

B crarre paccmoTpen kitacc 06paTHBIX 38719 BOCCTAHOBJIEHHS TPABOI YACTH TICEBIOMAPAOOIMIECKOTO YPaB-
HeHus ¢ ApobubiM oneparopoM [IIrypma-JluyBusis. ABropaMu j10Ka3aHbl Pe3yJIbTATHI CYLIIECTBOBAHUS U
€JINHCTBEHHOCTHU PEIIEHUH, C UCIOJb30BaHUEM METOJIa Pa3lesleHus IIepeMeHHBIX, TO ecTb MeTogoM Dypre.
Kpowme Toro, ocobernast 3anHTEpECOBAHHOCTD HAOIIOMAETC B OKA3aTEIBCTBE CYIIIECTBOBAHNUSI U € IMHCTBEH-
HOCTH peleHnit B abCTPAKTHON ITOCTAHOBKE I'MJIBOEPTOBBIX IPOCTPAHCTB. YKa3aHHbBIE PE3YJILTATHI IIPEJI-
CTaBJIeHBI ISl JPOOHOTO IceBo-apabonudeckoro ypasaenns: Kamyro o Bpemenu. Ects MHOrO ciydaes,
B KOTOPBIX MPAKTUIECKUE MMOTPEOHOCTH MPUBOIAT K 3aJa9aM OMpPEIeTIeHnsT KOIMMUIMEHTOB UIN MPABOit
qacTu AudepeHaIbHOr0 ypaBHEHHs 110 HEKOTOPBIM JOCTYIHBIM JaHHBIM PElIeHus. JTO TaK Ha3blBae-
Mble OOpaTHBIE 33Jadu MaTeMaTudeckoil ¢pusnku. OHN BO3ZHUKAIOT B PA3JIHMIHBIX OOJIACTIX UEJIOBEYECKON
IeATETbHOCTH, TAKUX KaK CEACMOJIOTHsI, Pa3BEIKa MOJE3HBIX NCKOMTAEMBIX, OMOJIOTHS, MEUIIAHA, TTPOMBIIII-
JIEHHbIE TOBApPbl KOHTPOJISI KadecTBa U T.J. Bce 3Tum 0OCTOATENHCTBA CTABAT OOpATHBIE 33/1a49M B HUHCJIO
Ba’KHBIX TTPOOJIEM COBPEMEHHON MATEMATUKU.

Kaouesvie caosa: tnceBnomapabosindeckoe ypaBHeHUe, obpaTHas 3afiada, IpobHbIi omeparop IlTypma-
JInyBuisa, npounsBoguas KarmyTo.
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